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ABSTRACT
The o b j e c t  o f  t h i s  t h e s i s  i s  to  i n v e s t i g a t e  t h e  R e c o n s t r u c t i o n  P rob lem  
f o r  p l a n a r  g r a p h s . T h is  s tu d y  n a t u r a l l y  l e a d s  to  r e l a t e d  t o p i c s  
c o n c e r n in g  c e r t a i n  n o n p la n a r  g ra p h s  and t h e  u s e  o f  t h e i r  em beddings on 
a p p r o p r i a t e  s u r f a c e s  t o  r e c o n s t r u c t  them . The p r i n c i p a l  a im  o f  t h i s  
w ork i s  t o  f i n d  new t e c h n i q u e s  o f  r e c o n s t r u c t i o n  and  t o  i n c r e a s e  t h e  
number o f  c l a s s e s  o f  g ra p h s  known t o  be  r e c o n s t r u c t i b l e .  I n  achyte-ving 
t h i s  a im , v a r i o u s  im p o r ta n t  p r o p e r t i e s  o f  g r a p h s ,  such  a s  c o n n e c t i v i t y  
and u n i q u e n e s s  o f  em beddings , a r e  e x p lo r e d ,  and new r e s u l t s  on t h e s e  
t o p i c s  a r e  o b t a i n e d .
P a r t  I ,  w h ich  c o n s i s t s  o f  t h r e e  c h a p t e r s ,  c o n t a i n s  a  h i s t o r i c a l ,  
n o n - t e c h n i c a l  i n t r o d u c t i o n  and g e n e r a l  g r a p h - t h e o r e t i c a l  d e f i n i t i o n s ,  
n o t a t i o n  and r e s u l t s .  Some new c o n c e p t s  i n  r e c o n s t r u c t i o n  a r e  a l s o  
p r e s e n t e d ,  n o t a b l y  t h e  i d e a  o f  r e c o n s t r u c t o r  s e t s .  P a r t  I I  o f  t h e  
t h e s i s  d e a l s  w i t h  t h e  v e r t e x - r e c o n s t r u c t i o n  o f  m axim al p l a n a r  graphs*. 
C h a p te r  4 i s  c o n c e rn e d  w i th  t h e  v e r t e x - r e c o g n i t i o n  o f  m axim al 
p l a n a r i t y ,  vd ie reas  C h a p te r  5 d e a l s  w i t h  t h e  v e r t e x - r e c o n s t r u c t i o n .
P a r t  I I I  d e a l s  w i t h  e d g e - r e c o n s t r u c t i o n :  p l a n a r  g r a p h s  w i t h  minimum
v a le n c y  5 and 4 - c o n n e c te d  p l a n a r  g r a p h s  a r e  r e c o n s t r u c t e d  i n
C h a p t e r s  6 and  7 r e s p e c t i v e l y .  I n  C h a p te r  7 ,  e x t e n s i v e  u s e  i s  made
o f  t h e  c o n c e p t  o f  r e c o n s t r u c t o r  s e t s  i n t r o d u c e d  i n  C h a p te r  3 . T h is  
c h a p t e r  a l s o  c o n t a i n s  a  b r i e f  d i s c u s s i o n  on t h e  r e c o n s t r u c t i o n  o f  g ra p h s  
from  e d g e - c o n t r a c t e d  s u b g ra p h s ,  a  p ro b le m  w h ic h ,  i n  c e r t a i n  c a s e s ,  can  
be  r e g a r d e d  a s  d u a l  t o  t h e  E d g e - r e c o n s t r u c t i o n  P ro b le m .
P a r t  IV i s  c o n c e r n e d  w i th  e x te n d in g  th e  r e s u l t s  and t e c h n i q u e s  o f  t h e
p r e v i o u s  c h a p t e r s  t o  n o n p la n a r  g r a p h s .  C h a p te r  8 d i s c u s s e s  w h ere  t h e  
p r e v i o u s  t e c h n i q u e s  f a i l ,  and i n d i c a t e s  where new m ethods  a r e  n e e d e d .
I n  C h a p te r  9 ,  a l l  g ra p h s  w hich  t r i a n g u l a t e  some s u r f a c e  and  h a v e  
c o n n e c t i v i t y  3 a r e  e d g e - r e c o n s t r u c t e d .  C e r t a i n  g ra p h s  w h ic h  t r i a n g u ­
l a t e  t h e  t o r u s  o r  t h e  p r o j e c t i v e  p l a n e  a r e  a l s o  shown t o  b e  w e a k ly  
v e r t e x - r e c o n s t r u c t i b l e .  C h a p te r  10 d e a l s  w i t h  t h e  e d g e - r e c o n s t r u c t i o n  
o f  a l l  g r a p h s  w h ich  t r i a n g u l a t e  t h e  p r o j e c t i v e  p l a n e .
The A p p en d ix  p r o v e s  a c o n j e c t u r e  o f  H a r a ry  on t h e  c u t v e r t e x -  
r e c o n s t r u c t i o n  o f  t r e e s .  One t e c h n i q u e  u s e d  h e r e  t i e s  up w i t h  a m ethod 
em ployed i n  p r e v io u s  c h a p t e r s  on e d g e - r e c o n s t r u c t i o n .
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PEEFACE
T h is  t h e s i s  p r e s e n t s  a n  a c c o u n t  o f  my r e s e a r c h  f o r  t h e  Ph .D . d e g r e e  
o f  t h e  Open U n i v e r s i t y .  I  s h o u ld  l i k e  to  e x p r e s s  my d e e p e s t  g r a t i t u d e  
to  D r. S. F i o r i n i ,  my s u p e r v i s o r ,  who in t r o d u c e d  me t o  g ra p h  t h e o r y  and 
who, d u r i n g  my c o u r s e  o f  s t u d y ,  was a c o n s t a n t  s o u r c e  o f  h e l p  and 
e n c o u ra g e m e n t .  D u r in g  my s t a y  i n  Eng land  I  was a  Commonwealth S c h o l a r  
u n d e r  t h e  Commonwealth S c h o l a r s h i p  and F e l lo w s h ip  P l a n .  I  s h o u ld  
t h e r e f o r e  l i k e  t o  e x p r e s s  my g r a t i t u d e  to  t h e  Commonwealth S c h o l a r s h i p  
Commission i n  t h e  U n i te d  Kingdom and to  t h e  B r i t i s h  C o u n c i l .  W ith o u t  
t h e i r  f i n a n c i a l  s u p p o r t  t h i s  r e s e a r c h  would n o t  h a v e  b e e n  p o s s i b l e .  
F i n a l l y ,  I  s h o u ld  a l s o  l i k e  t o  t h a n k  t h e  Open U n i v e r s i t y  f o r  t h e i r  
p r a c t i c a l  and  f i n a n c i a l  s u p p o r t ,  and t h e  s t a f f  a t  t h e  S o u th  W e s te rn  
R e g io n a l  O f f i c e  f o r  e x te n d in g  t o  me t h e i r  k in d  h o s p i t a l i t y .
Most o f  t h e  m a t e r i a l  i n  t h i s  t h e s i s  h a s  b e e n  s u b m i t t e d  f o r  p u b l i c a t i o n .
The r e s u l t s  o f  C h a p te r  6 h a v e  a p p e a re d  i i j :
J .  L a u r i ,  E d g e - r e c o n s t r u c t i o n  o f  p l a n a r  g ra p h s  w i t h  minimum v a l e n c y  5 .
J , Graph Theory  3 (1979 )  2 6 9 -2 8 6 .
The r e s u l t s  o f  C h a p te r  4 a r e  t o  a p p e a r  i n :
S. F i o r i n i  & J .  L a u r i ,  The r e c o n s t r u c t i o n  o f  m axim al p l a n a r  g r a p h s .  I :  
R e c o g n i t i o n .  J . Comh'iriator'iat Theory (B) Z B L 4 7 3 # 05035
w h e re as  t h o s e  o f  C h a p te r  5 a r e  t o  a p p e a r  i n :
J .  L a u r i ,  The r e c o n s t r u c t i o n  o f  m axim al p l a n a r  g r a p h s ,  I I :  Recomsi'c/^c-tMoiv. 
J , C om bin atoria t Theory (B) . ZBL^73 # 0 5 0 3 6
The m ain  r e s u l t s  o f  C h a p te r  7 h a v e  b e e n  s u b m i t t e d  t o  t h e  J o u r n a l  o f  
Graph T h e o ry ,  w h e re as  t h o s e  o f  C h a p te r s  9 and 10 h a v e  b e e n  s u b m i t t e d  
t o  t h e  Q u a r t e r l y  J o u r n a l  o f  M a th e m a t ic s  ( O x f o r d ) ,  b o t h  a s  j o i n t  p a p e r s  
w i th  S. F i o r i n i .  F i n a l l y ,  t h e  r e s u l t s  o f  t h e  A ppendix  on  t h e  c u t v e r t e x -  
r e c o n s t r u c t i o n  o f  t r e e s  have  b e e n  s u b m i t te d  to  D i s c r e t e  M a th e m a t ic s .
PART I  PROLOGUE
I n  t h e s e  i n t r o d u c t o r y  c h a p t e r s  we p r o v id e  t h e  n e c e s s a r y  b ack g ro u n d  f o r  
w hat f o l l o w s .  We s t a r t ,  i n  C h a p te r  1 ,  by  g i v i n g  a  b r i e f  h i s t o r i c a l ,  
n o n - t e c h n i c a l  i n t r o d u c t i o n  t o  t h e  R e c o n s t r u c t i o n  P ro b le m . I n  C h a p te r  2 , 
we g iv e  b a s i c  g r a p h - t h e o r e t i c a l  d e f i n i t i o n s  and  r e s u l t s  w hich  w i l l  be  
r e q u i r e d  l a t e r .  T h is  c h a p t e r  i n c l u d e s  a  d i s c u s s i o n  o f  u n iq u e n e s s  o f  
p l a n e  e m b edd ings ,  a  c o n c e p t  w h ich  w i l l  be  o f  c r u c i a l  im p o r ta n c e  i n  a l l  
t h a t  f o l l o w s .  I n  C h a p te r  3 we s t a r t  t h e  t e c h n i c a l  t r e a t m e n t  o f  t h e  
R e c o n s t r u c t i o n  P ro b le m , g i v i n g  t h e  b a s i c  d e f i n i t i o n s  and some s t a n d a r d  
r e s u l t s .  I n  t h i s  c h a p t e r  we a l s o  p r e s e n t  some new c o n c e p t s  and r e s u l t s ,  
n o t a b l y  t h e  i d e a  o f  r e c o n s t r u c t o r  s e t s  and  r e c o n s t r u c t o r  s e q u e n c e s  w h ich  
w i l l  b e  o f  p r im e  im p o r ta n c e  when we s t u d y  e d g e - r e c o n s t r u c t i o n  l a t e r  o n .
CHAPTER 1 INTRODUCTION
I n  t h i s  c h a p t e r  we p r e s e n t  a  b r i e f ,  n o n - t e c h n i c a l  i n t r o d u c t i o n  t o  t h e  
R e c o n s t r u c t i o n  P ro b le m . I n  v iew  o f  a  number o f  s u r v e y  a r t i c l e s  on th e
t o p i c ,  n o t a b l y  t h e  work by Bondy and Hemminger [B H l]  and by
N a s h -W il l ia m s  [BWl, C h a p te r  8 ] ,  we s h a l l  n o t  a t t e m p t  t o  p r e s e n t  a  
d e t a i l e d  c a t a l o g u e  o f  a l l  t h a t  h a s  b e e n  a c h ie v e d  i n  t h i s  a r e a ,  b u t  r e f e r  
t h e  r e a d e r  t o  t h e s e  two s u rv e y  p a p e r s .  What we s h a l l  a t t e m p t  t o  do i s
t o  p r o v id e  s u f f i c i e n t  b ac k g ro u n d  i n f o r m a t i o n  t o  make t h i s  t h e s i s  as
s e l f - c o n t a i n e d  a s  p o s s i b l e .
The R e c o n s t r u c t i o n  P ro b le m  i s  r e g a r d e d  by  many a s  one  o f  t h e  fo re m o s t  
u n s o lv e d  p ro b le m s  i n  g ra p h  t h e o r y . I t  was d i s c o v e r e d  by  Ulam who 
p u b l i s h e d  [ U l ]  a  s t a t e m e n t  o f  t h e  p ro b lem  i n  1960 , a l t h o u g h  a c c o r d in g  
t o  H a r a ry  [H 3 ] ,  i t  was a l r e a d y  known t o  h im  i n  1 929 . I n  t e rm s  o f  
g r a p h s ,  U la m 's  p ro b le m  i s  t o  d e te r m in e  w h e th e r  o r  n o t  t h e  f o l l o w i n g  
c o n j e c t u r e  i s  t r u e :
S uppose  t h a t  G and H a r e  s im p le  g ra p h s  w i t h  v e r t e x - s e t s  
{ v ^ j V ^ , . . . ,v ^ }  and {u^ ,U 2 , . . . ,u^> r e s p e c t i v e l y ,  v > 3 ,  and 
su p p o s e  t h a t  f o r  e a ch  i ,  t h e  s u b g ra p h s  G -  v^  and  H -  u^  a r e  
i s o m o r p h ic .  Then G and H a r e  th e m s e lv e s  i s o m o r p h ic ,  t
The f i r s t  a t t a c k  on t h i s  p ro b le m  a p p e a re d  i n  [ K 2 ] , w h ere  K e l l y  showed 
t h a t  t h e  c o n j e c t u r e  i s  t r u e  i f  G and H a r e  t r e e s .  T h i s  r e s u l t  
had  b e e n  o b t a i n e d  i n  K e l l y ' s  d o c t o r a l  t h e s i s  [ K l ]  w r i t t e n  u n d e r  Ulam. 
K e l l y  a l s o  showed t h a t  t h e  c o n j e c t u r e  i s  t r u e  when t h e  g r a p h s  a r e  
e i t h e r  r e g u l a r  o r  d i s c o n n e c t e d .
t  G r a p h - t h e o r e t i c a l  te rm s  u se d  i n  t h i s  c h a p t e r  w i l l  b e  e x p l a i n e d  i n  
C h a p te r  2 .
4I n  [ H i ] ,  H a r a ry  p ro p o se d  an a l t e r n a t i v e  way o f  p o s in g  th e  c o n j e c t u r e :
L e t  G be  a  s im p le  g rap h  w i t h  v e r t e x - s e t  { v ^ , v ^ , . . . , v ^ } , V > 3 ,  
and l e t  t h e  f a m i ly  ( c a l l e d  t h e  v e r t e x - d e c k )  o f  t h e  su b g ra p h s  
G -  v^  be  g iv e n .  Then t h e  g ra p h  G c a n  be  r e c o n s t r u c t e d  u n i q u e l y ,  
up t o  iso m o rp h ism , from  t h e s e  v e r t e x - d e l e t e d  s u b g r a p h s .
T h is  f o r m u l a t i o n  o f  t h e  c o n j e c t u r e  l e d  t o  U la m 's  p ro b le m  b e in g  r e f e r r e d  
t o  a s  t h e  R e c o n s t r u c t i o n  P ro b le m .
A p a r t  from  t h i s  o r i g i n a l  form  o f  t h e  R e c o n s t r u c t i o n  P rob lem , 
v a r i o u s  o t h e r  p rob lem s h a v e  b e e n  p o s e d ,  d e a l i n g  w i t h  t h e  r e c o n s t r u c t i o n  
o f  g ra p h s  from  in f o r m a t io n  o t h e r  t h a n  t h e  v e r t e x - d e l e t e d  s u b g r a p h s .
F o r  e x am p le ,  one  m ig h t  a s k  w h e th e r  o r  n o t  a  g ra p h  i s  u n i q u e l y  r e c o n s t r ­
u c t i b l e  from  i t s  e d g e - c o n t r a c t e d  s u b g r a p h s ,  o r  from  i t s  s u b g ra p h s  
o b t a i n e d  by i d e n t i f y i n g  p a i r s  o f  n o n - a d j a c e n t  v e r t i c e s .  However, t h e  
m ost n a t u r a l  o f  t h e s e  v a r i a t i o n s  i s  t h e  p ro b le m  w h ic h  a s k s  w h e th e r  o r  
n o t  t h e  f o l l o w i n g  c o n j e c t u r e  i s  t r u e :
L e t  G be  a s im p le  g ra p h  w i t h  e d g e - s e t  { e ^ , e ^ , . . . , e ^ } , e > 4 ,  and 
l e t  t h e  f a m i ly  ( c a l l e d  t h e  e d g e -d e c k )  o f  t h e  s u b g ra p h s  G -  e^  b e  
g i v e n .  Then th e  g ra p h  G c a n  b e  r e c o n s t r u c t e d  u n i q u e l y ,  up t o  
iso m o rp h is m ,  from  t h e s e  e d g e - d e l e t e d  s u b g r a p h s .
T h is  edge  fo rm  o f  t h e  R e c o n s t r u c t i o n  P ro b le m , p o se d  by  H a ra ry  i n  [ H I ] ,  
h a s  r e c e i v e d  a s  much a t t e n t i o n  as  t h e  o r i g i n a l  fo rm  o f  t h e  p ro b le m . I t  
i s  w i t h  t h e s e  two forms o f  t h e  R e c o n s t r u c t i o n  P ro b le m  t h a t  we s h a l l  b e  
p r i m a r i l y  c o n c e r n e d  i n  t h i s  t h e s i s .
A p a r t  from  K e l l y ' s  w ork , t h e  R e c o n s t r u c t i o n  P ro b le m  d i d  n o t  a t t r a c t  
much a t t e n t i o n  b e f o r e  t h e  m i d - l a t e  1 9 6 0 s ,  b u t  s i n c e  t h e n ,  t h e  l i t e r a t ­
u r e  on t h e  p ro b le m  h a s  i n c r e a s e d  a t  à  r a p i d  r a t e  ( s e e  [ B H l ] ) .
R e s u l t s  by H a r a ry  and P a lm er  i n  1965 and by  G re e n w e ll  i n  1971 c o n f i r m e d  
t h e  i n t u i t i v e  f e e l i n g  t h a t  t h e  v e r t e x  v e r s i o n  o f  t h e  R e c o n s t r u c t i o n  
P rob lem  i s  s t r o n g e r  th a n  t h e  edge  v e r s i o n ,  by  show ing  t h a t  i f  t h e  f i r s t
5c o n j e c t u r e  i s  t r u e  t h e n  so  i s  t h e  s e c o n d .  I n  f a c t ,  G r e e n w e l l ' s  r e s u l t  
s t a t e s  t h a t  i f  a  g r a p h  w i th  no i s o l a t e d  v e r t i c e s  i s  v e r t e x -  
r e c o n s t r u c t i b l e  ( t h a t  i s ,  r e c o n s t r u c t i b l e  from  i t s  v e r t e x - d e l e t e d  
s u b g r a p h s ) ,  t h e n  i t  a l s o  e d g e - r e c o n s t r u c t i b l e .  T h u s ,  by c o m bin ing  t h i s  
w i t h  r e s u l t s  on v e r t e x - r e c o n s t r u c t i o n  ( l i k e  K e l l y ' s  r e s u l t  on t r e e s ) ,  
one  im m e d ia te ly  o b t a i n s  e d g e - r e c o n s t r u c t i b l e  c l a s s e s  o f  g r a p h s .
Some o f  t h e  e a r l i e r  w ork  on t h e  p rob lem  was c o n c e r n e d  w i t h  im p ro v in g  
K e l l y ' s  r e s u l t  on t r e e s  by  showing t h a t  n o t  a l l  t h e  v e r t e x - d e l e t e d  
s u b g ra p h s  o f  a  t r e e  a r e  r e q u i r e d  to  r e c o n s t r u c t  i t  u n i q u e l y .  On t h e s e  
same l i n e s  H a r a ry  h a s  r e c e n t l y  made a f u r t h e r  c o n j e c t u r e  vdiich we p ro v e  
i n  t h e  A p p e n d ix .
However, m o s t  o f  t h e  w ork  on r e c o n s t r u c t i o n  d e a l s  o f  c o u r s e  w i t h  g ra p h s  
o t h e r  t h a n  t r e e s .  I n s t e a d  o f  t r y i n g  t o  s o lv e  t h e  p ro b le m  a t  one  f e l l  
swoop, m ost  r e s e a r c h e r s ,  f o l l o w in g  K e l l y ' s  f o o t s t e p s ,  d e v o te  t h e i r  
a t t e n t i o n  e i t h e r  t o  r e c o n s t r u c t  p a r a m e te r s  o f  g r a p h s  o r  t o  r e c o n s t r u c t  
c l a s s e s  o f  g r a p h s .  By r e c o n s t r u c t i n g  p a r a m e te r s  ( s u c h  as  c o n n e c t i v i t y  
and t h e  v a l e n c y  l i s t ,  s a y )  one i s  r e t r i e v i n g  from  t h e  v e r t e x - d e c k  o r  
t h e  e d g e -d e c k  v a l u a b l e  i n f o r m a t i o n  a b o u t  t h e  o r i g i n a l  g r a p h ,  w h ich  
c o u ld  u l t i m a t e l y  l e a d  t o  r e c o n s t r u c t i o n .  When r e c o n s t r u c t i n g  c l a s s e s  
o f  g r a p h s ,  one h o p e s  t h a t  e v e n t u a l l y  enough c l a s s e s  w i l l  b e  fo u n d  t o  
i n c l u d e  a l l  g r a p h s .  The c l a s s e s  o f  g ra p h s  w h ich  a r e  known t o  b e  v e r t e x -  
r e c o n s t r u c t i b l e  (and  h e n c e  e d g e - r e c o n s t r u c t i b l e )  a r e  n o t  many, and m ost 
o f  them  a r e  s im p le  i n  s t r u c t u r e ,  w i th  low c o n n e c t i v i t y  and w i t h  t r e e ­
l i k e  p r o p e r t i e s  ( s e e  [BH l] f o r  more d e t a i l s ) .  Hence i t  seems d e s i r e a b l e  
t o  a t t e m p t  t h e  r e c o n s t r u c t i o n  o f  o t h e r ,  l e s s  s i m p l e ,  c l a s s e s  o f  g r a p h s j  
one  su c h  c l a s s  i s  t h a t  o f  p l a n a r  g r a p h s , F u r th e r m o r e ,  s i n c e  any  g ra p h  
i s  em beddab le  on  some s u r f a c e ,  t h e  s tu d y  o f  t h e  r e c o n s t r u c t i o n  o f  p l a n a r  
g ra p h s  can  b e  r e g a r d e d  as  a  p o s s i b l e  f i r s t  s t e p  to w a rd s  a s y s t e m a t i c  
r e c o n s t r u c t i o n  o f  a l l  g ra p h s  by e x p l o i t i n g  t h e i r  em bedd ings  on s u r f a c e s .
6A l th o u g h  some graph , t h e o r i s t s  b e l i e v e  t h a t  t h e  v e r t e x  form  o f  t h e  
R e c o n s t r u c t i o n  C o n je c tu r e  m ig h t  be  f a l s e ,  i t  seems t h a t  t h e r e  i s  g e n e r a l
c o n s e n s u s  a s  to  t h e  t r u t h  o f  t h e  edge  form  o f  t h e  c o n j e c t u r e .  S in c e  t h i s
l a t t e r  c o n j e c t u r e  i s  a  w e a k e r  v e r s i o n  o f  t h e  f o rm e r ,  one  w ould  e x p e c t  
t h a t  t h e r e  a r e  e d g e - r e c o n s t r u c t i o n  r e s u l t s  n o t  a v a i l a b l e  i n  v e r t e x -  
r e c o n s t r u c t i o n .  The m ost s t r i k i n g  o f  such  r e s u l t s  i s  L o v a s z ' s  th e o re m  
( 1 9 7 2 ) ,  im proved  by  M ü l l e r  i n  1977 , w h ich  s t a t e s  t h a t  a  g ra p h  w i t h  V 
v e r t i c e s  i s  e d g e - r e c o n s t r u c t i b l e  i f  i t  h a s  more t h a n  ( v l o g v ) / ( l o g 2 )  
e d g e s .  S in c e  t h e  maximum p o s s i b l e  number o f  e d g e s  o f  a  g ra p h  on  v
v e r t i c e s  i s  % v ( v - l ) ,  one  m ig h t  s a y  t h a t ,  f o r  l a r g e  v ,  a lm o s t  a l l
g ra p h s  on V v e r t i c e s  a r e  e d g e - r e c o n s t r u c t i b l e .  The m ost n o t a b l e  
f e a t u r e  o f  t h i s  r e s u l t  i s  i t s  e l e g a n t  and  s h o r t  p r o o f  w hich  u s e s  a  
v e r y  i n g e n i o u s  a p p l i c a t i o n  o f  t h e  i n c l u s i o n - e x c l u s i o n  p r i n c i p l e .
A na logues  o f  t h e s e  two R e c o n s t r u c t i o n  C o n j e c tu r e s  h a v e  b e e n  p o s e d  and  
s t u d i e d  f o r  o t h e r  s t r u c t u r e s  a p a r t  f rom  s im p l e ,  u n d i r e c t e d ,  f i n i t e  
g r a p h s .  P e rh a p s  t h e  m ost i n t e r e s t i n g  o f  t h e s e ,  and t h e  one  w h ich  m ig h t  
h a v e  m ost  b e a r i n g  on t h e  r e c o n s t r u c t i o n  o f  g ra p h s  i s  t h e  p ro b le m  o f  
r e c o n s t r u c t i n g  d i g r a p h s .  W hile  M u l l e r ' s  r e s u l t  on t h e  one  han d  
g e n e r a l l y  p r o v id e s  am m unition  f o r  t h o s e  who b e l i e v e  i n  t h e  t r u t h  o f  t h e  
R e c o n s t r u c t i o n  C o n j e c t u r e s ,  on  t h e  o t h e r  h a n d  one  f i n d s  S to c k m e y e r 's  
d i s c o n c e r t i n g  d i s c o v e r y  t h a t  t h e  a n a lo g u e  o f  t h e  v e r t e x  fo rm  o f  t h e  
R e c o n s t r u c t i o n  C o n j e c tu r e  i s  f a l s e  f o r  d i g r a p h s .  I n  f a c t ,  n o n -  
r e c o n s t r u c t i b l e  to u rn a m e n ts  on f i v e  and s i x  v e r t i c e s  h a d  b e e n  found  
by B e in e k e  and P a r k e r  i n  1970 , b u t  t h e  f i n a l  s t r o k e  was a d m i n i s t e r e d  by  
S to ck m ey er  i n  1976 and 1977 when h e  e x h i b i t e d  an  i n f i n i t e  c l a s s  o f  n o n -  
r e c o n s t r u c t i b l e  t o u rn a m e n ts .
I n  v iew  o f  t h e s e  c o u n te re x a m p le s  and s i m i l a r  n e g a t i v e  c o n c l u s i o n s  
f o r  o t h e r  s t r u c t u r e s  l i k e  m a t r o id s  and  i n f i n i t e  g ra p h s  ( s e e  [ B H l ] ) ,  i n  
t h e  w ords  o f  Schwenk [ S i ]  , "No l o n g e r  does  i t  a p p e a r  t h a t  we . . .  
a r e  n i b b l i n g  away a t  a  g ra n d  y e t  a lm o s t  c e r t a i n  t r u t h .  I n s t e a d ,  we can
now r e c o g n i z e  t h a t  r e c o n s t r u c t i b i l i t y  i s  n e c e s s a r i l y  l i m i t e d ,  and we 
can  p r o c e e d  w i t h  o u r  new ly  o b t a i n e d  p e r s p e c t i v e  t o  t r y  t o  map o u t  t h o s e  
l i m i t s . "
CHAPTER 2 BASIC DEFINITIONS AND RESULTS
I n  t h i s  c h a p t e r  we s h a l l  g i v e  t h o s e  b a s i c  d e f i n i t i o n s  and r e s u l t s  
w h ich  w i l l  be  u s e d  i n  t h i s  t h e s i s  and w h ich  a r e  o f  a  g e n e r a l  g r a p h -  
t h e o r e t i c  n a t u r e ;  o t h e r  d e f i n i t i o n s  p e r t a i n i n g  more d i r e c t l y  t o  t h e  
R e c o n s t r u c t i o n  P ro b le m  w i l l . b e  g i v e n  i n  t h e  n e x t  c h a p t e r .  More 
s p e c i a l i z e d  te rm s  w hose d e f i n i t i o n s  a r e  n o t  i n c l u d e d  i n  t h e s e  two 
c h a p t e r s  w i l l  be  d e f i n e d  a s  t h e y  a p p e a r .
SECTION 2 .1  -  CRAPHS AND SUBCRAPHS
A g ra p h  C i s  a  p a i r  (VC,EG) w h ere  VC i s  a  f i n i t e  s e t  o f  v e r t i c e s
and EC i s  a  f i n i t e  f a m i ly  o f  u n o r d e r e d  p a i r s  o f  ( n o t  n e c e s s a r i l y
d i s t i n c t )  v e r t i c e s ;  t h e  e le m e n ts  o f  EC a r e  c a l l e d  e d g e s .  The o r d e r  
o f  C, d e n o te d  b y  vC i s  t h e  num ber o f  v e r t i c e s  o f  C; t h e  num ber o f
e d g es  i s  d e n o te d  by  EC.
I f  6 = { u ,v }  i s  an  edge  o f  C, t h e n  e  i s  s a i d  t o  j o i n  t h e  v e r t i c e s
u and V, and e a c h  one  o f  u  and  v  i s  s a i d  to  be i n c i d e n t  t o  e ,
and u  and v  a r e  s a i d  t o  b e  a d j a c e n t . I f  two edges  o f  C a r e  
i n c i d e n t  t o  a  common v e r t e x ,  t h e n  t h e y  a r e  a l s o  s a i d  t o  be  a d j a c e n t .  
F o r  c o n v e n ie n c e ,  t h e  edge  j o i n i n g  u  and v  w i l l  be  d e n o te d  by  uv  
o r  v u .  ,
Two o r  more e d g e s  o f  C j o i n i n g  t h e  same p a i r  o f  v e r t i c e s  a r e  c a l l e d  
m u l t i p l e  e d g e s , and  an  edge  w  i s  s a i d  t o  be a l o o p . A g r a p h  w i t h  
no lo o p s  o r  m u l t i p l e  e d g es  i s  c a l l e d  a  s im p le  g r a p h . To e m p h a s i s e  
t h a t  a  p a r t i c u l a r  g r a p h  u n d e r  d i s c u s s i o n  m ig h t  h a v e  lo o p s  o r  m u l t i p l e  
edges  we som etim es  r e f e r  t o  i t  a s  a  g e n e r a l  g r a p h . The com plem ent 
C o f  a  s im p le  g ra p h  C i s  t h e  g ra p h  w i t h  t h e  same v e r t e x - s e t  a s  C,
b u t  w here  two v e r t i c e s  a r e  a d j a c e n t  i f  and o n l y  i f  t h e y  a r e  n o t
a d j a c e n t  i n  C. We em p h a s ize  h e r e  t h a t  th r o u g h o u t  t h i s  t h e s i s ,  any
9g ra p h  c o n s i d e r e d  w i l l  b e  s im p le  u n l e s s  o t h e r w i s e  s t a t e d .  Many o f  t h e  
c o n c e p t s  d e f i n e d  be low  f o r  s im p le  g r a p h s  have  an  o b v io u s  e x t e n s i o n  t o  
g e n e r a l  g r a p h s .
F o r  e a c h  v e r t e x  v  o f  G, t h e  num ber o f  edges  o f  G i n c i d e n t  t o  v
• i s  c a l l e d  t h e  v a l e n c y  o f  v  i n  G, d e n o te d  by p ^ v ,  o r  simply by pv,
i f  i t  i s  c l e a r  from  t h e  c o n t e x t  t h a t  we a r e  r e f e r r i n g  t o  v a l e n c i e s  i n
G, A v e r t e x  o f  v a l e n c y  k  i s  c a l l e d  à  k - v é f t e x . The number o f
k - v e r t i c e s  o f  G i s  d e n o te d  by  V, G o r  V, . F o r  ve  VG we d e n o te■' k  k
by NgV t h e  s e t  o f  n e ig h b o u r s  o f  v  i n  G, t h a t  i s ,  t h e  s e t  o f  t h o s e
v e r t i c e s  a d j a c e n t  t o  v  i n  G . H ere  and i n  s i m i l a r  c a s e s  we u s u a l l y
d ro p  t h e  r e f e r e n c e  to  G when t h e  c o n t e x t  i s  c l e a r .  The maximum 
v a l e n c y  i n  G i s  d e n o te d  by  AG o r  A; t h e  minimum v a l e n c y  i s  
d e n o te d  by  dG o r  6. The f a m i ly  {{p^v: v  e VG}} i s  c a l l e d  t h e  
v a l e n c y  l i s t  o f  G . The n e ig h b o u rh o o d  v a l e n c y  l i s t  o f  a  v e r t e x  v  
i n  G i s  t h e  f a m i ly  {{p^w: w e N v } } .  t
Or t r
A s u b g ra p h  o f  a  g ra p h  G = (VG,EG) i s .  a  g raph . H = (VH,EH) su c h  t h a t  
VH c, VG and EH c  EG; we som etim es  d e n o te  t h i s  by  w r i t i n g  H c  G.
I f  Q £  VG, t h e n  t h e  su b g ra p h  <Q> in d u c e d  by  Q i s  t h a t  s u b g ra p h  
H o f  G f o r  w h ich  VH = Q, and EH = {vw € EG: v ,w  e Q} . I f  W c  EG,
t h e n  t h e  s u b g ra p h  <W> in d u c e d  by  W i s  t h a t  s u b g ra p h  K o f  G f o r
w h ich  VK = {v e VG: vx  e W f o r  some x  e VG} and  EK = W. The
s u b g ra p h  <VG -  Q> i s  d e n o te d  by  G -  Q; <EG -  W> i s  d e n o te d  by
G -  W. I n  o b t a i n i n g  G -  Q from  G we s a y  t h a t  t h e  v e r t i c e s  o f  Q
h a v e  b e e n  d e l e t e d  from  G; s i m i l a r l y  f o r  G -  W we s a y  t h a t  t h e
e d g e s  o f  W h a v e  b een  d e l e t e d  from  G . I f  Q = {v} and W = {e}
t  The u s u a l  sym bol {"} w i l l  d e n o te  a  s e t ,  w h e re a s  {{*}} w i l l  
d e n o te  a  f a m i ly ,  w here  i t  i s  u n d e r s to o d  t h a t  two e le m e n t s  o f  a  f a m i ly  
n e e d  n o t  b e  d i s t i n c t .
10
we o f t e n  d e n o te  t h e  v é f t é x - d é l é t é d  su b g ra p h  G -  v  and  t h é  e d g e -  
d e l e t e d  s u b g ra p h  G -  e b y  G^ and  G^ r e s p e c t i v e l y .  I f  v ,w  e VG
and vw i. EG, we t h e n  d e n o te  by  G + vw t h a t  g r a p h  o b t a i n e d  from  G
by  j o i n i n g  v  and  w b y  a n  e d g e .
L e t  H b e  a  s u b g ra p h  o f  G. A V e r te x  o f  c o n t a c t  o f  H i n  G i s  a
v e r t e x  o f  H t h a t  i s  a d j a c e n t  i n  G t o  a  v e r t e x  n o t  b e lo n g i n g  t o
VH. The s e t  o f  v e r t i c e s  o f  c o n t a c t  o f  H i n  G i s  d e n o te d  b y  C (G ,H ).
I f  vw € EG, t h e n  vw i s  s a i d  t o  be  s u b d iv id e d  i f  vw i s  d e l e t e d  and 
r e p l a c e d  by  e d g e s  vx  a n d  xw, w here  x  i s  a  new v e r t e x .  A
s u b d i v i s i o n  o f  G i s  a  g r a p h  t h a t  c a n  be  o b t a i n e d  f rom  G b y  a
p o s s i b l y  empty s e q u e n c e  o f  s u b d i v i s i o n s  o f  e d g e s .  The edge  vw i s  
s a i d  t o  be  c o n t r a c t e d  i f  i t  i s  d e l e t e d  and t h e  v e r t i c e s  v  and  w 
i d e n t i f i e d ;  t h e  r e s u l t i n g  g r a p h  i s  d e n o te d  by G.vw. N o te  t h a t  
a l t h o u g h  G i s  a  s im p le  g r a p h ,  an  e d g e - c o n t r a c t e d  s u b g ra p h  G .e
o f  G n e e d  n o t  b e  s im p l e .
I f  G and H a r e  two g r a p h s ,  t h e n  we s a y  t h a t  G i s  c o n t r a c t i b l e
to  H i f  H c an  b e  o b t a i n e d  from  G by  a  p o s s i b l y  empty s e q u e n c e
o f  e d g e - c o n t r a c t i o n s .
L e t  W = {v^v^^^ :  i  = 0 , l , . . . , t - l }  be  a  s e t  o f  e d g e s  o f  G, w h ere  a l l  
t h e  v e r t i c e s  v ^  , e x c e p t  p o s s i b l y  Vq and  v ^ ,  a r e  d i s t i n c t .  I f
Vq f  v ^ ,  t h e n  we s h a l l  c a l l  t h e  s u b g ra p h  <W> o f  G a  c h a i n  f rom  v^
to  v ^ ,  and we s h a l l  d e n o te  i t  by  C = C[Vq , v ^ ] .  We s h a l l  a l s o  s a y  
t h a t  Vq and v^  a r e  j o i n e d  by  t h e  c h a in  C. The v e r t i c e s  
v ^ ,  v ^ ,  . . .  , v^  ^  a r e  c a l l e d  t h e  i n t e r n a l  v e r t i c e s  o f  t h e  c h a i n .
The l e n g t h  o f  t h e  c h a i n  i s  t .  An edge i s  t h e r e f o r e  a  c h a i n  o f
l e n g t h  1 .  The C - d i s t a n c e  b e tw e e n  v^  and v%, 0 < i  < j  ^  t  i s
( j  -  i ) .  We d e n o te  C[Vq , v ^ ]  -  v ^ ,  C[Vq , v^ ]  -  v^  - an d  C[Vq , v ^ ] -  Vq -  v^ 
by C]Vq , v ^ ] ,  CCVq j V^C and C ]v Q ,v ^ [  r e s p e c t i v e l y .  A s e t  o f  c h a in s
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i n  G i s  s a i d  t o  be  i n t e r n a l l y  d i s j o i n t  i f  no v e r t e x  o f  G i s  an 
i n t e r n a l  v e r t e x  o f  m ore t h a n  one  c h a in  o f  t h e  s e t .  I f  Vq = v ^ ,  t h e n  
<W> i s  s a i d  t o  b e  a ; c i r c u i t , o r  a  t - c i r c i i i t  i f  we w a n t  t o  i n d i c a t e  
t h e  num ber o f  v e r t i c e s  i n  i t .  A t r i a n g l e  i s  a  3 - c i r c u i t .  I f  <W> 
i s  a  c i r c u i t  su c h  t h a t  v ,w  e V<W> and vw e EG -  E<W> we t h e n  s a y  
t h a t  t h e  edge  vw i s  a  c h o rd  o f  <W>. We o f t e n  d e n o te  <W> by 
VqVj^V2 . . . v ^  ( w h e th e r  o r  n o t  v^ and v^  a r e  d i s t i n c t ) .
A g r a p h  on  n  v e r t i c e s  i s  c a l l e d  H a m i l to n ia n  i f  i t  c o n t a i n s  an 
n - c i r c u i t .  The c o m p lé té  g r a p h , t h a t  i s  t h e  s im p le  g ra p h  w i t h  n  
v e r t i c e s  and % n(n~ l)  e d g e s  i s  d e n o te d  by  K^. The c o m p le te  g ra p h  
w i t h  an  e d g e  d e l e t e d  i s  d e n o te d  by K^- e .  A b i p a r t i t e  g r a p h  i s  one 
whose v e r t e x - s e t  c a n  be  p a r t i t i o n e d  i n t o  two s e t s  i n  s u c h  a  way t h a t  
e ach  edge  j o i n s  a  v e r t e x  o f  t h e  f i r s t  s e t  t o  a  v e r t e x  o f  t h e  s e c o n d .
A c o m p le te  b i p a r t i t e  g r a p h  i s  a  b i p a r t i t e  g r a p h  i n  w h ic h  e v e r y  v e r t e x  
i n  t h e  f i r s t  s e t  i s  j o i n e d  t o  e v e r y  v e r t e x  i n  t h e  se c o n d  s e t ;  i f  t h e  
two' s e t s  c o n t a i n  r  and s v e r t i c e s  r e s p e c t i v e l y ,  t h e n  t h e  c o m p le te  
b i p a r t i t e  g r a p h  i s  d e n o te d  by Kr , s
A f o r e s t  i s  a  g r a p h  i n  w h ich  e v e r y  p a i r  o f  v e r t i c e s  i s  j o i n e d  by a t  
m ost one  c h a i n .  A t r e e  i s  a  f o r e s t  i n  w hich  e v e r y  p a i r  o f  v e r t i c e s  
i s  j o i n e d  b y  a t  l e a s t  o n e  c h a i n .
Two g e n e r a l  g r a p h s  G and H a r e  s a i d  t o  be  i s o m o r p h ic  i f  t h e r e  i s  
a  b i j e c t i o n  ^ : VG VH s u c h  t h a t  t h e  number o f  e d g e s  j o i n i n g  v  and 
w i n  G i s  e q u a l  t o  t h e  num ber o f  e d g e s  j o i n i n g  \j)V and  \pw i n  H. 
The f u n c t i o n  ^ i s  s a i d  t o  b e  an isom orph ism  from  G t o  H. When 
G and  H a r e  i s o m o r p h ic  we d e n o te  t h i s  by G -  H. An a u to m o rp h ism  
o f  G i s  an  i so m o rp h ism  ^ :VG VG.
To e v e r y  i so m o rp h is m  ^  :VG VH t h e r e  c o r r e s p o n d s  an  e d g e - i s o m o r p h is m  
t|»':EG EH s u c h  t h a t  ' ( u v )  = i]a h {)V, g i v i n g  t h a t  e  and  f  a r e
a d j a c e n t  e d g e s  i n  G i f  and  o n ly  i f  ^ ' e  and 4' *f a r e  a d j a c e n t  i n  H
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I f  K i s  a  s u b g ra p h  o f  G, t h e n  by we mean t h a t  s u b g ra p h  o f  H
f o r  w h ic h  vCij^K) = 4^(VK) and  E(#K) = i|;’ (EK).
(So f a r ,  we have  c o n s i s t e n t l y  a v o id e d  u n n e c e s s a r y  u s e  o f  b r a c k e t s ,  
p r e f e r r i n g  t o  w r i t e ,  f o r  exam p le ,  VG and 6G i n s t e a d  o f  V(G) and
6(G) r e s p e c t i v e l y .  We s h a l l  a lw a y s  do t h i s  u n l e s s  t h e r e  i s  a
s p e c i a l  n e e d  f o r  b r a c k e t s ,  a s  i n  V(4^K) o r  6 (G -v ) ,  s a y . )
SECTION 2 .2  -  CONNECTIVITY
A g r a p h  i s  c o n n e c te d  i f  e v e ry  p a i r  o f  v e r t i c e s  i s  j o i n e d  by  a t  l e a s t  
one  c h a i n .  A m aximal c o n n e c te d  su b g ra p h  o f  G i s  c a l l e d  a  component 
o f  G. A c u t v e r t e x  o f  G i s  a  v e r t e x  whose d e l e t i o n  i n c r e a s e s  t h e  
number o f  c o m p o n e n ts .  I f  G i s  n o t  c o n n e c t e d ,  we t h e n  s a y  t h a t  i t  
i s  d i s c o n n e c t e d .
A c o n n e c t e d  g r a p h  i s  s a i d  t o  have  c o n n e c t i v i t y  K = KG i f  t h e
d e l e t i o n  o f  some s e t  o f  k v e r t i c e s  d i s c o n n e c t s  G, and  k i s  t h e
l e a s t  i n t e g e r  w i t h  t h i s  p r o p e r t y .  I f  G i s  K^, t h e n  kG i s  by  
d e f i n i t i o n  t a k e n  t o  be n - 1 ;  when kG = 1 we s a y  t h a t  G i s
s e p a r a b l e . F o r  any  k  < k, G i s  s a i d  t o  b e  k - c o n n e c t e d . Any s e t  Q
o f  v e r t i c e s  o f  G whose d e l e t i o n  d i s c o n n e c t s  G i s  s a i d  t o  be  a 
s e p a r a t i n g  s e t  o f  G . The number o f  s e p a r a t i n g  s e t s  o f  G h a v in g  r  
v e r t i c e s  i s  d e n o te d  by s^G. A l s o ,  t h e  s e t  Q i s  s a i d  t o  s e p a r a t e  
t h e  v e r t i c e s  u  and  v  o f  G i f  u and  v  a r e  i n  d i f f e r e n t
com ponen ts  o f  G -  Q, o r  e q u i v a l e n t l y  i f  any  c h a i n  f ro m  u  t o  v
i n  G c o n t a i n s  a t  l e a s t  one  v e r t e x  o f  Q. I f  C i s  a  c i r c u i t  i n  G
and VC i s  a  s e p a r a t i n g  s e t  o f  G we o f t e n  s a y  t h a t  C i s  a
s e p a r a t i n g  c i r c u i t . L e t  Q be  a s e p a r a t i n g  s e t  o f  G and l e t  t h e
com ponents  o f  G -  Q be H^, H^, . . .  i T hen , f o r  1 ^  i  ^  r ,  t h e
s u b g ra p h  o f  G in d u c e d  by VH^uQ i s  d e n o te d  by  H^.
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We s h a l l  n e e d  t h e  f o l l o w i n g  fu n d a m e n ta l  r e s u l t  on  c o n n e c t i v i t y  due t o  
Menger [M3].
Theorem 2 .1  (M enger)
I f  u  arid V a r e  d i s t i n c t  riohàdj a c e n t  v e r t i c e s  o f  a  g ra p h  G, t h e n  
th e  maximum num ber o f  i n t e r n a l l y  d i s j o i n t  c h a in s  from  u  t o  v  i n  
G e q u a l s  t h e  minimum num ber o f  v e r t i c e s  o f  G t h a t  s e p a r a t e  u  
and V. □
We s h a l l  a l s o  n e e d  a  s e c o n d  v e r s i o n  o f  M o n g e r 's  Theorem , w h ich  g i v e s  
a  c h a r a c t e r i z a t i o n  o f  k - c o n n e c t e d  g r a p h s .  T h is  th e o re m , w h ich  f o l l o w s  
from  Theorem 2 . 1 ,  was p ro v e d  i n d e p e n d e n t l y  by W hitney  [W 3].
Theorem 2 .2  (W hitney -M enger)
A g ra p h  G i s  k - c o n n e c t e d  i f  and o n ly  i f  e v e ry  p a i r  o f  d i s t i n c t  
v e r t i c e s  a r e  j o i n e d  i n  G by a t  l e a s t  k  i n t e r n a l l y  d i s j o i n t  
c h a i n s . □
One l a s t  r e s u l t  on  c o n n e c t i v i t y  w h ich  we s h a l l  f i n d  u s e f u l  i s  t h e  
f o l l o w in g  th e o re m , p ro v e d  i n  [C K L l] .
Theorem 2 .3  ( C h a r t r a n d - K a u g a r s - L ic k )
I f  G i s  a  k - c o n n e c t e d  g ra p h  whose minimum v a le n c y  6 s a t i s f i e s  
6 > %(3k -  1 ) ,  t h e n  t h e r e  e x i s t s  a  v e r t e x  v  o f  G su c h  t h a t  G^ 
i s  a l s o  k - c o n n e c t e d .  □
SECTION 2 .3  -  PLANARITY
I n  t h i s  s e c t i o n  we s h a l l  b e  u s i n g  some s t a n d a r d  t o p o l o g i c a l  t e r m in o l o g y  
F o r  e x p l a n a t i o n  o f  u n d e f i n e d  te rm s  th e  r e a d e r  i s  r e f e r r e d  t o  [A S l]
[BWl, C h a p te r  2 ] .
Embeddirigs o f  g ra p h s  i n  s u r f a c e s
By a  c lo s e d  s u r f a c e  we s h a l l  mean a  c o n n e c t e d ,  com pact t o p o l o g i c a l  
s p a c e  . 8  su c h  t h a t  f o r  e v e r y  p o i n t  x  o f  S , x  h a s  a  n e ig h b o u r h o o d
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i n  S hom eom orphic t o  an  open  d i s k  ( o r  " 2 - c e l l " )  . A l l  s u r f a c e s  we 
c o n s i d e r  w i l l  be  c l o s e d  s u r f a c e s .  To c on fo rm  w i t h  o u r  d e f i n i t i o n  o f
a  s u r f a c e ,  by  t h e  p l a n e  we s h a l l  mean t h e  e x te n d e d  p l a n e  ( t h a t  i s
2 C . • .
R w i t h  t h e  p o i n t  «> a d jo i n e d  t o  i t )  w i t h  t h e  u s u a l  c o m p ^ t i f i c a t i o n
( s e e [ A S I ,  p . 3 ] ) . Hence t h e  p l a n e  i s  hom eom orphic t o  t h e  s p h e r e .
L e t  G be  a  g r a p h  w i th  VG = { v ^ , v ^ j . . . jV^} an d  EG = . . . t e ^ } .
An em bedding  o r  r e p r e s e n t a t i o n  o f  G i n  a  s u r f a c e  S i s  a  s u b s p a c e
Gg o f  S such that Gg = {v^(S),...,v^(S)}u{e^(S),...,e^(S)}, where
( i )  v ^ ( S ) , , . . , v ^ ( S )  a r e  d i s t i n c t  p o i n t s  o f  S,
( i i )  e ^ ( S ) , . . . , e ^ ( S )  a r e  m u t u a l l y  d i s j o i n t  op en  a r c s  i n  S,
( i i i )  v ^ ( S ) n e ^ ( S )  = 0 , i = l , 2 , . . . , v ;  j = l , 2 , . . . , e ,
( i v )  i f  Cj = t h e n  t h e  open  a r c  C j (S )  h a s  v ^ ^ (S )
and  v . „ ( S )  a s  e n d p o i n t s ,  j = l , 2 , . . . , e .
(H ere  a n  o p e n  a r c  i n  S means a  hom eom orphic  image o f  t h e  open
i n t e r v a l  ] 0 , 1 [ . )
I t  i s  w e l l -k n o w n  t h a t  e v e ry  s u r f a c e  S p e r m i t s  a  t r i a n g u l a t i o n
( s e e  [ A S l ] )  that*  i s ,  S i s  hom eom orphic t o  a  g e o m e t r i c  2 - d im e n s io n a l
s i m p l i c i a l  com plex  w hich  s a t i s f i e s  Theorem  22E o f  C h a p te r  I  o f
[ A S l ] .  ( i n  f a c t ,  s i n c e  we d e f i n e  o u r  s u r f a c e s  t o  b e  c o m p a c t ,  t h e
num ber o f  s im p le x e s  o f  K i s  f i n i t e . )  We c a n  t h e r e f o r e  g i v e  t h e
g
f o l l o w i n g  a l t e r n a t i v e  ( e q u i v a l e n t )  d e f i n i t i o n  o f  e m b e d d in g s .  An
em bedding o f  a  g ra p h  G i n  S i s  a  s u b g ra p h  L o f  t h e  1 - s k e l e t o n
o f  a  t r i a n g u l a t i o n  K o f  S , su c h  t h a t  G i s  i s o m o r p h ic  t o  L .
g g
I f  L = K^, we t h e n  sa y  t h a t  G t r i a n g u l a t e s  S. I f  G t r i a n g u l a t e s
S, t h e n  any  em bedding o f  G i n  S i s  t h e  1 - s k e l e t o n  o f  some
t r i a n g u l a t i o n  o f  S . When G t r i a n g u l a t e s  t h e  p l a n e  we s a y  t h a t  G 
i s  m axim al p l a n a r .  I n  g e n e r a l ,  i f  G i s  em beddab le  i n  t h e  p l a n e  we
s a y  t h a t  G i s  p l a n a r ; w h ereas  i f  G i s  em beddab le  i n  t h e  p r o j e c t i v e
p l a n e  P we s a y  t h a t  G i s  p r o j e c t i v e . I f  G i s  n o n p l a n a r  b u t  G^
i s  p l a n a r  . f o r . e v e r y  v e r t e x  v  o f  G, t h e n  we s a y  t h a t  G i s  c r i t i c a l
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REMARK. F o r  c o n v e n ie n c e  and s i m p l i c i t y  o f  n o t a t i o n ,  we s h a l l  o f t e n
w r i t e  G f o r  i t s  t o p o l o g i c a l  r e a l i z a t i o n  Gg ( o r  L) on S, and we
s h a l l  d e s i g n a t e  t h e  p o i n t  v ^ (S )  and t h e  open a r c  e j ( S )  by v^
and e .  r e s p e c t i v e l y ,  f o r  i = l , 2 , . . . , v  and j = l , 2 , . . . , e ,  r e f e r r i n g  
J
to  them  as  v e r t i c e s  and  e d g e s  o f  G.
The c o n n e c te d  r e g i o n s  o f  S -  G a r e  c a l l e d ' f a c e s  o f  t h e  em bedding
o f  G on  S . I f  F i s  a  f a c e  and t h e  v e r t e x  v  i s  i n  t h e  b o u n d a ry
(F -  F )  o f  F , t h e n  we s a y  t h a t  v  i s  i n c i d e n t  t o  F .  A s i m i l a r  
d e f i n i t i o n  h o l d s  f o r  an  edge  i n c i d e n t  t o  F .  I f  F i s  hom eom orphic  
to  t h e  open  d i s k ,  and t h e  b o u n d a ry  o f  F i s  a  k - c i r c u i t ,  t h e n  we s a y  
t h a t  F i s  a  k - f a c e . I n  t h i s  c a s e  we a l s o  s a y  t h a t  t h e  f a c e - v a l e n c y
o f  F i s  k ,  and  we d e n o te  i t  by p*F . A 3 - f a c e  i s  som e tim es  c a l l e d
a t r i a n g u l a r  f a c e . The k - c i r c u i t  w hich  i s  t h e  b o u n d a ry  o f  F i s  
s a i d  t o  b e  t h e  b o u n d a ry  c i r c u i t  o f  F and i s  a l s o  s a i d  t o  bound F .  
The f a c e - v a l e n c y  l i s t  o f  t h e  em bedding i s  t h e  f a m i ly  o f  t h e  f a c e -  
v a l e n c i e s  o f  a l l  t h e  f a c e s  o f  t h e  em bedd ing . The maximum and  minimum 
f a c e - v a l e n c i e s  o f  an  em bedding Gg a r e  d e n o te d  by  A*Gg and  6*Gg 
r e s p e c t i v e l y .
I f  all the faces of an embedding of G in S are homeomorphic to 
an open disk, then the embedding is said to be a 2-Cell embedding.
I F  a  g ra p h  G w i th  v v e r t i c e s  and e edges  h a s  a  2 - c e l l  em bedd ing  
i n  a  s u r f a c e  S w i t h  E u l e r  c h a r a c t e r i s t i c  Xj i f  <f> i s  t h e  
number o f  f a c e s  o f  t h e  em bedd ing , t h e n  E u l e r ’s f o rm u la  s t a t e s  t h a t
V + (f) = e + X*
I t  f o l l o w s  t h a t  E < 3v + 3 x ,  w i t h  e q u a l i t y  h o l d in g  i f  and o n l y  i f  G
t r i a n g u l a t e s  S . T h is  i n e q u a l i t y  c an  a l s o  be  w r i t t e n  as
5 AG
I  (6  -  k ) v  > 6x + I  ( k  -  6 ) v  , 
k = l  k=7 ^
and w i l l  be  c a l l e d  E u l e r ' s  i n e q u a l i t y .  (We n o t e  h e r e  t h a t  i f  G
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t r i a n g u l a t e s  S, t h e n  any  embedding o f  G i n  S i s  a  2 - c e l l  
em bedding  ( s e e  [BWl, Theorem 6 .1  o f  C h a p te r  2 ]  o r  [ Y l ] ) .  )
I n  t h i s  t h e s i s  we s h a l l  be  r e p e a t e d l y  r e f e r r i n g  t o  t h e  f o l l o w i n g  c r u c i a l  
f a c t  w h ic h  f o l l o w s  from  (E2) o f  Theorem  22E i n  [A S l ,  C h a p te r  I ] :
I f  G t r i a n g u l a t e s  some s u r f a c e ,  t h e n  f o r  e v e r y  v e r t e x  
V e VG, t h e  su b g ra p h  <Nv> o f  G i s  H a m i l to n i a n .
From t h i s  we d ed u ce  t h e  f o l l o w in g  r e s u l t s .
Lemma 2 .1
L e t  G b e  a  g ra p h  w h ich  t r i a n g u l a t e s  some s u r f a c e  and h a s  c o n n e c t i v i t y  
K, L e t  Q b e  a  s e t  o f  k v e r t i c e s  o f  G w hose  d e l e t i o n  d i s c o n n e c t s  
G. Then e a c h  v e r t e x  o f  Q h a s  v a l e n c y  a t  l e a s t  2 i n  <Q>.
P r o o f
L e t  G^,G 2 j . . .  jG^, r  > 2 , be  t h e  com ponen ts  -of -G .- Q, an d  l e t  v  e Q.
S in c e  t h e  c o n n e c t i v i t y  o f  G i s  K (an d  s o  Q -  {v} c a n n o t  b e  a
s e p a r a t i n g  s e t  o f  G ) , t h e n  v  h a s  n e ig h b o u r s  i n  e a c h  one o f  G ^ ^ , . . ,G ^ .
L e t  C = v_ v ,  . .  .V _ v_ be  a H a m i l to n i a n  c i r c u i t  o f  Nv . We may
0 1 pv-1  0
assum e w i t h  no l o s s  o f  g e n e r a l i t y  t h a t  v^  e VG^. L e t  v ^  b e  t h e  
f i r s t  v e r t e x  i n  t h e  se q u e n c e  ^ q ’^ 1 ’ * * ’ * ^ p v - l  ^ ^ i c h  i s  n o t  i n  VG^, 
and  l e t  v  b e  t h e  l a s t  su ch  v e r t e x .  We n o t e  t h a t  v  and v  a r e
• q p q
d i s t i n c t .  O th e rw is e  a l l  t h e  v e r t i c e s  o f  Nv -  {v } w ou ld  b e  i n  G_ ,p 1
and  s o ,  s i n c e  v  m ust h a v e  n e ig h b o u r s  i n  e a c h  one  o f  G ^ , . . . , G ^ ,  i t
w ou ld  f o l l o w  t h a t  r  = 2 and v  € VG_. B u t  t h e n ,  t h e  v e r t e x
P ^
V , e VG- w ould  b e  a d j a c e n t  t o  t h e  v e r t e x  v  € VG_, c o n t r a d i c t i n g  t h e  
p -1  1 P ^
f a c t  t h a t  G^ and  G^ a r e  d i s t i n c t  com ponen ts  o f  G -  Q.
Now, t h e  v e r t i c e s  v  _ and v  ,_ ( n o t  n e c e s s a r i l y  d i s t i n c t )  a r e  i n
p-1 q+i
VG-, and  t h e r e  e x i s t  edges  v  _ v  and  v  v  - i n  C w i t h
1 p -1  p q q+1
V , v  i  VG- . H ence , s i n c e  t h e r e  c an  be  no edge  j o i n i n g  a  v e r t e x  o f
P q 1
t o  a  v e r t e x  o f  G^, 15^1, we deduce  t h a t  v ^  and  v^  a r e  i n  Q. 
T h e r e f o r e  v  h a s  a t  l e a s t  two n e ig h b o u r s  i n  Q, a s  r e q u i r e d .  □
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The f o l l o w i n g  two c o r o l l a r i e s  a r e  im m ed ia te  c o n se q u e n c e s  o f  Lemma 2 .1  
C o r o l l a r y  2 .1
I f  t h e  g r a p h  G t r i a n g u l a t e s  a  s u r f a c e ,  t h e n  G i s  3 - c o n n e c t e d .  □ 
C o r o l l a r y  2 .2
I f  t h e  g r a p h  G t r i a n g u l a t e s  a  s u r f a c e  and Q i s  a  s e p a r a t i n g  3 - s e t  
o f  v e r t i c e s  o f  G, t h e n  <Q> i s  K^. □
Em beddings i n  t h e  p l a n e
I n  t h i s  t h e s i s  we s h a l l  b e  p r i m a r i l y  c o n c e rn e d  w i t h  p l a n a r  g r a p h s .
H ere  we s h a l l  g i v e  a n  a c c o u n t  o f  t h e  m a jo r  r e s u l t s  and c o n c e p t s  on 
p l a n a r i t y  r e f e r r e d  t o  i n  o u r  w o rk .
One o f  t h e  m ost im p o r t a n t  o f  t h e s e  r e s u l t s  i s  K u r a t o w s k i ' s  Theorem  [K3] 
g i v i n g  a  c h a r a c t e r i z a t i o n  o f  p l a n a r  g ra p h s  ;
Theorem 2 . 4  (K u ra to w s k i )
A g ra p h  i s  p l a n a r  i f  and o n ly  i f  i t  c o n t a i n s  no s u b d i v i s i o n  o f
K 3 . 3 .  □
The f o l l o w i n g  a n a lo g o u s  c h a r a c t e r i z a t i o n ,  due t o  W agner [W l]  and  H a r a ry  
and T u t t e  [H T l]  w i l l  a l s o  be  r e q u i r e d .
Theorem 2 .5  (W agner, H a r a r y - T u t t e )
A g ra p h  i s  p l a n a r  i f  and o n ly  i f  i t  c o n t a i n s  no s u b g ra p h  c o n t r a c t i b l e  
t o  o r  Kg g .  □
I n  C h a p te r  4 we s h a l l  be  e n c o u n te r i n g  o u t e r p l a n a r  g r a p h s .  A g r a p h  i s  
o u t e r p l a n a r  i f  i t  c an  be  embedded i n  t h e  p l a n e  i n  su c h  a  way t h a t  a l l  
t h e  v e r t i c e s  a r e  i n c i d e n t  t o  a  common f a c e .  The f o l l o w i n g  c h a r a c t e r i ­
z a t i o n  o f  o u t e r p l a n a r  g ra p h s  i s  found  i n  [ C H I ] .
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Theorem 2 .6  ( C h a r t r a n d - H a r a r y )
A g ra p h  i s  o u t e r p l a n a r  i f  and o n l y  i f  i t  c o n t a i n s  no s u b d i v i s i o n  o f  
\  o r  K , , .  □
An em bedding  o f  a  p l a n a r  g ra p h  G i n  t h e  p l a n e  i s  c a l l e d  a  p l a n e  
r e p r e s e n t a t i o n  o r  p l a n e  em bedding o f  G . Such a  r e p r e s e n t a t i o n  i s  
r e f e r r e d  t o  as  a  p l a n é . g r a p h . I f  C i s  a  c i r c u i t  o f  G, t h e n  i n  
any p l a n e  r e p r e s e n t a t i o n  o f  G, t h e  c i r c u i t  C p a r t i t i o n s  t h e  p l a n e  
• in to  two open  r e g i o n s ,  t h e  i n t e r i o r  o f  C, d e n o te d  b y  I n tC ,  and t h e  
e x t e r i o r  o f  C, d e n o te d  by  E x tC , w h e re  ExtC i s  d e f i n e d  t o  be  t h e  
unbounded  r e g i o n .  A p l a n e  em bedding  o f  a  2 - c o n n e c t e d  p l a n a r  g ra p h  
i s  c a l l e d  a  k ' - r e p r é s é n t â t i o n  ( k  > 4 )  i f  a l l  t h e  f a c e s  o f  t h e  em bedd ing , 
e x c e p t  o n e ,  a r e  3 - f a c e s ,  t h e  e x c e p t i o n a l  f a c e  b e i n g  a k - f a c e .  (Such  
g r a p h s  a r e  a l s o  c o n s id e r e d  by T u t t e  [t 23 i n  t h e  c o n t e x t  o f  e n u m e r a t io n  
o f  p l a n a r  g r a p h s .  He r e f e r s  t o  them  as  " n e a r - t r i a n g u l a t i o n s " . )  A 
p l a n a r  g r a p h  w h ich  h a s  such  a p l a n e  em bedding  i s  c a l l e d  
k - r e p r e s e n t a b l e .
U n iq u e n e ss  o f  p l a n e  r e p r e s e n t a t i o n s
I n  m o s t  o f  o u r  work we s h a l l  b e  r e c o n s t r u c t i n g  c e r t a i n  p l a n a r  g ra p h s  
by m ak ing  u s e  o f  t h e i r  p l a n e  r e p r e s e n t a t i o n s .  S in c e  o u r  a im  w i l l  be  
t o  show u n iq u e n e s s  o f  r e c o n s t r u c t i o n ]  i t  w ould  b e  h e l p f u l  i f  we c o u ld  
i d e n t i f y  p r o p e r t i e s  o f  t h e  g ra p h s  w h ic h  a r e  in d e p e n d e n t  o f  t h e i r  p l a n e  
r e p r e s e n t a t i o n s .  I n d e e d ,  o u r  t a s k  w i l l  b e  t h a t  much s i m p l e r  i f  we 
c o u ld  show t h a t  t h e  g ra p h s  h a v e  r e p r e s e n t a t i o n s  w h ic h  a r e  u n iq u e  i n  a  
s e n s e  w h ic h  we s h a l l  now make p r e c i s e .
I n  [W3 ], W hitney  p ro v ed  t h e  v e r y  i m p o r t a n t  r e s u l t  t h a t  a  3 - c o n n e c t e d  
p l a n a r  g r a p h  h a s  a  u n iq u e  p l a n e  r e p r e s e n t a t i o n  i n  t h e  s e n s e  t h a t  G 
h a s  a  u n iq u e  d u a l ,  t h a t  i s ,  i f  and R^ a r e  any two p l a n e
r e p r e s e n t a t i o n s  o f  G, t h e n  t h e  d u a l s  R* and R* a r e  i s o m o r p h i c .
(F o r  a  d e f i n i t i o n  o f  d u a l  s e e  DBWl ]. We n o t e  t h a t  i n  g e n e r a l  t h e  d u a l
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o f  a  s im p le  p l a n e  g ra p h  n eed  n o t  be  s i m p l e . )  We s h a l l  u s e  a d i f f e r e n t  
d e f i n i t i o n  o f  u n iq u e n e s s  o f  e m b e d d in g s .  T h is  d e f i n i t i o n  f o l lo w s  
c l o s e l y  t h a t  g iv e n  i n  [ 0 1 ] .
D e f i n i t i o n s
Two p l a n e  r e p r e s e n t a t i o n s  and R^ o f - a  2 - c o n n e c te d  p l a n a r  g ra p h  G 
a r e  s a i d  t o  b e  p l a n é  e q u i v a l e n t , o r  s im p ly  r e f e r r e d  t o  a s  é q ü i v à l é n t , 
i f  t h e r e  e x i s t s  an  au to m o rp h ism  ip" on G su ch  t h a t  C i s  t h e  b o u n d a ry  
c i r c u i t  o f  a  f a c e  i n  R^ i f  and o n l y  i f  ipC i s  t h e  b o u n d a ry  c i r c u i t  
o f  a  f a c e  i n  R^. I f  a l l  p l a n e  r e p r e s e n t a t i o n s  o f  G a r e  e q u i v a l e n t ,  
we t h e n  s a y  t h a t  G h a s  a  u n iq u e  p l a n é  r é p r é s e i i t â t i o n .
REMARK. I n  t h i s  d e f i n i t i o n ,  t h e  r e s t r i c t i o n  t o  2 - c o n n e c te d  p l a n a r  
g ra p h s  i s  made s o l e l y  f o r  c o n v e n ie n c e  ( s e e  a l s o  l a s t  p a r a g r a p h  o f  
p . 16 i n  [ 0 1 ] ) ,  and  a t  any  r a t e ,  we s h a l l  o n ly  b e  c o n c e r n e d  w i t h  t h e  
u n iq u e n e s s  o r  o t h e r w i s e  o f  p l a n e  r e p r e s e n t a t i o n s  o f  2 - c o n n e c t e d  g r a p h s .  
I n  t h e  d e f i n i t i o n ,  i f  G i s  n o t  assumed to  be 2 - c o n n e c t e d ,  t h e n  t h e  
p h r a s e  " b o u n d a ry  c i r c u i t  o f  a  f a c e "  h a s  t o  be r e p l a c e d  b y  t h e  p h r a s e  
" b o u n d a ry  o f  a  f a c e " .
We n o t e  h e r e  t h a t ,  a l t h o u g h  i t  m ig h t  n o t  be  im m e d ia te ly  e v i d e n t  from  
[ 0 1 ] ,  O r e ' s  d e f i n i t i o n  o f  e q u i v a l e n t  p l a n e ^ r e p r e s e n t a t i o n s  i s  s l i g h t l y  
d i f f e r e n t  from  o u r s  i n  t h a t  f o r  G t o  h a v e  a  u n iq u e  p l a n e  r e p r e s e n ­
t a t i o n  O re r e q u i r e s  t h a t  f o r  anif au tom orph ism  ^  o f  G and  f o r  any" 
two p l a n e  r e p r e s e n t a t i o n s  R^ and R^ o f  G, C i s  a  b o u n d a ry  c i r c u i t  
o f  a  f a c e  i n  R_ i f  and o n ly  i f  4ÎC i s  a  b o u n d a ry  c i r c u i t  o f  a  f a c e  
i n  R ^ . ( T h is  d i f f e r e n c e  e x p l a i n s  t h e  " n e c e s s a r y "  p a r t  o f  Theorem  2 . 4 . 2  
o f  [ 0 1 ] . )  We s h a l l  c a l l  su c h  an  au tom orph ism  a  f à c é - p f é s é r v i n g  a u t o ­
m o rp h ism . T hus ,  t h e  g rap h  f o r  w h ich  two p l a n e  r e p r e s e n t a t i o n s  a r e  
shown i n  F i g u r e  2 .1  h a s  a  u n iq u e  p l a n e  r e p r e s e n t a t i o n  by o u r  
d e f i n i t i o n ,  b u t  n o t  by  O r e ' s ,  s i n c e  no au tom orph ism  o f  t h e  g r a p h  i s  
f a c e - p r e s e r v i n g .  (F o r  exam p le ,  t h e  c i r c u i t  a b c d a  w h ich  b o u n d s  a  f a c e
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i n  i s  mapped by  t h e  i d e n t i t y  a u tom orph ism  i n t o  a c i r c u i t  w h ic h
does  n o t  bound  a  f a c e  i n  R g .)
e
c
e
c
F i g u r e  2 .1
We s a i d  above  t h a t  a  3 - c o n n e c te d  p l a n a r  g ra p h  h a s  a  u n iq u e  d u a l .  I t
i s  a l s o  t r u e  t h a t  s u c h  a  g r a p h  h a s  a  u n iq u e  p l a n e  r e p r e s e n t a t i o n .
Theorem 2 .7
I f  G i s  a  3 - c o n n e c te d  p l a n a r  g ra p h  t h e n  any au tom orph ism  o f  G i s
a  f a c e - p r e s e r v i n g  au to m o rp h ism , and so G h a s  a  u n iq u e  p l a n e  
r e p r e s e n t a t i o n .
I n  f a c t ,  t h i s  r e s u l t  i s  t h e  " s u f f i c i e n t "  p a r t  o f  Theorem 2 . 4 . 2  o f  [ 0 1 ] .  
We s h a l l  r e p r o d u c e  t h e  p r o o f  b e lo w , a f t e r  we h av e  g iv e n  some p r e l i m ­
i n a r y  d e f i n i t i o n s  w h ic h  w i l l  be  n e e d e d  l a t e r  in t h e  t h e s i s .  H ow ever, 
b e f o r e  p r o c e e d in g  we make t h e  f o l l o w i n g  o b s e r v a t i o n s .
I f  R^ and R^ a r e  two e q u i v a l e n t  p l a n e  r e p r e s e n t a t i o n s  o f  a  p l a n a r  
g ra p h  G i t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  t h e  d u a l s  R* and  R* a r e  
i s o m o r p h ic .  However, when G i s  n o t  3 - c o n n e c te d ,  t h e n  t h e  f a c t  t h a t  
R* and R* a r e  i s o m o r p h ic  d oes  n o t  n e c e s s a r i l y  im p ly  t h a t  R^ and  
R^ a r e  e q u i v a l e n t .  T h is  i s .  i l l u s t r a t e d  i n  F i g u r e  2 . 2 .  A l th o u g h  R* 
i s  i s o m o r p h ic  t o  R* h e r e ,  R^ i s  n o t  e q u i v a l e n t  t o  R^j a s  we now 
show. By c o n s i d e r i n g  v a l e n c i e s  o f  a  and b and o f  t h e i r  n e i g h b o u r s ,  
we s e e  t h a t  any  a u to m o rp h ism  m u st  map b i n t o  b ,  and a i n t o  a .
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F i g u r e  2 .2
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T h e r e f o r e  i f  and  w ere  e q u i v a l e n t  t h e r e  w ould be  an  i s o m o r ­
ph ism  such  t h a t  i f  C i s  t h e  c i r c u i t  a b c d e a ,  w h ich  bounds  a  f a c e  
i n  R^, t h e n  m u st  be  a  c i r c u i t  w h ich  bounds a f a c e  i n  R ^ . Hence
c a n  o n l y  be abcmoa, w i t h  ^a = a and i|b = b ,  w h ich  i s  c l e a r l y  
i m p o s s i b l e .
I n  v ie w  o f  Theorem 2 . 7 ,  t h i s  s i t u a t i o n  o b v i o u s l y  c a n n o t  a r i s e  when G 
i s  3 - c o n n e c t e d .  I n d e e d ,  one  c a n  p ro v e  i d e p e n d e n t l y  o f  Theorem  2 .7  
t h a t  i f  R^ and  R^ a r e  two p l a n e  r e p r e s e n t a t i o n s  o f  a  3 - c o n n e c t e d  
g ra p h  s u c h  t h a t  R* ~ R*, t h e n  R^ i s  e q u i v a l e n t  t o  R^ ( s e e  Lemma 1 
o f  [T 1 ] ) .  T h i s ,  t o g e t h e r  w i t h  W h i tn e y 's  r e s u l t  t h a t  a  3 - c o n n e c te d  
p l a n a r  g r a p h  h a s  a  u n iq u e  d u a l ,  g i v e s  a  p r o o f ,  d i f f e r e n t  from  t h a t  i n
Q/
[ 0 1 ] ,  t h a t  a  3 - c o n n e c te d  p l a n a r  g ra p h  h a s ^ u n iq u e  p l a n e  r e p r e s e n t a t i o n .
B r id g e s
When s t u d y i n g  p l a n a r  g r a p h s ,  c e r t a i n  s u b g r a p h s ,  c a l l e d  b r i d g e s ,  p l a y  
an  i m p o r t a n t  r o l e .  I n  f a c t  we s h a l l  be  m aking e x t e n s i v e  u s e  o f  b r i d g e s  
i n  o u r  w o rk .  The t h e o r y  o f  b r i d g e s  i n  p l a n a r  g ra p h s  i s  d e a l t  w i t h  i n  
d e t a i l  i n  [BMl, S e c t i o n  9 . 4 ]  and e s p e c i a l l y  i n  [0 1 ,  C h a p te r  2 ] .  We 
s h a l l  h e r e  l i m i t  o u r s e l v e s  t o  some o f  t h e  more b a s i c  d e f i n i t i o n s  .
We s h a l l  o n ly  be i n t e r e s t e d  i n  b r i d g e s  o f  c i r c u i t s  i n  p l a n a r  g r a p h s .  
Thus, i f  C i s  a  c i r c u i t  o f  a  p l a n a r  g ra p h  G, t h e n  a C - a v o id i n g  c h a in  
i s  a  c h a in  i n  w h ich  no e d g e s  o r  i n t e r n a l  v e r t i c e s  b e lo n g  t o  C. Two 
edges  e^ and e^  a r e  s a i d  t o  b e  c o n n e c te d  o u t s i d e  o f  C i f  t h e r e  
i s  a  c - a v o i d i n g  c h a in  whose t e r m i n a l  edges  a r e  e^ and  eg 
r e s p e c t i v e l y .  Under t h e s e  c o n d i t i o n s  e^ and e^ a r e  s a i d  t o  be  
b r i d g e - e q u i v a l e n t  w i t h  r e s p e c t  t o  C. I t  i s  e a s y  t o  s e e  t h a t  b r i d g e -  
e q u iv a l e n c e  i s  an  e q u i v a l e n c e  r e l a t i o n  on EG -  EC; t h e  e q u i v a l e n c e
c l a s s  c o n s i s t i n g  o f  a l l  ed g es  t h a t  a r e  b r i d g e  e q u i v a l e n t  t o  an  e d g e  
e w i t h  r e s p e c t  t o  C i s  s a i d  t o  fo rm  a b r i d g e  B f o r  C,
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A b r i d g e  c a n  o n ly  h a v e  v e r t i c e s  i n  common w i t h  C . Such v e r t i c e s  w i l l  
be  c a l l e d  v e r t i c e s  o f  a t t a c h m e n t  o f  B w i t h  C, Any two v e r t i c e s  o f  
B a r e  j o i n e d  by a  c h a i n  h a v i n g  i n t e r n a l  v e r t i c e s  i n  VB -  VC o n l y .
I f  B and B* a r e  two b r i d g e s  o f  a  c i r c u i t  C, ù and v  a r e  two
v e r t i c e s  o f  a t t a c h m e n t  o f  B w i t h  C, and u * ,  v* two v e r t i c e s  o f  
a t t a c h m e n t  o f  B ' w i t h  C, and i f  m o re o v e r  t h e  f o u r  v e r t i c e s  a r e  
d i s t i n c t  and a p p e a r  i n  t h e  c y c l i c  o r d e r  u ,  u ' ,  v ,  v ' o n  C, we t h e n  
s a y  t h a t  B and B ' a r e  sk e w . I f  G i s  a  p l a n e  g ra p h  and C i s
a  c i r c u i t  o f  G su c h  t h a t  t h e  e d g e s  o f  t h e  b r i d g e  B o f  C a r e
i n  I n tC ,  we t h e n  s a y  t h a t  B i s  a n  i n n e r  b r i d g e  o f  C, w h e re a s  i f  
t h e  e d g e s  o f  B a r e  i n  E x tC , we t h e n  s a y  t h a t  B i s  an  o u t e r  b r i d g e  
o f  C.
We c a n  now g iv e  t h e  p r o o f  o f  Theorem 2 . 7 .
P r o o f  o f  Theorem 2 .7
L e t  u s  assum e t h a t  t h e  th e o re m  i s  n o t  t r u e  and t h a t  i s  an  
a u tom orph ism  o f  G w h ich  i s  n o t  f a c e - p r e s e r v i n g .  Then t h e r e  e x i s t s  
a c i r c u i t  C, b o u n d in g  a f a c e  i n  some p l a n e  r e p r e s e n t a t i o n  R o f  G, 
su c h  t h a t  i n  some o t h e r  r e p r e s e n t a t i o n  R ' ,  \pC i s  n o t  t h e  b o u n d a ry  
c i r c u i t  o f  any  f a c e .  B ut t h e n  ipC h a s  b o th  i n n e r  and  o u t e r  b r i d g e s  
i n  R ' ,  so  t h a t  Tf>C, and  h e n c e  C, h a s  m ore t h a n  one  b r i d g e .  Thus R 
h a s  a  f a c e  whose b o u n d a ry  c i r c u i t  h a s  more t h a n  one  b r i d g e .  T h e r e f o r e  
G i s  n o t  3 - c o n n e c te d  ( s e e  Theorem  2 . 4 . 1  o f  [ 0 1 ] ) .  T h is  c o n t r a d i c t i o n  
p ro v e s  t h e  th e o re m .  □
I n  v iew  o f  t h i s  th e o re m ,  when G i s  a  3 - c o n n e c te d  p l a n a r  g r a p h  we may 
assum e w i th  no l o s s  o f  g e n e r a l i t y  t h a t  G i s  a  p l a n e  g r a p h .  I n  
p a r t i c u l a r ,  s i n c e  any p l a n e  em bedding  o f  G h a s  t h e  same f a c e - v a l e n c y  
l i s t ,  i t  makes s e n s e  t o  t a l k  a b o u t  t h e  f a c e - v a l e n c y  l i s t  o f  G .
F i n a l l y  we make some f u r t h e r  r e m a rk s  on  s t a n d a r d  n o t a t i o n .  I f  A i s  
a  f i n i t e  s e t ,w e  d e n o te  t h e  num ber o f  e le m e n ts  o f  A by  ) A | ;  i f  | a |=  k .
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we s a y  t h a t  A i s  a k - s e t . I f  A and B a r e  s e t s ,  t h e n  A - B 
d e n o te s  t h a t  s e t  c o n t a i n i n g  a l l  t h e  e le m e n ts  o f  A w hich  a r e  n o t  i n  
B. The symbol :=  i n d i c a t e s  t h a t  t h e  e q u a t i o n  i n  w h ich  i t  o c c u r s  a c t s  
a s  t h e  d e f i n i t i o n  o f  t h e  e x p r e s s i o n  on t h e  l e f t - h a n d  s i d e  o f  t h e  
e q u a t i o n .  The g ro u p  o f  i n t e g e r s  u n d e r  a d d i t i o n  m odulo r  i s  d e n o te d  
by The end ( o r  a b s e n c e )  o f  a  p r o o f  i s  d e n o te d  by  t h e  sym bol D.
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CHAPTER 3 THE RECONSTRUCTION PROBLEM
I n  t h i s  c h a p t e r  we s h a l l  g i v e  t h e  b a s i c  r e s u l t s  and d e f i n i t i o n s  o f  
r e c o n s t r u c t i o n  t h e o r y  w h ich  w i l l  be  u s e d  i n  t h i s  t h e s i s .  We s h a l l  
a l s o  p r e s e n t  some new c o n c e p t s  and r e s u l t s .  Any r e s u l t  g iv e n  h e r e  
w i t h o u t  p r o o f  i s  found  e i t h e r  i n  [BH l] o r  [BWl, C h a p te r  8 ] .
We s h a l l  b e  p r i m a r i l y  c o n c e rn e d  w i t h  two fo rm s o f  t h e  R e c o n s t r u c t i o n  
P ro b le m , t h e  V e r t e x —r e c o n s t r u c t i o n  P ro b le m  and t h e  E d g e - l e c o n s t r u e t i o n  
P ro b le m .
The v e r t e x - d e c k  t  o f  a  g r a p h  G i s  t h e  f a m i ly  DG :‘= {{G^: v  e VG}}.
A g r a p h  H i s  à  V é f t e x - f e c ô h s t f ù c t i o n  o f  G i f  DG = DH. The g r a p h  
G i s  s a i d  t o  be v e r t e x - r e c o n s t r d c t i b l e  i f  e v e r y  v e r t e x - r e c o n s t r u c t i o n  
o f  G i s  iso m o rp h ic  t o  G, t h a t  i s ,  i f  t h e  v e r t e x - d e c k  DG d e t e r m i n e s  
G u n i q u e l y , u p  to  iso m orph ism .
The V e r t e x - r e c o n s t r u c t i o n  C o n j e c t u r e
A l l  g r a p h s  w i th  a t  l e a s t  t h r e e  v e r t i c e s  a r e  v e r t e x - r e c o n s t r u c t i b l e .
The V e r t e x - r e c o n s t r u c t i o n  P ro b lem  i s  t o  d e t e r m i n e  t h e  t r u t h  o r  f a l s i t y  
o f  t h e  V e r t e x - r e c o n s t r u c t i o n  C o n j e c t u r e .
The e d g e -d e c k  o f  a  g r a p h  G i s  t h e  f a m i l y  I)\G :=  {{G^: e e  EG}}, A 
g ra p h  H i s  an  e d g e - r e c o h s t f a c t i o n  o f  G i f  D 'G = # 'H .  The g r a p h  
G i s  s a i d  t o  be  e d g e - r e c o n s t r u c t i b l e  i f  e v e ry  e d g e - r e c o n s t r u c t i o n  o f  
G i s  iso m o rp h ic  t o  G, t h a t  i s ,  i f  t h e  e d g e -d e c k  Z?'G d e t e r m i n e s  G 
u n i q u e l y ,  up  t o  iso m o rp h ism .
The E d g e - r e c o n s t r u c t i o n  C o n j e c t u r e
A l l  g r a p h s  w i th  a t  l e a s t  f o u r  e d g e s  a r e  e d g e - r e c o n s t r u c t i b l e .
t  The te rm  "d e c k "  was f i r s t  u s e d  by  H a r a r y  i n  [ H I ] .
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The E d g e - r e c o n s t r u c t i o n  P rob lem  i s  t o  d e te r m in e  w h e th e r  o r  n o t  t h e  
E d g e - r e c o n s t r u c t i o n  C o n j e c tu r e  i s  t r u e .
H e n c e f o r t h ,  w h en ev e r  we c o n s i d e r  t h e  V e r t e x - r e c o n s t r u c t i o n  (E d g e -  
r e c o n s t r u c t i o n )  P ro b le m  we s h a l l  a lw ay s  c o n f i n e  o u r  a t t e n t i o n  t o  g ra p h s  
w i t h  a t  l e a s t  t h r e e  v e r t i c e s  ( f o u r  e d g e s ) .
S h o r t  o f  t r y i n g  t o  p ro v e  t h e  c o n j e c t u r e s  d i r e c t l y ,  m o s t  a t t e m p t s  on 
t h e  R e c o n s t r u c t i o n  P rob lem  f a l l  i n t o  one o f  two c a t e g o r i e s .  One i s  
t h e  r e c o n s t r u c t i o n  o f  p a r a m e t e r s .  A p a r a m e te r  i s  v e r t e x -  
r e c o n s t r u c t i b l e  ( e d g e - r e c o n s t r u c t i b l e ) f o r  a  c l a s s  3 o f  g r a p h s  i f  
f o r  e a c h  g r a p h  G i n  3 ,  i t  t a k e s  t h e  same v a l u e  on a l l  v e r t e x -  
r e c o n s t r u c t i o n s  ( e d g e - r e c o n s t r u c t i o n s )  o f  G, t h a t  i s ,  i f  t h e  p a r a m e te r  
c a n  b e  d e te r m in e d  from  DO ( o r  D 'G ) .  The o t h e r  c a t e g o r y  i s  t h e  
r e c o n s t r u c t i o n  o f  c l a s s e s  o f  g r a p h s .  A c l a s s  3 o f  g r a p h s  i s  v e r t e x j  
r e c o n s t r u c t i b l e  ( e d g e - r e c o n s t r u c t i b l e )  i f  e a ch  g r a p h  i n  3 i s  v e r t e x -  
r e c o n s t r u c t i b l e  ( e d g e - r e c o n s t r u c t i b l e )  .
P a r a m e te r s  w h ic h  a r e  v e r t e x - r e c o n s t r u c t i b l e  and e d g e - r e c o n s t r u c t i b l e  
i n c l u d e  t h e  o r d e r ,  t h e  number o f  edges  and t h e  v a l e n c y  l i s t .  M o re o v e r ,  
g i v e n  any  G i n  DG, one c a n  d e te r m in e  p^v and a l s o  t h e  n e i g h b o u r ­
hood v a l e n c y  l i s t  o f  v  i n  G ( s e e  [M l] o r  [BWl, C h a p te r  8 ] ) .  
S i m i l a r l y ,  {{p^w: w i n c i d e n t  t o  , e  i n  G}} c a n  b e  d e te r m i n e d  f o r
e a c h  G i n  D 'G .  e
The f o l l o w i n g  th e o re m , known a s  K e l l y ' s  Lemma, i s  a  f u n d a m e n ta l  r e s u l t  
i n  r e c o n s t r u c t i o n  t h e o r y ,  and t u r n s  o u t  t o  b e  v e r y  u s e f u l  i n  o u r  w o rk .
Theorem  3 .1  ( K e l l y ' s  Lemma)
F o r  a n y  two g r a p h s  F and G such  t h a t  VF < vG, t h e  num ber s ( F ,G )  
o f  s u b g ra p h s  o f  G i s o m o rp h ic  t o  F i s  r e c o n s t r u c t i b l e  f ro m  pG , and  
m o re o v e r ,  g i v e n  an y  G^ € DG, t h e  number o f  s u b g ra p h s  o f  G 
i s o m o r p h ic  t o  F and c o n t a i n i n g  t h e  v e r t e x  v  i s  a l s o  r e c o n s t r u c t i b l e
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from  G. S i m i l a r l y ,  i f  eE < EG, t h e n  s (F ,G )  i s  r e c o n s t r u c t i b l e  
f rom  D'G, and m o re o v e r ,  g iv e n  any  G^ e D'G, t h e  number o f  s u b g ra p h s  
o f  G is o m o rp h ic  t o  F and c o n t a i n i n g  t h e  edge  e i s  a l s o  
r e c o n s t r u c t i b l e  from  P 'G . □
The n e x t  th e o re m , due  t o  G r e e n w e l l ,  g i v e s  a  r e l a t i o n s h i p  b e tw e e n  t h e  
V e r t e x - r e c o n s t r u c t i o n  P ro b le m  and t h e  E d g e - r e c o n s t r u c t i o n  P ro b le m .
Theorem  3 .2
I f  G i s  a  g ra p h  w i t h  no i s o l a t e d  v e r t i c e s ,  t h e n  DG i s  r e c o n s t r u c t -
i b l e  from  D'G; i t  f o l l o w s  t h a t  G i s  e d g e - r e c o n s t r u c t i b l e  i f  i t  i s
v e r t e x - r e c o n s t r u c t i b l e .  □
From t h i s  r e s u l t  we i n f e r  t h a t  e v e r y  p a r a m e t e r  o r  c l a s s  o f  g r a p h s  
w hich  i s  v e r t e x - r e c o n s t r u c t i b l e  i s  a l s o  e d g e - r e c o n s t r u c t i b l e  , 
p r o v id e d  t h a t  t h e  g ra p h s  h a v e  no i s o l a t e d  v e r t i c e s .  F o r  e x a m p le ,  t h e  
c o n n e c t i v i t y  KG o f  G i s  e a s i l y  r e c o n s t r u c t i b l e  from  DG. H ence 
t o  r e c o n s t r u c t  kG from  D 'G f o r  a  g ra p h  w i t h  no i s o l a t e d  v e r t i c e s  
we f i r s t  o b t a i n  DG from  w h ic h  we r e a d i l y  d e te r m in e  kG.
I n  t r y i n g  t o  show t h a t  a  p a r t i c u l a r  c l a s s  3 o f  g r a p h s  i s  v e r t e x -  
r e c o n s t r u c t i b l e  ( o f  e d g e - r e c o n s t r u c t i b l e )  t h e  r e c o n s t r u c t o r  i s  u s u a l l y  
f a c e d  w i t h  a  t w o - f o l d  t a s k :  f i r s t  h e  n e e d s  t o  t a c k l e  t h e  p ro b le m  o f  
r e c o g n i t i o n ,  nam ely  t o  r e c o g n i z e  f rom  DG ( o r  D ’G) w h e th e r  o r  n o t  G 
i s  i n  t h e  c l a s s  3 . H av ing  r e c o g n i z e d  t h i s  f a c t ,  he  t h e n  p r o c e e d s  
t o  r e c o n s t r u c t  t h e  g r a p h .  F o l lo w in g  Bondy and Hemminger i n  [B H l]  we 
s a y  t h a t  t h e  c l a s s  3 i s  v e r t e x - r e c o g n i z a b l e  i f ,  f o r  each  g r a p h  G 
i n  3 ,  e v e r y  v e r t e x - r e c o n s t r u c t i o n  o f  G i s  a l s o  i n  3 .  We a l s o
s a y  a s  i n  (bH ^  t h a t  3 i s  w e a k ly  v e r t e x - r e c o n s t r u c t i b l e  i f ,  f o r  e a c h
g ra p h  G i n  3 , a l l  r e c o n s t r u c t i o n s  o f  G t h a t  a r e  i n  3 a r e  iso m o ­
r p h i c  t o  G . H ence , 3 i s  w e a k ly  v e r t e x - r e c o n s t r u c t i b l e  i f ,  f o r  e a c h  
g ra p h  G i n  3 , one c a n  r e c o n s t r u c t  G u n i q u e l y  when, a p a r t  f rom  
DG, one  i s  g iv e n  th e  e x t r a  i n f o r m a t i o n  t h a t  G i s  i n  3 .  C l e a r l y ,
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t h e  c l a s s  3 i s  v e r t e x - r e c o n s t r u c t i b l e  i f  and o n l y  i f  i t  i s  v e r t e x -  
r e c o g n i z a b l e  and w eak ly  v e r t e x - r e c o n s t r u c t i b l e .  E d g e - r e c o g n i z a b l e  
and  w e a k ly  e d g é - f é c ô n s t r ü c t i b l e  c l a s s e s  o f  g ra p h s  a r e  d e f i n e d  i n  an 
a n a lo g o u s  m a n n e r .
V a r io u s  c l a s s e s  o f  g ra p h s  a r e  known t o  b e  v e r t e x - r e c o n s t r u c t i b l e  o r  
e d g e - r e c o n s t r u c t i b l e  ( s e e  [ B H l ] ) .  I t  h a s  a l s o  b e e n  shown t h a t  f o r  
c e r t a i n  c l a s s e s , l i k e  t r e e s ,  n o t  a l l  t h e  i n f o r m a t i o n  i n  t h e  v e r t e x -  
deck  i s  r e q u i r e d  f o r  r e c o n s t r u c t i o n .  I n  t h e  A p p en d ix  we s h a l l  g iv e  a 
r e s u l t  o f  t h i s  ty p e  f o r  t r e e s .
I n  m o st  o f  t h i s  t h e s i s  we s h a l l  b e  p r i m a r i l y  c o n c e r n e d  w i t h  t h e  
r e c o n s t r u c t i o n  o f  c e r t a i n  c l a s s e s  o f  p l a n a r  g r a p h s .  T h i s ,  i n  f a c t ,  
was one  o f  t h e  p ro b le m s  po sed  i n  [B H l] ,  w h e re  i t  was s u g g e s t e d  t h a t  
one  m ig h t  t r y  t o  r e c o n s t r u c t  maximal p l a n a r  g r a p h s  f i r s t .  One c l a s s  
o f  g r a p h s  f o r  w h ich  t h e  V e r t e x - r e c o n s t r u c t i o n  P ro b le m  h a d  b e e n  s o lv e d  
was t h e  c l a s s  o f  o u t e r p l a n a r  g r a p h s .  I n  f a c t  i n  t h i s  c a s e ,  i t  was t h e  
c l a s s  o f  m axim al o u t e r c p l a n a r  g ra p h s  w h ich  was f i r s t  r e c o n s t r u c t e d .
We now p r o c e e d  t o  d e f i n e  some new i d e a s  and  p r o v e  some new r e s u l t s  
w h ic h  we s h a l l  b e  r e f e r r i n g  t o  i n  l a t e r  c h a p t e r s  o n  e d g e - r e c o n s t r u c t i o n
I n  v a r i o u s  d i f f e r e n t  c o n t e x t s  we s h a l l  b e  e n c o u n t e r i n g  t h e  f o l l o w i n g  
s i t u a t i o n .  'We a r e  p r e s e n t e d  w i t h  a  g ra p h  X i n  D 'G , and  from  t h e  
i n f o r m a t i o n  we h a v e  a t  hand  we know t h a t  t h e r e  a r e  a t  m o s t  two ways 
o f  r e c o n s t r u c t i n g  from  X: nam ely  a s  X + e o r  a s  X + f . I t  f o l l o w s  
t h a t  i f  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  t h e n  t h e r e  i s  e x a c t l y  one  
e d g e - r e c o n s t r u c t i o n  H n o t  i so m o rp h ic  t o  G, and {H,G} = {X + e ,X + f} . 
T h is  s im p le  i d e a  m o t i v a t e s  t h e  f o l l o w i n g  d e f i n i t i o n .
L e t  G be  n o t  e d g e - r e c o n s t r u c t i b l e ,  and l e t  t h e r e  b e  e x a c t l y  one  
e d g e - r e c o n s t r u c t i o n  H o f  G, H ^ G. L e t  X e D'G = D 'H , and  l e t  
u v ,v w  € EX^ be  such  t h a t  G -  X + uv  and H -  X + vw. We t h e n  s a y
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t h a t  G and H a r e  a s s o c i a t e s  w i t h  r é s p e c t  to  {X, u v ,  w }  .
T h is  d e f i n i t i o n  o f  a s s o c i a t e s  a p p l i e s  o n ly  i n  t h e  c o n t e x t  o f  e d g e -  
r e c o n s t r u c t i o n .  However, i n  t h e  A p p en d ix ,  w here  we c o n s i d e r  a  v a r i a n t  
o f  t h e  V e r t e x - r e c o n s t r u c t i o n  P ro b le m  f o r  t r e e s ,  a  s i t u a t i o n  a g a i n  
a r i s e s  w h ere  t h e  c o n c e p t  o f  a s s o c i a t e s  a p p l i e s .
A n o th e r  common s i t u a t i o n  we e n c o u n te r  i s  when a  g ra p h  G t u r n s  o u t  
t o  be e d g e - r e c o n s t r u c t i b l e  i f  i t  c o n t a i n s  c e r t a i n  " c o n f i g u r a t i o n s " .
I n  C h a p te r  7 ,  w h e re  G i s  a  4 - c o n n e c t e d  p l a n a r  g r a p h ,  w h e e l - s e q u e n c e s  
(w h ich  w i l l  b e  d e f i n e d  t h e r e )  w i l l  b e  su c h  c o n f i g u r a t i o n s .  We s h a l l  
h e r e  d e f i n e  a m ore g e n e r a l  t y p e  o f  c o n f i g u r a t i o n  w h ich  i s  a l s o  a p p l i c ­
a b l e  i n  t h e  w id e r  c o n t e x t  o f  n o n p l a n a r  g r a p h s . T h is  w i l l  t h e n  l e a d  
us  t o  t h e  d e f i n i t i o n  o f  r e c o n s t r u c t o r  s e t s  and r e c o n s t r u c t o r  s e q u e n c e s  
w h ich  w i l l  b e  o f  p r im e  im p o r ta n c e  i n  C h a p te r s  7 ,  9 and 1 0 ,
We d e f i n e  a  v a l e n c y - c o n f i g u r a t i o n  t o  b e  a g ra p h  H whose v e r t i c e s  a r e  
a s s i g n e d  w e i g h t s  wv, v  e VH. The g ra p h  G i s  s a i d  t o  C o n ta in  t h e  
c o n f i g u r a t i o n  H i f  H i s  a  s u b g ra p h  o f  G su c h  t h a t  t h e  w e i g h t s
Wv, f o r  V 6 VH, s a t i s f y  mv = p^v .
L e t  3 b e  an  e d g e - r e c o g n i z a b l e  c l a s s  o f  g r a p h s .  L e t  H b e  a  v a l e n c y -  
c o n f i g u r a t i o n  w h ic h  h a s  t h e  p r o p e r t y  t h a t ,  f o r  an y  G e 3 ,  G i s  e d g e -  
r e c o n s t r u c t i b l e  i f  G c o n t a i n s  H. We t h e n  s a y  t h a t  H r e c o n s t r u c t s  3 
A r e c o n s t r u c t o r  s e t  f o r  3 i s  a  f i n i t e  s e t  o f  v a l e n c y - c o n f i g u r a t i o n s  
e a c h  o f  w h ich  r e c o n s t r u c t s  3 .
I n  o r d e r  t o  p ro v e  t h a t  a  p a r t i c u l a r  s e t  o f  v a l e n c y - c o n f i g u r a t i o n s  i s  
a  r e c o n s t r u c t o r  s e t  f o r  3 we o f t e n  employ a s e q u e n t i a l  a rg u m e n t  a s  
f o l l o w s .  We o r d e r  t h e  v a l e n c y r c o n f i g u r a t i o n s  o f  t h e  s e t  i n  a  s e q u e n c e
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t  > 1 , i n  such  a way t h a t ,
( i )  , r e c o n s t r u c t s  3 ,
and  ( i i )  f o r  e a c h  p ,  1 < p < t ,  i f  e a c h  one  o f  H^, H ^ , — ,
r e c o n s t r u c t s  3 , t h e n  H a l s o  r e c o n s t r u c t s  3 ,
P
Then , t h e  s e t  o f  v a l e n c y - c o n f i g u r a t i o n s  o r d e r e d  i n  t h i s  way i s  c a l l e d  
a  r e c o n S t r u c t o r  s e q u e n c e  f o r  3 . C l e a r l y ,  o r d e r i n g  a  s e t  o f  v a l e n c y -  
c o n f i g u r a t i o n s  a s  a  r e c o n s t r u c t o r  s e q u e n c e  am ounts t o  p r o v in g  t h a t  
i t  i s  a  r e c o n s t r u c t o r  s e t .
REMARK. I t  i s  im p o r t a n t  t o  p o i n t  o u t  h e r e  t h a t  t h e  d e f i n i t i o n  o f  
r e c o n s t r u c t o r  s e t s  and  r e c o n s t r u c t o r  s e q u e n c e s  m ig h t  b e  a p p l i e d  e q u a l l y  
w e l l  t o  o t h e r  t y p e s  o f  c o n f i g u r a t i o n s  we may d e f i n e  a p a r t  f rom  v a l e n c y -  
c o n f i g u r a t i o n s ,  I n  f a c t ,  i n  C h a p te r  7 ,  we s h a l l  b e  d e a l i n g  w i t h  
r e c o n s t r u c t o r  s e t s  w h ich  c o n t a i n  w h e e l - s e q u e n c e s  i n s t e a d  o f  v a l e n c y -  
c o n f i g u r a t i o n s .
We s h a l l  b e  u s i n g  t h e  above  c o n c e p t s  p r i m a r i l y  f o r  t h e  e d g e -  
r e c o n s t r u c t i o n  o f  p l a n a r  g ra p h s  and f o r  t h e  e d g e - r e c o n s t r u c t i o n  o f  
g r a p h s  w i t h  o t h e r  t o p o l o g i c a l  p r o p e r t i e s .  H ow ever, i t  i s  i n t e r e s t i n g  
t o  o b s e r v e  t h a t  t h e s e  i d e a s  o f  a s s o c i a t e s  and  r e c o n s t r u c t o r  s e q u e n c e s  
h a v e  b e e n  i n d e p e n d e n t l y  u s e d  by  G a u n te r  [ C l ]  and S w a r t  [ 8 2 ]  i n  t h e  
d i f f e r e n t  c o n t e x t  o f  t h e  e d g e - r e c o n s t r u c t i o n  o f  b i d e g r e e d  g r a p h s ,  
a l t h o u g h  t h e y  do n o t  u s e  t h e  t e r m in o lo g y  we h a v e  d e f i n e d  a b o v e .
We a r e  i n d e b t e d  t o  G a u n te r  f o r  t h e  r e c o n s t r u c t o r  s e q u e n c e  i n  t h e  n e x t  
t h e o r e m .  The p r o o f  we g iv e  h e r e  i l l u s t r a t e s  c l e a r l y  t h e  i d e a s  o f  
a s s o c i a t e s  and  r e c o n s t r u c t o r  s e q u e n c e s .
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Theorem 3 .3
L e t  3 be  t h e  c l a s s  o f  g raphs  w i t h  minimum v a l e n c y  6 and maximum 
v a le n c y  A. F o r  l < p < A - 6 + l ,  l e t  t h e  s e q u e n c e  (R^) o f  
v a l e n c y - c o n f i g u r a t i o n s  be  d e f i n e d  b y  R^ = w i th
VK, = { v } u { u , , u _ , . . . , u  } and  EK = { v u . ,v u  , . . . , v u  } , and whose 
l , p  I Z p J-jP i  z p
w e i g h t s  a r e  wv = 6 + p -  1 ,  and wu^ = 6, i = l , 2 , . . . , p .  . Then t h e
se q u e n c e  (R^) i s  a  r e c o n s t r u c t o r  s e q u e n c e  f o r  3 .
P r o o f
F i r s t  o f  a l l  we n o t e  t h a t  t h e  c l a s s  3 i s  e d g e - r e c o g n i z a b l e .  L e t  
G e 3 .  I f  G c o n t a i n s  R^, t h e n  two 6 - v e r t i c e s  a r e  a d j a c e n t  i n  G, 
so  t h a t  c l e a r l y  G i s  e d g e - r e c o n s t r u c t i b l e .  T h e r e f o r e  R^ 
r e c o n s t r u c t s  3 .
Now, l e t  G c o n t a i n  R^. We assum e t h a t  G i s  n o t  e d g e -
r e c o n s t r u c t i b l e  and d e r i v e  a c o n t r a d i c t i o n .  S in c e  G i s  n o t  e d g e -
r e c o n s t r u c t i b l e ,  t h e n  n e i t h e r  G n o r  any e d g e - r e c o n s t r u c t i o n  o f  G
can  c o n t a i n  c o n f i g u r a t i o n  R ^ . H e n c e ,  t h e  o n ly  p o s s i b l e  e d g e -
r e c o n s t r u c t i o n s  o f  G from  G -  vu^  a r e  G i t s e l f  and
G^ :=  G -  vu^ + u^Ug. T h e r e f o r e  G h a s  o n l y  one  e d g e - r e c o n s t r u c t i o n
H n o t  i s o m o rp h ic  t o  i t ,  and H -  G^, t h a t  i s ,  G and H a r e
a s s o c i a t e s  w i t h  r e s p e c t  t o  {G -  v u ^ ,  v u ^ , u^Ug}. S i m i l a r l y  we o b t a i n
t h a t  G and H a r e  a s s o c i a t e s  w i t h  r e s p e c t  t o  {G^ -  v u ^ ,  vu^» v u ^ } ,
t h a t  i s ,  i f  G^ :=  -  vu^  + v u ^ ,  t h e n  G G^. A ga in  we r e p e a t  t h e
a rg u m e n t ,  g i v in g  t h a t  G and H a r e  a s s o c i a t e s  w i t h  r e s p e c t  to
{G^ -  u^Ug, u ^ u ^ ,  v u ^ } ,  t h a t  i s ,  i f  :=  G^ -  u^u^ + v u ^ ,  t h e n
H = Gg. However, G^ = Gg -  u^Ug + vu^
= G^ -  v u ^  + v u ^  -  u^Ug + v u ^
= G -  vu^ + u^u^  -  vu^  + vu^ -  U^Ug + vu^
= G.
T h e r e f o r e  H = G, g i v in g  t h e  r e q u i r e d  c o n t r a d i c t i o n .  Hence we h a v e  
shown t h a t  R^ r e c o n s t r u c t s  3 .
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Now, l e t  p be  su c h  t h a t  3 < p < A -  6 + 1 ,  l e t  e a c h  o f  R . , . . . ,R ,
1 p -1
r e c o n s t r u c t  3, and l e t  G e 3 c o n t a i n  R . L e t  u s  assum e t h a t  G
P
i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  and t h a t  ' H i s  a n  e d g e - r e c o n s t r u c t i o n  o f
G, H ^ G. T h e r e f o r e  i f  we r e c o n s t r u c t  from  G -  v u  we o b t a i n  t h a t
P
H = G -  v u ^  + a b ,  w h ere  { a ,b }  ^ { v ,u }  . But s i n c e  t h e  minimum v a l e n c y
o f  H i s  6, we may assum e t h a t  a = u . M o re o v e r ,  s i n c e
P
{{Pg''^ > PgUp}} -  P g b }} , and s i n c e  p^v  = 6 + p -  l > 6  + l ,  t h e n
b f  u ^ ,  f o r  any  i  = 1 , 2 , , . . , p - 1 .  T h e r e f o r e  H c o n t a i n s  c o n f i g u r a t i o n
R -1 J im p ly in g  t h a t  H i s  e d g e - r e c o n s t r u c t i b l e ,  s i n c e  R _ r e c o n s t -  
P p -1
r u c t s  3 .  But t h i s  i s  a  c o n t r a d i c t i o n .  T h e r e f o r e  G i s  e d g e -  
r e c o n s t r u c t i b l e ,  t h a t  i s ,  R^ r e c o n s t r u c t s  3 . I t  f o l l o w s  by  i n d u c t i o n  
t h a t  t h e  s e q u e n c e  ( R ^ ) ,  1 ^  p ^  A -  6 + 1 , i s  a  r e c o n s t r u c t o r  
se q u e n c e  f o r  3 .  □
REMARK. The ty p e  o f  a rg u m e n t  we h a v e  j u s t  em ployed  t o  show t h a t  Rg 
r e c o n s t r u c t s  3 w i l l  b e  o f  g r e a t  im p o r ta n c e  i n  Lemmas 7 .3  and  7 .4  
w h ich  a r e  c r u c i a l  r e s u l t s  f o r  C h a p te r  7 .
B e f o re  p r o v in g  t h e  l a s t  r e s u l t  o f  t h i s  c h a p t e r  we g i v e  one  f i n a l  
d e f i n i t i o n .  An ( i , j , k ) - t r i a n g l e  i s  t h e  v a le n c y  c o n f i g u r a t i o n
i
J
t h a t  i s ,  a  3 - c i r c u i t  w hose  v e r t i c e s  h a v e  w e ig h t s  i ,  j ,  k  r e s p e c t i v e l y .  
Theorem 3 .4
L e t  3 b e  t h e  c l a s s  o f  g r a p h s  w i t h  minimum v a l e n c y  ^  an d  maximum
v a le n c y  a t  l e a s t  6 + 1 .  Then t h e  se q u e n c e  (S ^ ,  S ^ ,  S ^ ,  S^)  i s
(•
a r e c o n s t r u c t o r  s e q u e n c e  f o r  3 ,  w here  and a r e  t h e  same as
R^ and R^ r e s p e c t i v e l y  o f  Theorem 3 . 3 ,  i s  a  ( 6, 6+1, 6 + 1 ) - t r i a n g l e
and i s  t h e  v a l e n c y - c o n f i g u r a t i o n
6+1
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P r o o f
L e t  G be  any g ra p h  i n  3 and l e t  u s  assum e t h a t  G c o n t a i n s  S ^ ,
L e t  t h e  ( 6 + 1 ) - v e r t i c e s  o f  b e  u and v ,  and t h e  6 - v e r t e x  be
w. L e t  u s  assume t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  and  t h a t
H ^ G i s  an e d g e - r e c o n s t r u c t i o n  o f  G. T h e r e f o r e  i f  we r e c o n s t r u c t
f rom  G -  vw, we o b t a i n  t h a t  H = G -  vw + wx f o r  some v e r t e x  x  ^  v .
B ut t h e n  H c o n t a i n s  t h e  c o n f i g u r a t i o n  S^, g i v i n g  t h a t  H i s  e d g e -  
r e c o n s t r u c t i b l e ,  a  c o n t r a d i c t i o n .  H ence  r e c o n s t r u c t s  3 .
Now, l e t  G c o n t a i n  S^ , and l e t  u s  assum e t h a t  i t  i s  n o t  e d g e -  
r e c o n s t r u c t i b l e .  L e t  u b e  t h e  6 - v e r t e x  o f  S^ , l e t  v  be  t h e  
v e r t e x  a d j a c e n t  t o  u i n  S ^ , and l e t  a ,  b be  t h e  o t h e r  two v e r t i c e s
o f  S^'. F u r th e r m o r e ,  l e t  H G b e  an  e d g e - r e c o n s t r u c t i o n  o f  G.
T hen , r e c o n s t r u c t i n g  from  G -  uv  we o b t a i n  t h a t  H = G -  uv  + ux  
f o r  some v e r t e x  x  v .  M o re o v e r ,  s i n c e  p^v  = p^ x ,  t h e n  x  i s  
e q u a l  t o  n e i t h e r  a  n o r  b .  T h e r e f o r e  H c o n t a i n s  S ^ , a g a in  g i v i n g  
t h e  c o n t r a d i c t i o n  t h a t  H i s  e d g e - r e c o n s t r u c t i b l e .  Hence
r e c o n s t r u c t s  3, □
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PART I I  VERTEX-RECONSTRUCTION
I n  t h i s  p a r t  we show t h a t  m axim al p l a n a r  g ra p h s  a r e  v e r t e x -  
r e c o n s t r u c t i b l e ,  T h i s  work was s t a r t e d  by  F i o r i n i  and  M anvel who 
s o lv e d  t h e  p ro b le m  f o r  m axim al p l a n a r  g ra p h s  w i t h  minimum v a l e n c y  
g r e a t e r  t h a n  3 .  I n  C h a p te r  4 we a r e  c o n c e rn e d  w i t h  t h e  p ro b le m  o f  
v e r t e x - r e c o g n i t i o n ,  w h e re a s  i n  C h a p te r  5 we d e a l  w i t h  v e r t e x -  
r e c o n s t r u c t i o n .  The m ain  p ro b le m  w hich  we f a c e  i n  C h a p te r  5 i s  t h a t  
t h e  v e r t e x - d e l e t e d  s u b g ra p h s  w hich  we a r e  u s in g  f o r  r e c o n s t r u c t i o n  h a v e  
n o n - e q u i v a l e n t  k - r e p r e s e n t a t i o n s . H ence , m ost o f  t h i s  c h a p t e r  i s  
d e v o te d  t o  a  s tu d y  o f  t h e s e  g ra p h s  and t o  how n o n - e q u i v a l e n t  
k - r e p r e s e n t a t i o n s  o f  a  k - r e p r e s e n t a b l e  g ra p h  a r e  r e l a t e d .
GG
k-1G," ( k > 0 ) :
S2 S-ÂîMrrv Âyrv ^ '1 F M  1^ ~\ ^gLCg.
y7u2xy'-(JZ9Tl OTL' tAa- y\Sl/7^
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CHAPTER 4 MAXIMAL PLANAR GRAPHS: VERTEX-RECOGNITION .
I n  t h i s  and t h e  n e x t  c h a p t e r  we s h a l l  c o m p le te  t h e  work s t a r t e d  i n
[F 2 ]  and [FMI] on t h e  v e r t e x - r e c o n s t r u c t i o n  o f  m aximal p l a n a r  g r a p h s .
I n  [F 2 ]  and [FMI] i t  was shown t h a t  m axim al p l a n a r  g ra p h s  w i t h  minimum
v a le n c y  a t  l e a s t  4 a r e  v e r t e x - r e c o n s t r u c t i b l e ,  so  t h a t  t h e r e  r e m a in s
t o  show t h a t  maximal p l a n a r  g ra p h s  w i t h  minimum v a le n c y  3 a r e  a l s o  
v e r t e x - r e c o n s t r u c t i b l e .  I n  t h i s  c h a p t e r  we s h a l l  be  c o n c e rn e d  w i t h  t h e  
p ro b le m  o f  v e r t e x - r e c o g n i t i o n .
MAIN THEOREM OF CHAPTER 4
Maximal p l a n a r  g ra p h s  a r e  v e r t e x - r e c o g n i z a b l e .
C l e a r l y ,  i f  some i n  PC i s  n o t  p l a n a r ,  t h e n  n e i t h e r  i s  G. B u t
w ha t  c an  we s a y  a b o u t  t h e  c o n v e r s e ?  I f  e v e ry  G^ i s  p l a n a r ,  t h e n  i s
G i t s e l f  n e c e s s a r i l y  p l a n a r ?  T h is  p ro b le m  was f i r s t  t a c k l e d  i n  [F 2 ]
w here  i t  was shown t h a t ,
Theorem 4 .1
A g ra p h  G w i t h  minimum v a l e n c y  5 i s  p l a n a r  i f  and o n ly  i f  e v e r y  
G i n  DG i s  p l a n a r .  □V
A l th o u g h  t h i s  r e s u l t  i s  no  l o n g e r  t r u e  i f  t h e  r e s t r i c t i o n  on t h e  minimum 
v a le n c y  i s  l i f t e d ,  t h e  f o l l o w i n g  th e o re m  [FMI] c h a r a c t e r i z e s  a l l  
c r i t i c a l  g r a p h s  whose minimum v a l e n c y  i s  a t  l e a s t  4 .  t
Theorem 4 . 2
L e t  fi b e  t h e  s e t  o f  g r a p h s  shown i n  F i g u r e  1 o f  [F M I] . Then a g ra p h  
G w i t h  minimum v a le n c y  a t  l e a s t  4 i s  c r i t i c a l  i f  and o n l y  i f  G e □
t  A c t u a l l y ,  c r i t i c a l  g r a p h s  w e re  f i r s t  s t u d i e d  i n  CW2]. H ow ever, i t  
i s  n o t  im m e d ia te ly  c l e a r  f rom  t h e  c h a r a c t e r i z a t i o n  g iv e n  i n  [W 2] w h ic h  
a r e  t h e  c r i t i c a l  g ra p h s  i n  w h ich  we a r e  i n t e r e s t e d  f o r  t h e  p u r p o s e  o f  
r e c o n s t r u c t i o n .
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A c t u a l l y ,  Theorems 4 .1  and 4 . 2  g iv e  more t h a n  t h e  v e r t e x - r e c o g n i t i o n  
o f  m axim al p l a n a r  g r a p h s .  S in c e  a l l  t h e  g ra p h s  i n  Q a r e  v e r t e x -  
r e c o n s t r u c t i b l e ,  t h e n  t h e s e  th eo rem s  im p ly  t h a t  t h e  c l a s s  o f  a l l  p l a n a r  
g ra p h s  w i t h  minimum v a l e n c y  a t  l e a s t  4 i s  v e r t e x - r e c o g n i z a b l e .  S in c e  
a p l a n a r  g r a p h  G i s  m axim al p l a n a r  i f  and o n l y  i f  EG = 3«VG -  6 ,  i t  
t h e n  f o l l o w s  t h a t ,  i f  G h a s  minimum v a l e n c y  a t  l e a s t  4 ,  we c a n  
d e te r m in e  f rom  DG w h e th e r  o r  n o t  G i s  m axim al p l a n a r .
The p r o o f s  o f  Theorems 4 ,1  arid 4 , 2  a r e  lo n g  and i n v o l v e d ,  and i t  seems 
even  m ore d i f f i c u l t  to  show t h a t  t h e  c l a s s  o f  a l l  p l a n a r  g r a p h s  w i t h  
minimum v a l e n c y  3 i s  v e r t e x - r e c o g n i z a b l e .  The p ro b le m  i s  made e a s i e r  
by r e s t r i c t i n g  o u r s e l v e s  t o  show ing  t h a t  t h e  c l a s s  o f  m axim al p l a n a r  
g r a p h s  w i t h  minimum v a l e n c y  3 i s  v e r t e x - r e c o g n i z a b l e ;  we s o l v e  t h i s  
p ro b le m  i n  Theorem s 4 , 4  and  4 , 5 ,  However, t o  make o u r  t r e a t m e n t  
s e l f - c o n t a i n e d  we f i r s t  p ro v e  i n  Theorem 4 . 3 ,  i n d e p e n d e n t l y  o f  
Theorem s 4 , 1  and 4 , 2 ,  t h a t  maximal p l a n a r  g ra p h s  w i th  minimum v a l e n c y  
a t  l e a s t  4 a r e  v e r t e x - r e c o g n i z a b l e .  We f i r s t  g iv e  a  few d e f i n i t i o n s .
I f  t h e  g r a p h  H i s  a  s u b d i v i s i o n  o f  e i t h e r  K^, o r  we c a l l
3 v e r t e x  o f  H a  m in o r  V e r te x  i f  i t  h a s  v a l e n c y  2 and  a  m a jo r  v e r t e x  
o t h e r w i s e .  I f  H i s  a  s u b d i v i s i o n  o f  K^, n  = 4 o r  5 ,  and  t h e  
m a jo r  v e r t i c e s  a r e  l a b e l l e d  1 ,  2 , . , . ,  n ,  we som etim es  s a y  t h a t  H i s
we w r i t e  H = K ( l ,  2 , . ,  . , n )  . I f  H i s  a  s u b d i v i s i o n  o f  K_ _ ,
J , J
and t h e  m a jo r  v e r t i c e s  a r e  1 , 2 , 3 and a ,  b ,  c ,  we o f t e n  s a y  t h a t  
H i s  Kg g , and we w r i t e  H = K ( l , 2 , 3 ; a , b , c ) , I f  x  and y  a r e  two 
m a jo r  v e r t i c e s  o f  H, t h e n  t h e  c h a in  C [ x ,y ]  w h ich  c o n t a i n s  no o t h e r  
m a jo r  v e r t e x  i s  c a l l e d  a  p r im a ry  c h a in  o f  H,
We s h a l l  a l s o  n eed  t h e  f o l l o w i n g  lemma.
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Lemma 4 .1
L e t  C = v^V 2 . . . v ^ v ^  b e  a c i r c u i t  i n  a  p l a n e  g r a p h  G su ch  t h a t  
I n tC  ( o r  ExtC) c o n t a i n s  no  v e r t e x  o f  G and i s  t r i a n g u l a t e d  ( t h a t  i s ,  
a l l  t h e  f a c e s  o f  G i n  I n tC  ( o r  ExtC) a r e  3 - f a c e s ) .  I f  i s
n o t  a d j a c e n t  t o  v ^ ,  i  g { 2 , . . . , t - 2 } ,  t h e n  v^ i s  a d j a c e n t  t o
P r o o f
We may assum e t h a t  I n tC  i s  t r i a n g u l a t e d .  L e t  H b e  t h a t  su b g ra p h  
o f  G in d u c e d  by EC and a l l  t h e  e d g e s  o f  G embedded i n  I n t C ,  and 
l e t  H ' be  t h e  g ra p h  o b t a i n e d  from  H by a d d in g  an  e x t r a  v e r t e x  v  
and j o i n i n g  i t  t o  a l l  t h e  v e r t i c e s  o f  H. Then H* i s  m axim al p l a n a r ,  
and t h e  n e ig h b o u r s  o f  v^  i n  H ' a r e  v ,  v^ and T h e r e f o r e
v^ i s  a d j a c e n t  t o  v^ ^ i n  H ’ and h e n c e  i n  G. D
Theorem  4 .3
L e t  G be  a  3 - c o n n e c te d  g ra p h  w i t h  minimum v a l e n c y  a t  l e a s t  4 ,  Then 
G i s  m axim al p l a n a r  i f  and o n ly  i f  e a ch  G^ h a s  a  p v - r e p r e s e n t a t i o n .
P r o o f
The n e c e s s i t y  o f  t h e  c o n d i t i o n  i s  o b v i o u s .  To p r o v e  s u f f i c i e n c y ,  we 
l e t  G b e  a  3 - c o n n e c te d  g rap h  o f  minimum v a l e n c y  a t  l e a s t  4 e a c h  o f  
w hose v e r t e x - d e l e t e d  s u b g ra p h s  G^ h a s  a  p v - r e p r e s e n t a t i o n .  By 
Theorem  2 . 3 ,  t h e r e  e x i s t s  a  v e r t e x  v  su c h  t h a t  G^ i s  3 - c o n n e c te d  and 
h e n c e  h a s  a  u n iq u e  p l a n e  r e p r e s e n t a t i o n  by  Theorem  2 . 7 .  We s h a l l  
t h e r e f o r e  h e n c e f o r t h  assum e t h a t  we a r e  d e a l i n g  w i t h  t h e  p l a n e  
r e p r e s e n t a t i o n  o f  G^. I f  y  i s  a d j a c e n t  t o  a l l  t h e  v e r t i c e s  on t h e  
p v - f a c e  o f  G^, t h e n  t h e r e  i s  n o t h i n g  t o  p r o v e .  We s h a l l  t h e r e f o r e
assum e t h a t  v  i s  a d j a c e n t  t o  a  v e r t e x  w n o t  on t h e  p v - f a c e  o f
G , so t h a t  w i s  i n c i d e n t  s o l e l y  to  3 - f a c e s  i n  G^. The a im  o f  t h e
f o l l o w i n g  i s  t o  show t h a t  t h i s  a s s u m p t io n  on v  l e a d s  t o  a
c o n t r a d i c t i o n .
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L e t  . . . ,w^} be  t h e  n e ig h b o u r s  o f  w i n  G^. T h u s ,  t h e
su b g ra p h  o f  G in d u c e d  by  {w^ jW^, . .  . ,w^} i s  H a m i l to n i a n .  We s h a l l  
f i r s t  show t h a t  v  m ust b e  a d j a c e n t  t o  some v e r t e x  w h ich  i s  n o t  a  
n e ig h b o u r  o f  w. L e t  u s  assum e t h a t  v  i s  a d j a c e n t  o n ly  t o  n e ig h b o u r s
o f  w ( a p a r t  from  w i t s e l f ) .  T hen , s i n c e  pv ^ 4 i n  G, t h e r e  m ust
be a t  l e a s t  t h r e e  v e r t i c e s  a d j a c e n t  t o  v .  T h e r e f o r e  t h e
n o n p la n a r  g ra p h  o f  F i g u r e  4 . 1  i s  a  su b g ra p h  o f  G, and h e n c e  i t  
c o n t a i n s  a l l  t h e  v e r t i c e s  o f  G. ( i n  t h i s  and s i m i l a r  f i g u r e s ,  s o l i d  
l i n e s  i n d i c a t e  e d g es  and d a s h e d  l i n e s  i n d i c a t e  c h a in s  w h ic h  c o u ld  
p o s s i b l y  b e  e d g e s . )  B ut t h e n  pw = r  + 1 i n  G, so  t h a t  G^ i s  a  
g ra p h  on r  + 1 v e r t i c e s  and w h ich  h a s  an  ( r + 1 ) - r e p r e s e n t a t i o n .  T h u s ,  
G i s  o u t e r p l a n a r .  But t h i s  i s  i m p o s s i b l e  s i n c e  G^ c o n t a i n s
K(Wj ‘^,Wjj,Wq , v ) , a  s u b d i v i s i o n  o f  K^. I t  f o l lo w s  t h a t  v  i s  a d j a c e n t
t o  some v e r t e x  t  n o t  i n  jW^s. • •
%m
F i g u r e  4 .1
Now, G i s  3 - c o n n e c t e d ,  so  t h a t  t h e r e  e x i s t  t h r e e  i n t e r n a l l y  d i s j o i n t  
c h a in s  from  t  t o  w. We d e d u c e  t h a t  t h e r e  e x i s t  t h r e e  i n t e r n a l l y  
d i s j o i n t  c h a in s  C [ t , w ^ ] , C [ t ,w ^ ]  and  CCt,w^] i n  G^, (w here a , b , c  
a r e  d i s t i n c t  e le m e n ts  o f  { 1 , 2 , . . . , r }  ) » such  t h a t  none o f  t h e s e  c h a in s  
c o n t a i n s  w .  We now c o n s i d e r  two d i s t i n c t  c a s e s .
Case  1 r  = 3
I n  t h i s  c a s e ,  t h e  n o n p la n a r  g ra p h  i n  F i g u r e  4 .2  i s  a  s u b g ra p h  o f  G, 
and h e n c e  c o n t a i n s  a l l  t h e  v e r t i c e s  o f  G. Now, we c a n n o t  h a v e  t h a t
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a l l  t h e  t h r e e  c h a in s  C C t,w ^ ] ,  x = 1 , 2 , 3 ,  a r e  e d g e s ;  o t h e r w i s e
w ou ld  b e  m axim al p l a n a r ,  so t h a t  w ould  h a v e  no p v - r e p r e s e n t a t i o n .
F i g u r e  4 . 2
We t h e r e f o r e  c o n s i d e r  t h e  f o l l o w i n g  s u b c a s e s .
C ase  1 .1  E x a c t l y  two o f  C l l t ,w ^ ] ,  x =  1 , 2 , 3 ,  a r e  edges
We c a n  assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  C [t ,W g] i s  n o t  an  
e d g e .  L e t  CCtjW^D be  w ^ s ^ s ^ . . . s ^ t . Then v  c a n n o t  b e  a d j a c e n t  t o  
w^ o r  t o  any o f  s ^ , S 2 ». . . b e c a u s e  o t h e r w i s e  G -  s ^  w ould  
c o n t a i n  ^ 3 3 “  K (w ,w ^ , t ;w ^ ,v ,w ^ )  .
Now, t h e  p v - f a c e  o f  G m ust l i e  e i t h e r  i n  t h e  i n t e r i o r  o f  t h e  c i r c u i t
V
^ 2 ^ 3 ^ 1 ^ 2 "  ' ^ k * " ^ 2  t h e  i n t e r i o r  o f  
F i g u r e  4 . 3 ) .
w
F i g u r e  4 . 3
We c a n  assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  t h e  P v - f a c e  i s  i n  t h e  
i n t e r i o r  o f  ^ 2 ^ 3 ^ 1 '  " ^ k ^ 2 " a d j a c e n t  t o  e a c h  s^  f o r  a l l
j .  Now, each  v e r t e x  s^ h a s  v a le n c y  a t  l e a s t  4 i n  G a n d ,  m o re o v e r ,  
no  s j  c an  b e  a d j a c e n t  t o  s^  ( | i - j | ^  2 ) ,  s i n c e  o t h e r w i s e  t h e r e  e x i s t s
40
h  ( i < h < j  o r  j < h < i )  such, t h a t  G -  c o n t a i n s
= K ( t ,w ,w ^ ,w ^ ,w ^ ) .  By a s i m i l a r  a rg u m e n t ,  s^ c a n n o t  b e  a d j a c e n t  to
any o f  t ,  w, w_. S in c e  s .  h a s  v a le n c y  a t  l e a s t  4 ,  we c o n c lu d e  t h a t  
 ^ J
w„ i s  a d j a c e n t  t o  e a c h  s .  ( j  < k ) . A l s o ,  s, c a n n o t  b e  a d j a c e n t  t o  
2 J K
w„, s i n c e  o t h e r w i s e  G w ould  b e  m axim al p l a n a r  and h e n c e  w o u ld  h a v e2 V
no p v - r e p r e s e n t a t i o n .  T h u s ,  s ^  m ust b e  a d j a c e n t  t o  v .
Now, V h a s  v a l e n c y  a t  l e a s t  4 ,  so  t h a t  v  m ust  be  a d j a c e n t  t o  a t
l e a s t  one  o f  w^, w ^. How ever, i f  v  i s  a d j a c e n t  t o  w^, t h e n
G -  w^ i s  a  g r a p h  on 5 + k  v e r t i c e s  and h a s  a  ( 5 + k ) - r e p r e s e n t a t i o n .
Hence G -  w^ i s  o u t e r p l a n a r ,  w h ich  i s  im p o s s ib l e  s i n c e  i t  c o n t a i n s  
K ( v , t , w , s ^ ) .  We c o n c lu d e  t h a t  v  i s  a d j a c e n t  t o  w ^ . B ut t h i s  i s  
c o n t r a d i c t o r y  s i n c e  G^ t h e n  c o n t a i n s  K ( v ,w ^ ,w ^ ;w ,w ^ ,s ^ ) .
Case 1 .2  O nly  one  o f  C C t,w ^3 , x  = 1 , 2 , 3 ,  i s . a n . e d g e
We assum e t h a t  C [ t ,w ^ ]  = CCt/w^] = w ^ s ^ s ^ . —s ^ t
a r e  n o t  e d g e s  . T hen , a s  i n  Case 1 . 1 ,  v  c a n n o t  b e  a d j a c e n t  t o  a n y  o f
^2* ^^3’ • • • > *^h-l ’
Now, t h e  i n t e r i o r  o f  e i t h e r  ^ 2 ^3^1  ' " ' ^k^^2 ^2^1  ^ 1 '  ' ' ^k^^2
b e  t r i a n g u l a t e d  i n  G^ ( s e e  F i g u r e  4 . 4 ) .  I f  b o th  a r e  t r i a n g u l a t e d .
F i g u r é  4 . 4
t h e n  w^ i s  a d j a c e n t  t o  e a c h  s ^  and t o  e a ch  q ^ ,  so  t h a t  v  
c a n n o t  b e  a d j a c e n t  t o  w^; o t h e r w i s e  ( a s  i n  Case 1 . 1 ) ,  G -  w^ i s  b o th  
o u t e r p l a n a r  and c o n t a i n s  K ( t ,w ,w ^ ,w ^ ) . T hus ,  v  m ust b e  a d j a c e n t  t o
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b o th  and  q ^ .  But t h e n  c o n t a i n s  K(v,w^ ,W2 ; w ,w ^ ,q ^ ) .
So we can  assum e t h a t  o n ly  t h e  i n t e r i o r  o f  ^2^1
t r i a n g u l a t e d ,  so t h a t  i s  a d j a c e n t  t o  e a c h  q ^ . Hence we a g a in
h a v e  t h a t  v  i s  n o t  a d j a c e n t  t o  b o th  s ^  and q ^ ;  o t h e r w i s e ,  as  i n  .
t h e  p r e v i o u s  c a s e ,  c o n t a i n s  K ( v ,w ^ ,w ^ ;w ,w ^ ,q ^ ) .  Thus v  i s
a d j a c e n t  t o  w^ and' t o  one  o f  s ^  o r  q ^ ;  s a y  v  i s  a d j a c e n t  t o  s ^ .
S in c e  I n t ( w ^ w ^ s ^ . . .  tw^) c o n t a i n s  t h e  P v - f a c e  o f  G^, t h e n
E xtC w ^q^. . . t s ^ . . .w^w^) m ust b e  t r i a n g u l a t e d ,  so  t h a t  s ^  i s  a d j a c e n t
t o  q, , by  Lemma 4 . 1 ,  We t h e n  d educe  t h a t  G c o n t a i n s  n t
K ( s ^ ,w ,w ^ ;v ,w ^ ,w ^ ) , a s  i n  F i g u r e  4 . 5 ,  a  c o n t r a d i c t i o n .
wV 1
F i g u r e  4 .5
C a se  1-, 3 None o f  C [ t ,w ^ ] ,  x  = 1 , 2 , 3 ,  i s  an  e d g e
L e t  C [ t ,w ^ ]  ^  * C [ t ,w ^ ]  = W2 p^P 2 *. - P j t  , and
C [t ,W 2 ] = W g S ^ S g . ' . s ^ t .  As b e f o r e ,  we h a v e  t h a t  v  c a n n o t  be  a d j a c e n t  
t o  any  v e r t e x  i n  C [w ^ ,q ^ _ ^ ] ,  C[w2 , P j _ ^ ] ,  C [ w g ,s ^ _ ^ ] ,  and t h a t  v  i s  
a d j a c e n t  t o  a t  l e a s t  two o f  q ^ ,  p ^ , s ^ ;  s a y  v  i s  a d j a c e n t  t o  s ^  
and q^^
Now, i n  F i g u r e  4 . 6 ,  a t  l e a s t  one  o f  In tC w ^ s ^ . . . t p ^ . . .w^w^) o r
I n t ( w ^ q ^ . . . t P j . . . w ^ M g )  i s  t r i a n g u l a t e d ;  s a y  I n t C w ^ s ^ . . . t p ^ . . .W2 ) i s .
Then by  Lemma 4 . 1 ,  s, i s  a d j a c e n t  t o  p . ,  so  t h a t  G c o n t a i n sk J t
K(w,w^,Sj^;v,W 2 ,W2 ) ,  a s  i n  F i g u r e  4 . 6 .  T h is  c o m p le te s  Case 1 .
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F i g u r e  4 .7F i g u r e  4 .6  
Case 2 r  ^  4
I n  t h i s  c a s e ,  r e f e r r i n g  t o  F i g u r e  4 , 8 ,  a t  l e a s t  one o f  CCw^,w^Il 
{ x ,y }  c  { a , b , c }  i s  n o t  an  e d g e .  We assume t h a t  i s  n o t  an
e d g e ,  and we l e t  p e C ]w ^ ,w ^[ .
I f  V i s  a d j a c e n t  t o  a  v e r t e x  on e i t h e r  C]w ,w, ] ,  C]w ,w, ] o ra D C D
C ] t  ,w ^ ] ,  t h e n  h a s  a" s u b g ra p h  c o n t r a c t i b l e  t o  K ( w ^ ,v ,w ^ ;w , t  ,w^) .
M o re o v e r ,  v  c a n n o t  b e  a d j a c e n t  t o  any  v e r t e x  o f  C ]p ,w ^ ]  o r  C ] p ,w ^ ] ;
o t h e r w i s e ,  G -  Wy w ou ld  c o n t a i n  a  su b g ra p h  c o n t r a c t i b l e  t o
K(v , w ,w ; p , t , w ) .  .We c o n c lu d e  t h a t  v  can  o n ly  b e  a d j a c e n t  t o  v e r t i c e s  a  c
i n  C ] t ,w  ] jor C ] t ,w  ] ,  a p a r t  f rom  t  and w. F u r t h e r m o r e ,  v  c a n n o t  a  c
b e  a d j a c e n t  t o  two v e r t i c e s  b o t h  from  C ] t ,w ^ ]  o r  b o t h  from  Cllt,w^D; 
o t h e r w i s e ,  a s su m in g  t h a t  v  i s  a d j a c e n t  t o  v e r t i c e s  s and  q on
w
P
—
F ig u re  4 ^ F ig u ré  4 .9
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C 3t,w  3 , s a y  ( s e e  F i g u r e  4 . 9 ) ,  t h e n  G w ould  c o n t a i n  a s
K (w ,w ^ ,w ^ ;p ,v ,w ^ ) . T hus , v  m ust b e  a d j a c e n t  t o  a  v e r t e x  q on
C 3t,w  3 and  t o  a  v e r t e x  s on C 3 t ,w  3 .  But t h e n  G c o n t a i n s  a c t
K (w ,w ^ ,w ^ ;p ,v ,w ^ )  .
S in c e  a l l  c a s e s  l e a d  t o  a  c o n t r a d i c t i o n ,  t h e  p r o o f  i s  c o m p le te .  □
We now t u r n  o u r  a t t e n t i o n  t o  m axim al p l a n a r  g ra p h s  w i t h  minimum 
v a l e n c y  3 .
Theorem 4 . 4
I f  G i s  a  g ra p h  w hich  h a s  a t  l e a s t  two v e r t i c e s  o f  minimum v a l e n c y  
3 and whose o r d e r  i s  a t  l e a s t  7 ,  t h e n  G i s  m axim al p l a n a r  i f  and 
o n ly  i f  ( i )  e G = 3 * V G - 6 ,  and ( i i )  e a c h  G^ i s  p l a n a r .
P r o o f
The n e c e s s i t y  o f  t h e  c o n d i t i o n  i s  o b v i o u s .  To p ro v e  s u f f i c i e n c y ,  l e t
G b e  a g ra p h  o f  o r d e r  V, h a v in g  3v -  6 e d g e s ,  and e a c h  o f  whose
v e r t e x - d e l e t e d  su b g ra p h s  i s  p l a n a r .  L e t  w b e  a  3 - v e r t e x .  Then
v(G ) = VG -  1 w
and e(G ) = eG -  3 = 3«vG -  9 = 3*v(G ) -  6w w
so  t h a t  G i s  m axim al p l a n a r .    . . .  . . .  ( 1 )w
L e t  X ,  y ,  z b e  t h e  n e ig h b o u r s  o f  w. I f  x  s a y ,  h a s  v a l e n c y  3 i n
G, t h e n  x  h a s  v a l e n c y  2 i n  G^, w h ich  c o n t r a d i c t s  ( 1 ) .  T h u s ,  e a c h
o f  X ,  y ,  z h a s  v a l e n c y  a t  l e a s t  4 i n  G ...........................  . . .  (2 )
L e t  V b e  a  3 - v e r t e x  o t h e r  t h a n  w. (The v e r t e x  v  e x i s t s  by
h y p o t h e s i s ,  and v  i s  n o t  a  n e ig h b o u r  o f  w, by  ( 2 ) . )  The g ra p h
G^ i s  m axim al p l a n a r ,  by  C l ) ,  so  t h a t  x ,  y ,  z in d u c e  à 3 - c i r c u i t
C i n  G , and h e n c e  i n  G and  i n  G . L e t  G be  embedded i n  t h e  V w w
p l a n e  (we r e c a l l  t h a t  G^, b e in g  m axim al p l a n a r ,  i s  3 - c o n n e c t e d  by 
C o r o l l a r y  2 . 1 ,  and so h a s  a u n iq u e  p l a n e  r e p r e s e n t a t i o n  by
Theorem 2 . 7 ) .  We c a n  assum e t h a t  C does  n o t  bound a  f a c e  i n  t h e
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p l a n e  r e p r e s e n t a t i o n  o f  o t h e r w i s e ,  i t  f o l l o w s  im m e d ia te ly  t h a t  G
i s  m axim al p l a n a r .  T hus , we can  assum e t h a t  t h e r e  a r e  v e r t i c e s  o f  G
w
b o t h  i n  ExtC  and i n  .I ii tC  when G^ i s  embedded i n  t h e  p l a n e .  We 
s h a l l  show t h a t  t h i s  a s s u m p t io n  l e a d s  t o  a  c o n t r a d i c t i o n ,  so t h a t  C 
d oes  i n  f a c t  bound a f a c e  o f  G .
Now, t h e  n e ig h b o u r s  o f  v  in d u c e  a  3 - c i r c u i t  C’ i n  G . We w an t  t o
w
show f i r s t  t h a t  C  = C. S in c e  G^ i s  p l a n a r ,  t h e n  e i t h e r
C  c  I n tC  = C u In tC
o r  e l s e  C ' c  ExtC = C u E x tC .
W ith o u t  l o s s  o f  g e n e r a l i t y ,  we c a n  assum e t h a t  C' c  I n t C .  L e t  u s
s u p p o s e  t h a t  C  f  C and t h a t  k  e V C  -  VC, so  t h a t  k  i s  i n  I n tC .  
L e t  h  be  any  v e r t e x  i n  E x tC .  S in c e  G^ -  v  i s  m axim al p l a n a r ,  and 
h e n c e  3 - c o n n e c t e d ,  th e n  t h e r e  e x i s t  t h r e e  i n t e r n a l l y  d i s j o i n t  c h a in s  
C^Ch,k3 ( i  — 1 , 2 , 3 ) ,  from  h  t o  k ,  by Theorem  2 . 2 .  B u t s i n c e  t h e  s e t  
■ (x ,y ,z}  s e p a r a t e s  h  and  k  i n  G^ -  v ,  t h e n  we may assum e t h a t  
X  € V ( C ^ [ h ,k ] ) ,  y £ V ( C ^ [ h ,k ] )  and  z e V ( C g [ h , k ] ) .  But t h e n ,  G 
c o n t a i n s  t h e  su b g ra p h  o f  F i g u r e  4 . 1 0 .  T h u s ,  G^ i s  n o n p l a n a r ,  w hich  
i s  i m p o s s i b l e .  We t h e r e f o r e  c o n c lu d e  t h a t  C* = C, t h a t  i s ,  any
3 - v e r t e x  o f  G i s  a d j a c e n t  t o  x ,  y and  z .
Now, l e t  u s  assum e f i r s t  t h a t  G h a s  a t  l e a s t  t h r e e  v e r t i c e s  u ,  v ,
w o f  v a l e n c y  3. We l e t  p b e  any  v e r t e x  n o t  i n  t h e  s e t
v , w , x , y , z } ; p e x i s t s  s i n c e  VG ^ 7 .  T h e r e f o r e  G c o n t a i n s
P
K(u ,v , w ; x , y , z ) , so  t h a t  i t  i s  n o n p l a n a r ,  c o n t r a r y  to  o u r  a s s u m p t i o n s .
t h e r e f o r e  h a v e  to  c o n s i d e r  t h e  r e m a in in g  c a s e  when G h a s  e x a c t l y
two v e r t i c e s  v  and w o f  v a l e n c y  3 .  S in c e  G^ i s  a m axim al p l a n a r
g r a p h  w i t h  a t  l e a s t  6 v e r t i c e s ,  t h e n  x ,  y , z ( t h e  n e ig h b o u r s  o f  v )
m u st  h a v e  v a l e n c y  a t  l e a s t  4 - i n  G . T h u s ,  G h a s  e x a c t l y  one
w w
3 - v e r t e x ,  nam ely  v .
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We now w an t  t o  show t h a t  t h e r e  e x i s t s  a  v e r t e x  q e VG^ -  { v , x , y , z } ,  
such  t h a t  -  q i s  s t i l l  3 - c o n n e c te d .  We c o n s t r u c t  a  new g r a p h  G
by t a k i n g  two c o p ie s  o f  G^ -  v  l a b e l l e d  x , y , z , . . .  and  x * , y ' , z * j . .  
r e s p e c t i v e l y ,  and  j o i n i n g  x  t o  x ' , y  t o  y ' ,  and z to  z ' by 
t h r e e  in d e p e n d e n t  e d g e s ,  as  i n  F i g u r e  4 .1 1 ,  We n o t e  t h a t  t h e  minimum 
v a le n c y  o f  G i s  a t  l e a s t  4 and t h a t  G i s  3 - c o n n e c t e d .  We now 
a p p ly  Theorem 2 ,3  t o  G t o  f i n d  a v e r t e x  q whose d e l e t i o n  from  
G r e s u l t s  i n  a  3 - c o n r ie c te d  g r a p h .  By o u r  c o n s t r u c t i o n  o f  G, t h e  
v e r t e x  q c a n n o t  b e  any  o f  x ,  y ,  z , x ' , y ’ , z ' ,  so  t h a t  q m ust  be  
b e  i n  I n t C ,  a s  r e q u i r e d .  C l e a r l y ,  G^ -  q i s  3 - c o n n e c t e d .
S in c e  i n  G we c a n  f i n d  a  v e r t e x  p i  { v , x , y , z , q } ,  t h e n  a p p l y i n g  w
Theorem 2 ,2  t o  t h e  3 - c o n n e c te d  g ra p h  G^ -  q ,  we s e e  t h a t  t h e r e  e x i s t
X
P W
F ig u r e  4 ,1 2
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t h r e e  i n t e r n a l l y  d i s j o i n t  c h a in s  C [ p , x ] ,  CCp,yH, C [ p , z ] ,  a s  b e f o r e .  
Thus, c o n t a i n s  t h e  g ra p h  K ( p , v , w ; x , y , z )  o f  F i g u r e  4 . 1 2 .  T h is
f i n a l  c o n t r a d i c t i o n  c o m p le te s  t h e  p r o o f .  □
S in c e  a l l  g r a p h s  w i t h  a t  m ost  n i n e  v e r t i c e s  a r e  v e r t e x - r e c o n s t r u c t i b l e  
( s e e  [ B H l ] ) , .  and s in c e :  t h e  num ber:  o f  e d g e s  and t h e  v a l e n c y
l i s t  o f  G c a n  be  d e te r m in e d  from  DG, t h i s  th e o re m  g i v e s  t h e  v e r t e x -
r e c o g n i t i o n  o f  m axim al p l a n a r  g ra p h s  w i t h  a t  l e a s t  two 3 - v e r t i c e s .  We
now show t h a t  m axim al p l a n a r  g ra p h s  w i th  a  u n iq u e  3 - v e r t e x  a r e  v e r t e x -
r e c o g n i z a b l e .  We s h a l l  n eed  t h e  f o l l o w i n g  lemma.
Lemma 4 . 2
L e t  G b e  a  g r a p h  w i t h  a  u n iq u e  3 - v e r t e x  v ,  and su c h  t h a t  Nv in d u c e s
a 3 - c i r c u i t .  Then G c a n n o t  b e  c r i t i c a l .
P r o o f
L e t  u s  s u p p o se  t h a t  G i s  c r i t i c a l .  Then G c o n t a i n s  a  s u b g ra p h  H, 
w i th  VG = VH, and w h ich  i s  a  s u b d i v i s i o n  o f  e i t h e r  o r  ^ . I f
H i s  K^, t h e n  v  m u s t  be  a m in o r  v e r t e x  w i t h  n e ig h b o u r s  x  and y
( s a y )  i n  H. B ut t h e n  x y  i s  an  edge  o f  G, so t h a t  G^ s t i l l  
c o n t a i n s  a  s u b d i v i s i o n  o f  K^, a  c o n t r a d i c t i o n .  I f  H i s  ^ 3 3  
V a  m in o r  v e r t e x  o f  H, t h e n  t h e  same argum en t a p p l i e s .  T h e r e f o r e  
l e t  V b e  a  m a jo r  v e r t e x  o f  H. I f  one o f  t h e  t h r e e  p r im a r y  c h a in s  
o f  H c o n t a i n i n g  v  i s  n o t  a n  e d g e ,  t h e n  G^ c o n t a i n s  a  s u b d i v i s i o n  
o f  ^ 3  3 * may t h e r e f o r e  assum e t h a t  G c o n t a i n s  t h e  s u b g ra p h  o f  
F i g u r e  4 . 1 3 .
u
1 3
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Now, PgU ^  4 ,  by  h y p o t h e s i s ,  so  t h a t  u  m ust  be  a d j a c e n t  t o  a  f o u r t h  
v e r t e x  z w hich  c a n n o t  l i e  on a p r im a r y  c h a in  o f  H j o i n i n g  u t o  
1 , 2 o r  3 ,  s i n c e  o t h e r w i s e  t h e r e  would  e x i s t  a  v e r t e x  t  i n  C ] u , z [  
f o r  w hich  G c o n t a i n s  a  s u b d i v i s i o n  o f  B ut t h e n  z i s  on at  «3 J a3
p r im a ry  c h a in  o f  H j o i n i n g  w t o  1 ,  2 o r  3 ,  so  t h a t  G^ e i t h e r  
c o n t a i n s  a  s u b d i v i s i o n  o f  ( i f  z = w) o r  a  s u b g ra p h  c o n t r a c t i b l e
t o  K^. Hence G c a n n o t  b e  c r i t i c a l .  □
Lemma 4 . 3
L e t  G b e  a g ra p h  w i t h  a u n iq u e  3 - v e r t e x  v^ and su c h  t h a t
EG = 3*VG -  6 .  Then G i s  m axim al p l a n a r  i f  and  o n l y  i f  ( i )  e v e r y
G^ i s  p l a n a r ,  and ( i i )  N^v^ in d u c e s  a  3 - c i r c u i t  i n  G,
P r o o f
The n e c e s s i t y  o f  t h e  c o n d i t i o n  i s  c l e a r .  To s e e  t h e  c o n v e r s e ,  we 
o b s e r v e  t h a t ,  by  ( i )  and  ( i i )  and by  Lemma 4 . 2 ,  G i s  p l a n a r .  B u t
EG = 3*VG -  6 ,  t h e r e f o r e  G i s  m axim al p l a n a r .  □
Theorem 4 .5
Maximal p l a n a r  g ra p h s  w i t h  a  u n iq u e  3 - v e r t e x  a r e  v e r t e x - r e c o g n i z a b l e .  
P r o o f
The number o f  edges  o f  a  g ra p h  G and t h e  u n iq u e n e s s  o f  t h e  3 - v e r t e x  
Vq c a n  a l l  b e  d e te rm in e d  from  G. T h e r e f o r e  i n  v ie w  o f  Lemma 4 . 3 ,  t o
show t h a t  we can  d e te r m in e  from  DG w h e th e r  o r  n o t  G i s  m axim al 
p l a n a r ,  a l l  we h a v e  t o  do i s  t o  p ro v e  t h a t  we c a n  d e te r m in e  w h e th e r  
o r  n o t  N v_ in d u c e s  a  3 - c i r c u i t  i n  G.
S in c e  f o r  any  G i n  DG we c a n  d e te r m i n e  p v ,  t h e n  we can  i d e n t i f yV G
t h e  g ra p h  G -  Vq . By K e l l y ' s  Lemma, we c a n  d e te r m in e  w h e th e r
o r  n o t  Vq i s  c o n ta i n e d  i n  a  su b g ra p h  o f  G i s o m o r p h ic  t o  K^. B u t
N v^ in d u c e s  a  3 - c i r c u i t  i n  G i f  and  o n l y  i f  v_ i s  c o n t a i n e d  i n  G U U
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su c h  a  s u b g r a p h ,  and h e n c e  we c a n  d e te r m in e  from  DG w h e th e r  o r  n o t  
N^Vq in d u c e s  a  3 - c i r c u i t  i n  G, The p r o o f  o f  t h e  th e o re m  i s  t h u s  
c o m p le te .  □
T h is  f i n a l  r e s u l t  c o n c lu d e s  t h e  p r o o f  o f  t h e  Main Theorem  o f  t h i s  
c h a p t e r .
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CHAPTER 5 MAKIMAL PLAHAR GRAPHS'. VERTEX-RECOHSTRUCTIOH
A f t e r  h a v in g  p ro v e d  i n  C h a p te r  4 t h a t  m axim al p l a n a r  g ra p h s  a r e  v e r t e x -  
r e c o g n i z a b l e  we now p ro v e  f u r t h e r  t h a t  t h i s  c l a s s  o f  g r a p h s  i s  in d e e d  
v e r t e x - r e c o n s t r u c t i b l e ,
MAIN THEOREM OF CHAPTER 5
Maximal p l a n a r  g r a p h s  a r e  v e r t e x - r e c o n s t r u c t i b l e .
We f i r s t  r e c a l l  t h a t  t h e  f o l l o w i n g  r e s u l t  was p ro v e d  i n  [ F M l] . We 
r e p ro d u c e  t h e  p r o o f  f o r  c o m p l e t e n e s s '  s a k e .
Theorem 5 .1
E v e ry  m axim al p l a n a r  g ra p h  whose minimum v a le n c y  i s  a t  l e a s t  4 i s  
v e r t e x - r e c o n s t r u c t i b l e .
P r o o f
I f  G i s  a  maximal p l a n a r  g ra p h  whose minimum v a l e n c y  i s  a t  l e a s t
4 ,  t h e n  i t s  minimum v a l e n c y  i s  r e c o n s t r u c t i b l e  from  t h e  d eck  DG o f
v e r t e x - d e l e t e d  s u b g ra p h s  o f  G, a s  i s  t h e  f a c t  t h a t  G i s  m axim al
p l a n a r .  Now, s i n c e  e v e r y  m axim al p l a n a r  g ra p h  i s  3 - c o n n e c t e d ,  and
s i n c e  ÔG ^  4 = % ( 3 « 3 -  1 ) ,  i t  f o l l o w s  from  Theorem 2 .3  t h a t  i n  G
t h e r e  i s  a  v e r t e x  v^ s u c h  t h a t  G -  v_ i s  3 - c o n n e c t e d .  T h e r e f o r eu u
G “ Vq h a s  a  u n iq u e  p v ^ - r e p r e s e n t a t i o n .  B ut t h e n  t h e r e  i s  a  u n iq u e  
way o f  r e c o n s t r u c t i n g  G from  G -  Vq , n am e ly  by  j o i n i n g  t h e  v e r t e x  
Vq t o  t h e  PVq v e r t i c e s  i n c i d e n t  t o  t h e  u n iq u e  p v ^ - f a c e  o f  G. □
I n  v iew  o f  t h i s  r e s u l t ,  t h e r e  r e m a in s  t o  show t h a t  maximal p l a n a r  
g ra p h s  o f  minimum v a l e n c y  3 a r e  a l s o  v e r t e x - r e c o n s t r u c t i b l e .  The 
m ethod u se d  i n  t h e  above  p r o o f  u n f o r t u n a t e l y  f a i l s ,  s i n c e  we a r e  now no 
l o n g e r  a s s u r e d  t h a t  G h a s  a  v e r t e x  v  su c h  t h a t  pv > 4 and  G^ 
i s  3 - c o n n e c t e d .  We t h e r e f o r e  h a v e  t o  i n t r o d u c e  f u r t h e r  c o n c e p t s .
We f i r s t  d e f i n e  an  o r d i n a r y  v e r t e x  t o  be  a  v e r t e x  whose v a l e n c y  i s  a t
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l e a s t  4 .  Now, g iv e n  a maximal p l a n a r  g ra p h  G o f  minimum v a le n c y  3,
we can  r e c o g n i z e  t h e  maximal p l a n a r i t y  o f  G from  t h e  v e r t e x - d e c k
o f  G, a s  s e e n  i n  C h a p te r  4 .  T h e r e f o r e  f o r  any  o r d i n a r y  v e r t e x  v ,
we n e e d  o n ly  c o n s i d e r  t h e  p v - r e p r e s e n t a t i o n s  o f  G^, an y  v e r t e x -
r e c o n s t r u c t i o n  o f  G b e in g ,  o b t a i n e d  from  some G^ by  a d d in g  a v e r t e x
and  j o i n i n g  i t  t o  t h e  v e r t i c e s  i n c i d e n t  t o  t h e  p v - f a c e  o f  a
P v - r e p r e s e n t a t i o n  o f  G^. F o r  t h i s  r e a s o n .  S e c t i o n  5 ,1  d e a l s  w i th
k - r e p r e s e n t a b l e  g r a p h s .  M oreove r ,  i f  f o r  some o r d i n a r y  v e r t e x  w o f
G, G^ h a s  a  u n iq u e  p w - r e p r e s e n t a t i o n ,  t h e n  G i s  u n i q u e l y  v e r t e x -
r e c o n s t r u c t i b l e  from  G . We c a n  t h e r e f o r e  assum e t h a t  f o r  anyw
o r d i n a r y  v e r t e x  w o f  G, G^ h a s  a t  l e a s t  two n o n - e q u i v a l e n t  
P w - r e p r e s e n t a t i o n s . Such a m axim al p l a n a r  g ra p h  w i l l  b e  c a l l e d  a 
c o l l a p s i b l e  g r a p h .  These g ra p h s  w i l l  be  s t u d i e d  i n  S e c t i o n  5 . 2 .  I f  
F i s  a  f a c e  o f  a  p l a n e  g ra p h  and ^0^1* * *^k -1^0  t h e  b o u n d a ry
c i r c u i t  o f  F ,  we s h a l l  o f t e n  s a y ,  f o r  c o n v e n ie n c e  o f  n o t a t i o n ,  t h a t  
F i s  t h e  f a c e  "'^ q^ I  * ’ *^ k - 1 ^ 0 ’ P r o v id e d  t h i s  does  n o t  g i v e  r i s e  to  
a m b i g u i t y .
SECTION 5 .1  -  PROPERTIES OF k-REPRESENTABLE GRAPHS
L e t  R b e  a  p l a n e  r e p r e s e n t a t i o n  o f . a  g r a p h  G, and  l e t  C be  a
b o u n d a ry  c i r c u i t  o f  a  f a c e  i n  R. Then b y  a  c y c l i c  l a b e l l i n g
Cq , c ^ , . . . , c ^  ^ o f  t h e  v e r t i c e s  o f  C we mean a  l a b e l l i n g  i n  t h e
o r d e r  i n  w h ich  t h e y  a p p e a r  i n  R, t h a t  i s ,  f o r  i  = 0 , 1 , . . . , r - 1 ,
c . c .  - (m odulo  r )  a r e  edges  o f  C.
1 1+1
Lemma 5 .1
L e t  R b e  a p l a n e  r e p r e s e n t a t i o n  o f  a  g ra p h  G, and l e t .  C b e  a
c i r c u i t  b o u n d in g  a f a c e  i n  R, and c ^ ,  c ^ , . . . ,  c^ _ ^  a  c y c l i c  l a b e l l i n g  
o f  C. L e t  R* be  a n o t h e r  p l a n e  r e p r e s e n t a t i o n  o f  G, su ch  t h a t  t h e  
v e r t i c e s  o f  C form  a c i r c u i t  C* w h ich  bounds  an  r - f a c e  i n  R ' .
Then t h e  v e r t i c e s  o f  C a p p e a r  on C* i n  t h e  same c y c l i c  o r d e r  a s  
i n  R , t h a t  i s ,  C ' = C.
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P r o o f
I f  r  = 3 , t h e n  t h e  r e s u l t  i s  t r i v i a l l y  t r u e .  We can  t h e r e f o r e  assum e
t h a t  r  > 3 .  F o r  a  c o n t r a d i c t i o n  we assume t h a t  t h e  lemma i s  f a l s e .
T h e r e f o r e  t h e r e  e x i s t s  a  v e r t e x  c .  such  t h a t  c .  _ o r  c .  . i s1 1 -1  1+1
n o t  a d j a c e n t  t o  c^  i n  C ' . We c an  t h e r e f o r e  assum e, w i t h o u t  l o s s
o f  g e n e r a l i t y ,  t h a t  c^ i s  n o t  a d j a c e n t  t o  c^ i n  C ' . I t  f o l l o w s
t h a t  t h e r e  e x i s t s  a  j ,  s u c h  t h a t  2 < j  < r ,  and  c .  i s  a d j a c e n t  t o
J
c^ i n  C ' ,  Hence t h e  edge  c^Cj i s  a  c h o rd  f o r  C. -
Now, t h e r e  m ust e x i s t  an edge  c ^ c^  o f  C ' such  t h a t
l < k < j < t < r - l  
b e c a u s e  o t h e r w i s e  C' -  c^c^  w ould  b e  d i s c o n n e c t e d ,  w h ich  i s  
i m p o s s i b l e .  B u t t h e n  t h e  e d g e  c^c^  i s  a l s o  a  c h o rd  f o r  t h e  c i r c u i t  
C, and t h e  p a i r  o f  c h o rd s  c^c^  and c ^ c ^ ,  r e g a r d e d  as  b r i d g e s  o f  C, 
a r e  skew.
F i g u r e  5 .1
T h e r e f o r e  by Theorems 2 . 5 . 1  and 2 . 5 , 3  o f  [ O l ] ,  t h e  c i r c u i t  C c a n
n e v e r  b e  t h e  b o u n d a ry  o f  a  f a c e  o f  G ( s e e  F i g u r e  5 . 1 ) .  T h is  
c o n t r a d i c t i o n  c o m p le te s  t h e  p r o o f  o f  t h e  lemma. □
Lemma 5 .2
L e t  G be  a  k - r e p r e s e n t a b l e  g r a p h ,  and l e t  R be  a  k - r e p r e s e n t a t i o n  
o f  G such  t h a t  C i s  t h e  k - c i r c u i t  b o u n d in g  th e  k - f a c e  i n  R. I f
R ' i s  a n o t h e r  k - r e p r e s e n t a t i o n  o f  G su c h  t h a t  C a l s o  b o u n d s  t h e
k - f a c e  i n  R ' ,  t h e n  R i s  e q u i v a l e n t  t o  R ' .
P r o o f
L e t  ij; b e  t h e  i d e n t i t y  i so m o rp h ism  on  G. L e t  H b e  o b t a i n e d  f rom  
R by a d d in g  t h e  v e r t e x  w i n s i d e  t h e  k - f a c e  o f  R and j o i n i n g  i t  t o
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e a c h  o f  t h e  v e r t i c e s  o f  C. L e t  R ' be  s i m i l a r l y  o b t a i n e d  from  R ' 
by  t h e  a d d i t i o n  o f  t h e  v e r t e x  w*. Then ip can  be  e x te n d e d  t o  an 
i so m o rp h ism  : VH VH' su c h  t h a t  = w* . B u t H and H' a r e
p l a n e  r e p r e s e n t a t i o n s  o f  a  m aximal p l a n a r  (a n d  h e n c e  3 - c o n n e c te d )  g r a p h .  
T h e r e f o r e  by  Theorem 2 . 7 ,  ij; ' maps b o u n d a ry  c i r c u i t s  o f  f a c e s  i n t o
b o u n d a ry  c i r c u i t s  o f  f a c e s .  H en ce ,  a  c i r c u i t  T bounds a  f a c e  i n  R
i f  and o n l y  i f  bounds a  f a c e  i n  R ' ,  t h a t  i s ,  R i s  e q u i v a l e n t
t o  R * . □
Thus we s e e  t h a t  i f  R i s  a  k - r e p r e s e n t a t i o n  o f  G, and C t h e
c i r c u i t  b o u n d in g  t h e  k - f a c e  o f  R, t h e n  an y  o t h e r  k - r e p r e s e n t a t i o n  R ' 
n o t  e q u i v a l e n t  t o  R m ust h a v e  some v e r t e x  o r  v e r t i c e s  n o t  i n  VC 
i n c i d e n t  t o  i t s  k - f a c e .
Now, l e t  G b e  a  k - r e p r e s e n t a b l e  g r a p h ,  and  l e t  R b e  a k - r e p r e s e n t ­
a t i o n  o f  G. L e t  C be  t h e  c i r c u i t  b o u n d in g  t h e  k - f a c e  o f  R, C
b e in g  l a b e l l e d  i n  t h e  c y c l i c  o r d e r  c _ ,  c _ , . . . , c ,  _ .  L e t  c . c .  , c .  „ c .
u 1 k-i 1 1+1 1+2 1
be a  s e p a r a t i n g  t r i a n g l e  f o r  G. L e t  T = c . c .  , c .  ^ c . , and  l e t  t h e
1 1+1 1+2 1
com ponents  o f  G -  T be  H^ and  K^, w h e re  H^ i s  d e f i n e d  as  t h a t
com ponent o f  G -  T w hich  h a s  some v e r t e x  a d j a c e n t  t o  c .  - i n  G.
1+1
Then H^ = <V(H^)uVT> i s  a  m axim al p l a n a r  g r a p h .  L e t  c ^ y c ^ ^ ^ c -  be
t h e  f a c e  o f  H^, d i f f e r e n t  from  w h ich  i s  i n c i d e n t  t o
t h e  edge  c _ c^^ ^  i n  H^.
We now o b s e r v e  t h a t  H^ i s  a  b r i d g e  o f  t h e  c i r c u i t  C. M o reo v e r ,  i f
t h i s  b r i d g e  i s  t r a n s f e r r e d  t o  I n tC  ( o r  t o  ExtC  i f  t h e  k - f a c e  o f  R
i s  t h e  unbounded  f a c e ) ,  we t h e n  o b t a i n  a n o t h e r  k - r e p r e s e n t a t i o n  o f  G,
w i t h  t h e  v e r t e x  y  on t h e  k - f a c e  i n s t e a d  o f  c _ ^ ^ .  We c a l l  such  a
b r i d g e  i n  a  k - r e p r e s e n t a t i o n ,  w i t h  t h r e e  a t t a c h m e n t s  c . ,  c .  _ ,  c .  „
1 1+1 1+2
fo rm in g  a  s e p a r a t i n g  t r i a n g l e ,  an a r c h ; t h e  m axim al p l a n a r  g ra p h  
H^ w i t h  t h e  t h r e e  v e r t i c e s  c ^ ^ ^ ,  c^ ^^  so  l a b e l l e d ,  we c a l l  a
s p a n . S in c e  T i s  a  s e p a r a t i n g  t r i a n g l e ,  t h e n  t h e  o r d e r  o f  H i s
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g r e a t e r  t h a n  3 .  T h e r e f o r e  e a c h  o f  c ^ ,  c ^ ^ ^ ,  c^ ^^  h a s  v a l e n c y  a t  
l e a s t  3 i n  We s h a l l  c a l l  t h e s e  t h r e e  v e r t i c e s  t h e  p r im a r y
v e r t i c e s  o f  t h e  s p a n  and c ^ ,  c^^^  w i l l  b e  c a l l e d  t h e  p i v o t s  o f
t h e  s p a n .  The v e r t i c e s  c^^^  and  y  w i l l  b e  c a l l e d  t h e  r e p l a c e d
v e r t e x  and  t h é  r e p l a c e m e n t  v e r t e x  r e s p e c t i v e l y .  We e m p h a s iz e  t h a t  
a  sp a n  i s  a  m axim al p l a n a r  g ra p h  w i t h  a  l a b e l l e d  b o u n d a ry  c i r c u i t  o f  
a  f a c e ,  and w i t h  one o f  t h é  ' t h r e e  l a b e l l e d  v e r t i c e s  d e s i g n a t e d  a s  t h e  
r e p l a c e d  v e r t e x .  I n  g e n e r a l  we s h a l l  a d o p t  t h e  n o t a t i o n  S ( a b c )  o r  
S (c b a )  t o  d e n o te  a  sp a n  w i t h  a  and c a s  p i v o t s  and  b a s  r e p l a c e d  
v e r t e x .
We h a v e  s e e n  above  t h a t  i f  R i s  a  k - r e p r e s e n t a t i o n  o f  a  g ra p h  G, 
t h e n  an  a r c h  t r a n s f e r  a l s o  g i v e s  a n o t h e r  k - r e p r e s e n t a t i o n .  Now, Ore 
h a s  shown (Theorem  2 . 5 . 4  i n  [Ôï] ) t h a t  i f  R and R* a r e  two p l a n e
r e p r e s e n t a t i o n s  o f  a  2 - c o n n e c te d  g rap h  G, t h e n  R c a n  b e  t r a n s f o r m e d
i n t o  a  r e p r e s e n t a t i o n  e q u i v a l e n t  t o  R ' by  a s e q u e n c e  o f  b r i d g e  
t r a n s f e r s .  We s h a l l  now show t h a t  i f  R and R' a r e  two
k - r e p r e s e n t a t i o n s  o f  G, t h e n  R can  b e  t r a n s f o r m e d  i n t o  a
r e p r e s e n t a t i o n  e q u i v a l e n t  t o  R ' by  a s e q u e n c e  o f  a r c h  t r a n s f e r s .
Lemma 5 .3
L e t  G b e  a  k - r e p r e s e n t a b l e  g r a p h ,  and l e t  R b e  a  k - r e p r e s e n t a t i o n
o f  G. L e t  C b e  t h e  c i r c u i t  b o u n d in g  t h e  k - f a c e  i n  R and  l a b e l l e d
cyclically as ^o^l^2*’*^k-1^0’ R' be another k-representation
o f  G s u c h  t h a t  t h e  v e r t e x  c . . _  i s  n o t  i n c i d e n t  t o  t h e  k - f a c e  o f
1+ 1
R ' .  Then we h a v e :
( i )  p ( c ^ ^ ^ )  > 2 ,
and  ( i i )  c^  i s  a d j a c e n t  t o  ^£+ 2 *
P r o o f
I f  p ( c ^ ^ ^ )  = 2 ,  t h e n  a d d in g  a v e r t e x  w i n s i d e  t h e  k - f a c e  o f  R ' and 
j o i n i n g  i t  t o  e a c h  v e r t e x  i n c i d e n t  to  t h e  k - f a c e  o f  R* g i v e s  a  m axim al
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p l a n a r  g ra p h  o f  o r d e r  g r e a t e r  t h a n  3 , and  w i t h  a  v e r t e x  o f  v a l e n c y  2 , 
a  c o n t r a d i c t i o n .  T h e r e f o r e  p ( c . ^ ^ )  > 2 .
Now, s i n c e  i n  R' t h e  v e r t e x  c . ^ ^  i s  n o t  i n c i d e n t  t o  t h e  k - f a c e ,  
t h e n  i t  m ust be  i n c i d e n t  o n l y  t o  3 - f a c e s .  T h e r e f o r e  t h e  su b g ra p h  o f  
G in d u c e d  by  Nc^^^ i s  H a m i l to n i a n ,  I n  R, a l l  t h e  f a c e s  w h ich  a r e  
i n c i d e n t  t o  e x c e p t  o n e ,  a r e  3 - f a c e s  ( s e e  F i g u r e  5 , 2 ) .
c i
F i g u r e  5 .2
We can  t h e r e f o r e  l a b e l  t h e  n e ig h b o u r s  o f  c . i n  o r d e r ,  s t a r t i n g  
from  c^ t o  a s  t h e y  a p p e a r  i n  R, g i v i n g  t h a t
~ ^ ^ i * ^ l ’^2* * * ** ^ s ’ ^ i+ 2 ^  ( s e e  F i g u r e  5 . 2 ) ,
I f  ~ t h e n  th e  f a c t  t h a t  t h e  s u b g ra p h  in d u c e d  by N c .^ ^  i s
H a m i l to n i a n  i m p l i e s  t h a t  i s  a d j a c e n t  t o  c ^ . We may t h e r e f o r e
assum e t h a t  p ( c ^ ^ ^ )  > 3 ,
Now, l e t  u s  assum e t h a t  c^ i s  n o t  a d j a c e n t  to  c . ^ ^ '  S in c e  i n  R ’ 
t h e  v e r t e x  i® i n c i d e n t  o n l y  t o  3 - f a c e s ,  t h e n  c .  m ust b e
a d j a c e n t  t o  some o t h e r  v e r t e x  from  N c .^ ^ ,  a p a r t  from  v ^ . L e t  
j  — maximum { r :  v^  a d j a c e n t  t o  c ^ } . Thus ^ £ + 2  c a n n o t  be  a d j a c e n t  
^ ^ j ) b e c a u s e  o t h e r w i s e  G w ou ld  c o n t a i n  t h e  g r a p h  o f  
F i g u r e  5 ,3  w hich  i s  a  s u b d i v i s i o n  o f  .
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c i+2
F i g u r é  5 .3
S i m i l a r l y ,  i f  p > j ,  t h e n  c a n n o t  b e  a d j a c e n t  t o  any  f o r
t  < j . I t  f o l l o w s  t h a t  Vj i s  a  s e p a r a t i n g  v e r t e x  f o r  t h e  s u b g ra p h  o f  
G in d u c e d  by  N c^^^, w h ich  t h e r e f o r e  c a n n o t  b e  H a m i l t o n i a n .  T h is  
c o n t r a d i c t i o n  p ro v e s  t h a t  c^  i s  a d j a c e n t  t o  ^£+ 2 ’ ^
From Lemma 5 .3  f o l l o w  two c o r o l l a r i e s .
C o r o l l a r y  5 .1
L e t  G, R, R' and C b e  a s  i n  Lemma 5 . 3 ,  w i t h  i n c i d e n t  t o  t h e
k - f a c e  i n  R b u t  n o t  i n  R* . Then c . c .  - C .  _c . i s  a  s e p a r a t i n g
1  1+1 1+2 1
t r i a n g l e  f o r  G.
P r o o f
T h is  f o l l o w s  from  t h e  f a c t  t h a t  c^ i s  a d j a c e n t  t o  c ^ ^^ and
C o r o l l a r y  5 . 2
L e t  G, R, R* and C b e  a s  i n  Lemma 5 . 3 ,  w i t h  i n c i d e n t  t o  t h e
k - f a c e  i n  R b u t  n o t  i n  R’ . Then i n  any  k - r e p r e s e n t a t i o n  o f  G,
c .  and c . . _  a r e  i n c i d e n t  t o  t h e  k - f a c e .
1 1+2
P r o o f
From Lemma 5 . 3 ( i i ) ,  c^ i s  a d j a c e n t  t o  ^£+ 2 * I f  we assum e t h a t  c^ 
i s  n o t  i n c i d e n t  t o  t h e  k - f a c e  f o r  some k - r e p r e s e n t a t i o n  o f  G, t h e n
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c .  ^ i s  a d j a c e n t  t o  T h e r e f o r e  t h e  edge 9£«£^£+£ ® c h o rd
o f  C w h ich  i s  skew w i t h  t h e  c h o rd  T h e r e f o r e  C can  n e v e r
b e  t h e  b o u n d a ry  o f  a  f a c e  o f  G (Theorem s 2 . 5 . 1  and 2 . 5 . 3  o f  [ 0 1 ] ) .  
But. t h i s  i s  a  c o n t r a d i c t i o n ,  so  t h a t  c^  m ust a lw ays  b e  i n c i d e n t  t o  
t h e  k - f a c e  i n  any k - r e p r e s e n r a t i o n  o f  G. The same can  s i m i l a r l y  be  
s a i d  f o r  ^£+ 2 * 0
We th u s  s e e  t h a t  i f  i n  a  k - r e p r e s e n t a t i o n  R, t h e r e  e x i s t s  a  v e r t e x  
c . ^ ^  i n c i d e n t  t o  t h e  k - f a c e ,  and  w h ich  can  b e  r e p l a c e d  by  a n o t h e r  
v e r t e x  i n  some o t h e r  k - r e p r e s e n t a t i o n ,  t h e n  T = ^£^£+£^£+2^£ &
s e p a r a t i n g  t r i a n g l e .  Hence i f  we d e f i n e  H^ a s  we d i d  above  when 
d e f i n i n g  a r c h e s  and s p a n s ,  we o b t a i n  t h a t  H^ i s  an  a r c h  f o r  C, w h ic h ,  
when t r a n s f e r r e d  t o  I n tC  ( o r  t o  ExtC i f  t h e  k - f a c e  o f  R i s  t h e  
unbounded f a c e ) ,  g i v e s  a n o t h e r  k - r e p r e s e n t a t i o n  w i t h  c^^^ r e p l a c e d  by  
t h e  r e p la c e m e n t  v e r t e x  y . The n e x t  lemma e f f e c t i v e l y  t e l l s  u s  t h a t  
y i s  t h e  o n l y  v e r t e x  w h ic h  c a n  r e p l a c e  c^^^  on t h e  k - f a c e .
Lemma 5 .4
L e t  R be  a k - r e p r e s e n t a t i o n  o f  a  g ra p h  G, w i t h  t h e  c i r c u i t  C 
b o u n d in g  t h e  k - f a c e  i n  R, and  l a b e l l e d  i n  t h e  u s u a l  c y c l i c  o r d e r
^ 0 ^ 1 ^ 2 “  *^k-1^0* l e t  T = ^£^£+ i ^£+2^£ ® s e p a r a t i n g  t r i a n g l e
o f  G. L e t  y  be  t h e  r e p l a c e m e n t  v e r t e x  o f  t h e  s p a n  w i t h  VT as
p r im a ry  v e r t i c e s .  Then i n  any  k - r e p r e s e n t a t i o n  o f  G, e i t h e r  y  o r
c .  , m ust b e  i n c i d e n t  t o  t h e  k - f a c e .
1+1
P r o o f
L e t  t h e  com ponents  o f  G -  T b e  H^ and  K^, w here  H^ i s  t h e  s p a n  
w i t h  VT as  p r im a ry  v e r t i c e s .  Then i s  a  m axim al p l a n a r  g r a p h  i n
w hich  y i s  i n c i d e n t  t o  t h e  f a c e  bounded  by t h e  c i r c u i t  ^ £ ^ ^ i+ 2 ^ i  
( s e e  F i g u r e  5 . 4 ) .  H ow ever, h a s  some v e r t e x  a d j a c e n t  t o  c^  and  
some v e r t e x  a d j a c e n t  t o  ^£+ 2 ' T h e r e f o r e  t h e r e  e x i s t s  no p l a n e  
r e p r e s e n t a t i o n  o f  G i n  w h ich  b o t h  ^£^£+ £^£+ 2^ i ^ i ^ ^ i + 2 ^ i
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ci+2
‘^ 1+2
F i g u r é  5 .4  
b o u n d a ry  c i r c u i t s  o f  f a c e s .
N o w , - l e t  u s  assum e t h a t  t h e  lemma i s  f a l s e . . T h e n - t h e r e  e x i s t s  a
k - r e p r e s e n t a t i o n  R ' i n  w h ic h  b o t h  y  and  c ^ ^  a r e  i n c i d e n t  s o l e l y
t o  3 - f a c e s .  Now, by  t h e  ab o v e ,  i n  R*, e i t h e r  t h e  c i r c u i t
o r  e l s e  t h e  c i r c u i t  c ^ y c ^ ^ ^ c ^  i s  n o t  t h e  b o u n d a ry
o f  a  f a c e .  W ith o u t  l o s s  o f  g e n e r a l i t y  we may assum e t h a t  c . c .  _ c .  _c .
1 1+1 1+2 1
i s  n o t  t h e  b o u n d a ry  o f  a  f a c e  i n  R*.
Now, we r e q u i r e  t h a t  H, t h e  s u b g ra p h  o f  G i n d u c e d  by  N c^^^ , i s
H a m i l to n i a n ,  s i n c e  i s  i n c i d e n t  s o l e l y  t o  3 - f a c e s  i n  R ' .  B u t
s i n c e  none  o f  t h e s e  f a c e s  i s  bounded  by  t h e n  H -  c . c . ^ g
m ust  a l s o  b e  H a m i l to n i a n .  But t h i s  l e a d s  t o  a  c o n t r a d i c t i o n  as  i n  t h e
p r o o f  o f  Lemma 5 . 3 .  T h e r e f o r e  Lemma 5 . 4  i s  p r o v e d .  □
We c an  now p ro v e  t h e  c e n t r a l  r e s u l t  o f  t h i s  s e c t i o n .
Theorem 5 . 2
L e t  R and  R ' b e  two k - r e p r e s e n t a t i o n s  o f  a  g ra p h  G. Then R ' c an  
be  changed  i n t o  a r e p r e s e n t a t i o n  e q u i v a l e n t  t o  R by  a s e q u e n c e  o f  
a r c h  t r a n s  f e r s .
P r o o f
L e t  t h e  v e r t i c e s  o f  t h e  c i r c u i t  C b o u n d in g  t h e  k - f a c e  i n  R b e
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l a b e l l e d  i n  t h e  u s u a l  c y c l i c  o r d e r  as  c ^ , c ^ , . . . , c ^ I f  C a l s o  
bounds t h e  k - f a c e  i n  R ' ,  t h e n  by  Lemma 5 . 2 ,  R i s  e q u i v a l e n t  t o  R ' .  
Thus we may assum e t h a t  C does  n o t  bound t h e  k - f a c e  i n  R ' .
L e t  c .  , be  a  v e r t e x  o f  C w hich  i s  n o t  i n c i d e n t  t o  t h e  k - f a c e  i n  1+1
R ' , T h e r e f o r e  by  Lemma 5 . 4 ,  t h e  r e p l a c e m e n t  v e r t e x  o f  t h e  s p a n  w i t h
c . ,  c .  c .  - a s  p r im a r y  v e r t i c e s  and c .  . r e p l a c e d  v e r t e x ,  m u s t  b e  
1 1+1 1+2 1+1
i n c i d e n t  t o  t h e  k - f a c e  i n  R* . But t h e n  by t h e  t r a n s f e r  i n  R ' o f  
t h e  a r c h  w i t h  c ^ ,  v e r t i c e s  o f  a t t a c h m e n t  w i t h  C, we
o b t a i n  a  k - r e p r e s e n t a t i o n  i n  which* c . ^ ^  i s  i n c i d e n t  t o  t h e , k - f a c e  
and ^ £ y ^ i+ 2 ^ i  bounds a  f a c e .  We c an  r e p e a t  t h i s  p r o c e s s  f o r  e v e r y  
v e r t e x  c .  n o t  i n c i d e n t  t o  t h e  k - f a c e  i n  R ' ,  and  a f t e r  a  s e q u e n c e
J
o f  a r c h  t r a n s f e r s  we o b t a i n  a  k - r e p r e s e n t a t i o n  R" i n  w h ic h  a l l  t h e  
v e r t i c e s  o f  C a r e  i n c i d e n t  t o  t h e  k - f a c e .  H ence , b y  Lemma 5 . 1 ,  t h e  
c i r c u i t  C bounds  t h e  k - f a c e  i n  R"; t h e r e f o r e  by  Lemma 5 . 2 ,  R" i s  
e q u i v a l e n t  t o  R, and t h e  th e o re m  i s  p r o v e d .  □
SECTION 5 .2  -  COLLAPSIBLE GRAPHS
I n  t h i s  s e c t i o n ,  u n l e s s  o t h e r w i s e  s t a t e d ,  G w i l l  b e  a  m axim al p l a n a r  
g ra p h  o f  o r d e r  a t  l e a s t  5 and w i t h  a t  l e a s t  one v e r t e x  o f  v a l e n c y  3 .  
L e t  V b e  a n  o r d i n a r y  v e r t e x  o f  G. Then G^ i s  p v - r e p r e s e n t a b l e . 
T h a t  p v - r e p r e s e n t a t i o n  o f  G^ h a v in g  t h e  n e ig h b o u r s  o f  v  i n c i d e n t  t o  
t h e  P v - f a c e  w i l l  be  d e n o te d  by  R ( v ) . By Lemma 5 . 1 ,  t h e  n e ig h b o u r s  
o f  V a p p e a r  on t h e  b o u n d a ry  o f  t h e  P v - f a c e  o f  R (v)  i n  a  u n iq u e  
c y c l i c  o r d e r .  Thus we c a n  l a b e l  t h e  s e t  o f  n e ig h b o u r s  o f  v  i n  a  
c y c l i c  o r d e r  a s  v ^ ,  v ^ , . . . ,  &i:id t h i s  l a b e l l i n g  i s  u n iq u e  up t o
c h o ic e  o f  i n i t i a l  v e r t e x  and o r i e n t a t i o n .  I n  t h i s  c h a p t e r ,  g i v e n  any  
o r d i n a r y  v e r t e x  v  o f  G, by  a  l a b e l l i n g  o f  t h e  s e t  o f  n e i g h b o u r s  o f  
V we s h a l l  mean such  a  c y c l i c  l a b e l l i n g .
Now a g a i n ,  f o r  an  o r d i n a r y  v e r t e x  v ,  c o n s i d e r  G^ and  R ( v ) . L e t  S 
be a  sp a n  i n  R ( v ) , h a v in g  p r im a r y  v e r t i c e s  v ^ ,  v ^ ^ ^ ,  v^^g  ^ Nv. We
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t h e n  s a y  t h a t  t h é ' span  S i s  i n c i d e n t  t o  v . We s h a l l  now d i s t i n g u i s h  
b e tw e e n  c e r t a i n  t y p e s  o f  s p a n .
L e t  S be  a maximal p l a n a r  g ra p h  h a v in g  t h e  v e r t i c e s  o f  a  b o u n d a ry  
c i r c u i t  o f  a  f a c e  l a b e l l e d  v^^, v ^ ^ ^ ,  ^ i+ 2*  ^  ^ maximal p l a n a r
g r a p h  h a v in g  an  o r d i n a r y  v e r t e x  v  i n c i d e n t  t o  a  s p a n  SCvvv^^^v^^^) 
i s o m o r p h ic  to  S (by an  i so m o rp h ism  w h ic h  p r e s e r v e s  l a b e l l i n g )  and l e t  
y  b e  t h e  r e p la c e m e n t  v e r t e x  o f  t h i s  s p a n .  The p v - r e p r e s e n t a t i o n  o f  
o b t a i n e d  from  R(v) by  r e p l a c i n g  v^^^  by  y on t h e  b o u n d a ry  o f  
t h e  p v - f a c e  i s  d e n o te d  by R ' ( v ) .  I f  f o r  a l l  such  G, R^ i s  
e q u i v a l e n t  t o  R ' ( v ) ,  we t h e n  s a y  t h a t  SC v^v^^^v^^g) i s  a  sy m m etr ic  
s p a n .  À sp a n  w hich  i s  n o t  sy m m etr ic  w i l l  be  c a l l e d  a s y m m e tr ic . T h u s ,  
f o r  e x a m p le ,  t h e  sp a n s  SCv^VgV^) i n  F i g u r e  5 .5  a r e  s y m m e tr ic .
V.3
( i ) ( i i )
F i g u r é  5 .5
H ow ever, t h e  sp a n  S(v^V 2 V2 ) o f  F i g u r e  5 .6  i s  a s y m m e tr ic ,  b e c a u s e  
a l t h o u g h  i n  F i g u r e  5 . 6 ( i )  t h e  i n t e r c h a n g e  o f  v^ and y  g i v e s  
e q u i v a l e n t  6 - r e p r e s e n t a t i o n s ,  t h i s  i s  n o t  so  i n  F i g u r e  5 . 6 ( i i ) .
I t  i s  e a s y  t o  s e e  t h a t  t h e  sp a n  i s  sy m m etr ic  i f  and
o n l y  i f  t h e r e  i s  an au tom orph ism  if; on  S ( c o n s i d e r e d  a s  an  u n l a b e l l e d  
g r a p h )  su ch  t h a t  ^v^^^  = y ,  t h e  r e p l a c e m e n t  v e r t e x ,  = v^  and
* * 1+2 =  * 1+2 -
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( i ) C i i )
■ F i g u r é  5 .6
We n o t e  t h a t  i f  G i s  c o l l a p s i b l e ,  t h e n  by Theorem 5 . 2 j any o r d i n a r y  
v e r t e x  o f  G m ust  b e  i n c i d e n t  to  a t  l e a s t  one a sy m m e tr ic  s p a n .  An 
exam ple o f  a  c o l l a p s i b l e  g ra p h  i s  g iv e n  i n  F i g u r e  5 . 7 .  We a l s o  n o t e  
t h a t  i f  a  sp a n  i s  a s y m m e tr ic ,  t h e n  i t  m ust  h a v e  a t  l e a s t  s i x  v e r t i c e s  
b e c a u s e  t h e  m axim al p l a n a r  g ra p h s  on f o u r  and f i v e  v e r t i c e s  a r e  
sy m m etr ic  s p a n s  no m a t t e r  w hich  f a c e  i s  l a b e l l e d .
We now h a v e  f o u r  r e s u l t s  a b o u t  s p a n s ,  t h e  f i r s t  two f o l l o w i n g  f ro m  t h e  
d e f i n i t i o n s .
Lemma 5 .5
L e t  G be  a m axim al p l a n a r  g r a p h ,  v  an  o r d i n a r y  v e r t e x  o f  G, and l e t
S ( v . v .  , v .  _) b e  a sp a n  i n c i d e n t  t o  v .  Then v v . v .  ,_v  and 
1 1+1 1+2 ^  1 1+1
v v \ ^ 2 V^+2 ^ a r e  b o u n d a ry  c i r c u i t s  o f  f a c e s  i n  G. □
The f o l l o w i n g  lemma i s  a  p a r t i a l  c o n v e r s e  o f  t h e  ab o v e .
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F ig u r e  5 . 7
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Lemma 5 .6
L e t  G b e  a  m axim al p l a n a r  g r a p h ,  v  an  o r d i n a r y  v e r t e x  o f  G, and x ,
y ,  z n e ig h b o u r s  o f  v  such  t h a t  vxyv and v z y v  a r e  b o u n d a ry  
c i r c u i t s  o f  f a c e s  i n  G. I f  xyzx  i s  a  s e p a r a t i n g  t r i a n g l e  f o r  G, 
t h e n  X, y and z a r e  t h e  p r im a ry  v e r t i c e s  o f  a  s p a n  i n c i d e n t  t o  v ,
w i t h  X and  z a s  p i v o t s . □
Lemma 5 .7
L e t  G b e  a  m aximal p l a n a r  g r a p h ,  l e t  v  b e  an  o r d i n a r y  v e r t e x  o f  G,
and l e t  a b c a  b e  a t r i a n g l e  o f  G, w i th  v  a d j a c e n t  t o  a ,  b ,  c .  I f
V i s  i n c i d e n t  t o  a  sp a n  c o n t a i n i n g  t r i a n g l e  a b c a ,  t h e n  t h i s  s p a n  m ust
h a v e  a ,  b and  c a s  p r im a r y  v e r t i c e s .
P r o o f
b e t  S = S (x y z )  be  t h e  sp a n  i n c i d e n t  t o  v  and c o n t a i n i n g  t r i a n g l e  
a b c a .  Then x ,  y ,  z a r e  t h e  o n ly  v e r t i c e s  o f  S a d j a c e n t  t o  v .  But
a ,  b ,  c a r e  t h r e e  v e r t i c e s  o f  S a d j a c e n t  t o  v ,  so  t h a t  t r i a n g l e
a b c a  i s  t r i a n g l e  xyzx  i n  some o r d e r .  □
Lemma 5 .8
L e t  G b e  a  m aximal p l a n a r  g r a p h ,  and l e t  S = '  S(w^w^w^) . b e  a  s p a n  
i n c i d e n t  t o  an  o r d i n a r y  v e r t e x  w, w i t h  y  a s  r e p l a c e m e n t  v e r t e x .  I f  
S i s  s y m m e tr ic ,  t h e n  pw^ = 1 + Py.
P r o o f
As we s a i d  a b o v e ,  s i n c e  S i s  s y m m e tr ic ,  t h e n  t h e r e  i s  an  iso m o rp h is m
on S ( c o n s i d e r e d  a s  an  u n l a b e l l e d  g ra p h )  w h ich  maps w^ o n t o  y .
T h e r e f o r e  p^w^ = Pgy, and h e n c e  i n  G, pw^ = 1 + p y .  □
B e f o r e  p r o c e e d in g  we r e q u i r e  t h e  f o l l o w i n g  d e f i n i t i o n .  L e t  K b e  a
m axim al p l a n a r  g r a p h ,  |v k | > 4 ,  and l e t  a b c a  b e  a  f a c e  o f  K. L e t  
K h a v e  t h e  p r o p e r t y  t h a t  f o r  any o r d i n a r y  v e r t e x  v  e VK -  { a , b , c } .
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e i t h e r  ( i )  v  i s  i n c i d e n t  t o  a  s p a n  c o n t a i n i n g  t r i a n g l e  a b c a ,
o r  ( i i )  V i s  a d j a c e n t  t o  a ,  b and c ,  and two o f  v a b v ,  v a c v ,
vcbv  a r e  b o u n d a ry  c i r c u i t s  o f  f a c e s .
Then we say  t h a t  K e n v e lo p e s  t r i a n g l e  a b c a .
Lemma 5 .9
L e t  abca  be  a f a c e  o f  a  m axim al p l a n a r  g ra p h  K, and l e t  K e n v e lo p e  
t r i a n g l e  a b c a .  Then t h e r e  e x i s t s  an  o r d i n a r y  v e r t e x  i n  K a d j a c e n t  
t o  a ,  b and c .
P r o o f
We assum e t h a t  t h e r e  i s  no v e r t e x  i n  K a d j a c e n t  t o  a ,  b and  c .
Now, s i n c e  t h e  o r d e r  o f  K i s  g r e a t e r  t h a n  4 ,  t h e n  t h e r e  e x i s t s  a t
l e a s t  one  o r d i n a r y  v e r t e x  i n  VK -  { a , b , c } ,  and e v e ry  such  v e r t e x  m ust 
b e  i n c i d e n t  t o  a  s p a n  c o n t a i n i n g  t r i a n g l e  a b c a .  Among a l l  su c h  s p a n s ,  
l e t  S = S(w^w^Wg), i n c i d e n t  t o  t h e  o r d i n a r y  v e r t e x  w, b e  m in im a l ,  
i n  t h e  s e n s e  t h a t  no o t h e r  s p a n  c o n t a i n i n g  a b c a  can  h a v e  l e s s  v e r t i c e s  
t h a n  S . From Lemma 5 . 5 ,  i t  f o l l o w s  t h a t  ww^^w^w and ww^w^w a r e  
b o u n d a ry  c i r c u i t s  o f  f a c e s  ( s e e  F i g u r e  5 . 8 )
F i g u r é  5 .8
We d e f i n e  (w ,w ^,w ^)^^  a s  t h a t  com ponent o f  K -  {w,w^,Wg} w h ich  
c o n t a i n s  w^, w h e re as  (w ,w ^*^3^ou t  d e f i n e d  as  t h e  o t h e r  com ponent 
o f  K -  {w,w^,Wg}. S i m i l a r l y  we d e f i n e  (w ^ ,w ^ ,w ^)^^^  as  t h a t  
component o f  K -  {w^jW^jW^} c o n t a i n i n g  w, w h e re as  ^ ^ i ' ^ 2 ' ^ 3 ^ i n  
t h e  o t h e r  component o f  K -  {w^,W2 ,Wg}. Thus i t  f o l l o w s  t h a t
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t r i a n g l e  a b c a  c (^ ]^ * ^ 2 '^ 3 ^ in  ^ '* 3 ^ i n '
Now, a t  l e a s t  one  o f  w^, w^ o r  w^ m ust b e  d i f f e r e n t  from  a ,  b and 
c .  We t h u s  c o n s i d e r  t h r e e  c a s e s .
Case  1 w^ i  { a , b , c }
We f i r s t  n o t e  t h a t  s i n c e  w^ i s  a  p r im a ry  v e r t e x  o f  a  s p a n ,  t h e n  w^ 
i s  an  o r d i n a r y  v e r t e x .  B ut we a r e  a ssu m in g  t h a t  no v e r t e x  o f  K i s  
a d j a c e n t  t o  a ,  b and  c .  Thus t h e  f a c t  t h a t  K e n v e lo p e s  t r i a n g l e  
a b c a  i m p l i e s  t h a t  w^ i s  i n c i d e n t  t o  a  s p a n  c o n t a i n i n g  a b c a .  L e t
X, y ,  z be  t h e  p r im a ry  v e r t i c e s  o f  t h i s  s p a n .
F i r s t  we n o t e  t h a t  n one  o f  x ,  y  o r  z c an  b e  i n  (w,w^ * ^ 3 ^ o u t '
K i s  p l a n a r .  A l s o ,  { x ,y , z }  c a n n o t  b e  {w,w^,Wg}, b e c a u s e  t h e  sp a n
i n c i d e n t  t o  w^ w i t h  w, w^ and w^ a s  p r im a ry  v e r t i c e s  i s  
(w ,w ^ ,W g)^^^ , w h ich  does  n o t  c o n t a i n  t r i a n g l e  a b c a .
T h u s ,  none  o f  x ,  y ,  z c an  be  w, b e c a u s e  i f  x ,  s a y ,  i s  w, t h e n  one 
o f  y  o r  z ,  s a y  y , i s  i n  (w^/Wg/Wg)^^, and  t h e r e f o r e  w i s  a d j a c e n t  
t o  y ,  m ak ing  K n o n p l a n a r .  Thus we h a v e  t h a t  t r i a n g l e  x yzx  i s  a
s u b g ra p h  o f  ( ^ i ) ^ 2 * ^ 3 ^ i n "
Now, d e f i n e  ( x , y , z ) ^ ^  t o  b e  t h a t  component o f  K -  { x , y , z }  n o t  
c o n t a i n i n g  w^, and ( x , y , z ) ^ ^ ^  as  t h a t  com ponent o f  K -  { x , y , z }  
c o n t a i n i n g  w^. Thus t h a  sp a n  i n c i d e n t  t o  w^ w i t h  x ,  y and  z as
p r im a r y  v e r t i c e s  i s  e i t h e r  ( x , y , z ) .  o r  ( x , y , z ) ^  .*  b u t  t h e  .
m i n i m a l i t y  o f  S(w^w^Wg) i m p l i e s  t h a t  i t  c a n n o t  b e  ( x , y , z ) ^ ^ .  Thus 
( x , y , z )  ^ i s  a  sp a n  i n c i d e n t  t o  w^ and w h ich  c o n t a i n s  w^, a 
c o n t r a d i c t i o n .
C ase  2 w^  ^ { a , b , c }
T h is  i s  s i m i l a r  t o  Case 3 be lo w .
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C ase  3 . i  . { a ,b , c >  .
A g a in  i s  o r d i n a r y ,  and h e n c e  i s  i n c i d e n t  t o  a  sp a n  c o n t a i n i n g
t r i a n g l e  a b c a ,  and a g a i n  we l e t  x ,  y ,  z be t h e  p r im a ry  v e r t i c e s  o f  
t h i s  s p a n .  We c a n n o t  h a v e  t h a t  xy zx  i s  ww^w^w i n  any  o r d e r ,  s i n c e  
t h e  l a t t e r  i s  a  b o u n d a ry  c i r c u i t  o f  a  f a c e .  Thus e i t h e r  t r i a n g l e
xyzx  i s  a  s u b g ra p h  o f  ( w , w ^ , o r  e l s e  i t  i s  a  su b g ra p h  o f
Case 3 .1  T r i a n g l e  x yzx  ^ . (w,w^
L e t  ( x , y , z ) ^ ^  b e  t h a t  com ponent o f  K -  { x ,y , z }  n o t  c o n t a i n i n g  w^, 
and l e t  ( x , y , z ) ^ ^ ^  b e  t h e  o t h e r  com ponent. Thus a b c a  c  ( x , y , z ) ^ ^ ^ .  
T h e r e f o r e  t h e  span  i n c i d e n t  t o  w^ w i t h  x ,  y ,  z a s  p r im a ry  v e r t i c e s
m ust be  ( x , y , z ) ^ ^ ^ .  However t h i s  i s  i m p o s s ib l e  s i n c e  ( x , y , z ) ^ ^ ^
c o n t a i n s  w . .
1
Case 3 .2  . T r i a n g l e ,  x y z x  ç  ( ^ i / * 2 » ^ 3 ^ ô u t
We d e f i n e  ( x , y , z ) ^ ^  a s  t h a t  component o f  K -  { x ,y , z }  n o t  c o n t a i n i n g  
w^ w h i l e  ( x , y , z ) ^ ^ ^  i s  t h e  o t h e r  com ponent. The m i n i m a l i t y  o f  
S(w^w^Wg) im p l ie s  t h a t  t h e  s p a n  i n c i d e n t  t o  w^ w i t h  x ,  y ,  z a s
p r im a ry  v e r t i c e s  i s  ( x , y , z ) ^ ^ ^ .  However t h i s  i s  i m p o s s i b l e ,  s i n c e
( x , y , z ) ^ ^ ^  c o n t a i n s  w ^ .
We h av e  th u s  o b t a i n e d  a  c o n t r a d i c t i o n  i n  e v e ry  p o s s i b l e  c a s e .  Thus 
t h e r e  e x i s t s  a  v e r t e x  v  a d j a c e n t  t o  a ,  b and c i n  K. H ow ever, 
s i n c e  t h e  o r d e r  o f  K e x c e e d s  4 ,  and s i n c e  abca  i s  a  b o u n d a ry  
c i r c u i t  o f  a f a c e ,  i t  t h e n  f o l lo w s  t h a t  v  i s  an  o r d i n a r y  v e r t e x .  0
Lemma 5 .1 0
L e t  G b e  a maximal p l a n a r  g r a p h ,  and l e t  H b e  a m axim al p l a n a r  
su b g ra p h  o f  G such  t h a t  <C(G,H)> i s  t h e  3 - c i r c u i t  v a b a .  L e t  t h e r e  
be  a  v e r t e x  c i n  H su c h  t h a t  v c a v  and vcbv  a r e  f a c e s  i n  H.
L e t  w be  an o r d i n a r y  v e r t e x  i n  G, w e VG -  VH, and l e t
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S = S(w,w«w„) b e  a sp a n  i n c i d e n t  t o  w and c o n t a i n i n g  t r i a n g l e  
1 2  3
a b c a .  Then S c o n t a i n s  t r i a n g l e  v a b v .
P r o o f
We can  r e p r e s e n t  
bound a  f a c e .
H a s  i n  F i g u r e  5 .9', w here  a b c a  may o r  may n o t
V
F i g u r e  5 .9
L e t  T -  w,w_w„w_ . We d e f i n e  T ^ a s  t h a t  com ponent o f  G -  VT1 2  3 1 o u t
w h ic h  c o n t a i n s  w, T^^ b e in g  t h e  o t h e r  com ponen t .  T h e r e f o r e  S = T \ ^ ,
s i n c e  S c a n n o t  c o n t a i n  w. Now, c c a n n o t  b e  a  v e r t e x  o f  T, s i n c e
w i s  a d j a c e n t  t o  t h e  t h r e e  v e r t i c e s  o f  T b u t  n o t  t o  c .  But
a b c a  i s  i n  S, so t h a t  c i s  i n  T. .i n
We assum e t h a t  S does h o t  c o n t a i n  v a b v ,  so  t h a t  v  i s  i n  To u t
B u t  b o t h  T. and T  ^ a r e  m aximal p l a n a r  g r a p h s ,  and  h e n c e  'i n  o u t  ^ o r »
3 - c o n n e c t e d .  T h e r e f o r e  t h e  g ra p h  i n  F i g u r e  5 . 1 0 ,  a  s u b d i v i s i o n  o f  K^, 
i s  a  s u b g ra p h  o f  G, a  c o n t r a d i c t i o n .
V
F i g u r é  5 .1 0  
Thus S m ust  c o n t a i n  t r i a n g l e  v a b v .  □
B e f o r e  we c a n  s t a t e  t h e  p r i n c i p a l  th eo rem s  o f  t h i s  s e c t i o n ,  we r e q u i r e  
t h e  d e f i n i t i o n  o f  a s p e c i a l  t y p e  o f  m axim al p l a n a r  g r a p h ,  and  some
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r e l a t e d  r e s u l t s .
L e t  G be  a  m axim al p l a n a r  g ra p h  o f  o r d e r  V and f o r  w h ich  t h e r e  
e x i s t s  a  s e q u en c e  o f  n e s t e d  su b g ra p h s  G^, s a t i s f y i n g  t h e
f o l l o w i n g  c o n d i t i o n s :
( i )  G = G^ and  G ^ ^  = K^;
( i i )  e a c h  G^ ( i  = l , 2 , . . . , V - 5 )  h a s  e x a c t l y  two v e r t i c e s  o f  v a l e n c y  3 ;
( i i i )  G^^^ i s  o b t a i n e d  from  G^ by  d e l e t i n g  a v e r t e x  o f  v a l e n c y  3 .
We s h a l l  c a l l  such  a  g ra p h  a  s t i t c h i n g  g r a p h .
Any m axim al p l a n a r  g ra p h  i n  no rm a l fo rm  ( a s  d e f i n e d  i n  [ 0 1 ,  p . 91) i s  
a  s t i t c h i n g  g r a p h .  A n o th e r  exam ple  o f  a  s t i t c h i n g  g ra p h  i s  g i v e n  b y  
t h e  g ra p h  o f  F i g u r e  5 .1 1 .
S t i t c h i n g  se q u e n c e  from  u:
( 2 , 2 , 1 , 3 )
S t i t c h i n g  s e q u en c e  from  v :  
( 1 , 1 , 2 , 4 )
F i g u r é  5 .1 1
The p r o c e s s  ( d e s c r i b e d  i n  t h e  above  d e f i n i t i o n )  o f  r e d u c i n g  a 
s t i t c h i n g  g ra p h  G, w i th  two v e r t i c e s  u and v  o f  v a l e n c y  3 ,  t o  a  
t r i a n g l e ,  b u t  c a r r i e d  o u t  su c h  t h a t  we f i r s t  d e l e t e  t h e  v e r t e x  u ,  and 
t h e n ,  a t  e a c h  s u b s e q u e n t  s t e p  we d e l e t e  t h e  new v e r t e x  o f  v a l e n c y  3 
c r e a t e d  by t h e  d e l e t i o n  o f ' t h e  p r e v i o u s  3 - v e r t e x  w i l l  b e  c a l l e d  t h e  
u n s t i t c h i n g  Of G from  u t o  v .  The u n s t i t c h i n g  from  v  to  u  i s
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s i m i l a r l y  d e f i n e d .  N o te  t h a t  i n  t h e  u n s t i t c h i n g  o f  G, from  u s a y ,  
we o b t a i n  im m e d ia te ly  b e f o r e  t h e  d e l e t i o n  o f  t h e  l a s t  v e r t e x .  At
t h a t  s t a g e  we c a n  d e l e t e  any  v e r t e x  d i f f e r e n t  f rom  v  t o  a r r i v e  a t  t h e  
f i n a l  t r i a n g l e .
L e t  u s  assum e t h a t  a t  a  s t a g e  i n  t h e  u n s t i t c h i n g  o f  G, x  i s  t h e  n e x t  
v e r t e x  t o  be  d e l e t e d ,  and y  t h e  new 3 - v e r t e x  c r e a t e d  by  t h e  d e l e t i o n  
o f  X .  L e t  a  and b b e  t h e  n e ig h b o u r s  o f  x ,  a p a r t  f rom  y ,  when
X  i s  t o  be  d e l e t e d .  Then a and b w i l l  b e  c a l l e d  t h e  e x t r a  n e i g h b ­
o u r s  o f  X .  I f  y i n  i t s  t u r n  h a s  t h e  same e x t r a  n e ig h b o u r s  a s  x ,  
we t h e n  s a y  t h a t  x  and y  a r e  i n  t h e  same ro w . S in c e  t h e  d e l e t i o n  
o f  t h e  l a s t  v e r t e x  r e s u l t s  i n  a  t r i a n g l e ,  and  s i n c e  we h a v e  a c h o ic e  o f  
t h r e e  v e r t i c e s  t o  d e l e t e  a t  t h e  l a s t  s t e p ,  we s h a l l  a lw ay s  c o n s i d e r  t h e  
u n s t i t c h i n g  t o  b e  c a r r i e d  o u t  i n  su c h  a way t h a t  t h e  l a s t  t h r e e  v e r t i c e s  
w h ich  a r e  d e l e t e d  a r e  i n  t h e  same row. Thus i f  we d e f i n e  t h e  l e n g t h  o f  
a  row t o  be  t h e  number o f  v e r t i c e s  i n  t h e  row , we t h e n  h a v e  t h a t  t h e
l a s t  row i n  t h e  u n s t i t c h i n g  o f  G i s  a lw a y s  o f  l e n g t h  g r e a t e r  t h a n  2 .
The s t i t c h i n g  se q u e n c e  o f  G from  u  t o  v  i s  d e f i n e d  as  t h e
s e q u e n c e  o f  l e n g t h s  o f  t h e  rows i n  t h e  o r d e r  i n  w h ic h  t h e y  o c c u r  i n  t h e
u n s t i t c h i n g  from  u .  The s t i t c h i n g  s e q u e n c e  from  v  t o  u i s
s i m i l a r l y  d e f i n e d .  Thus t h e  s t i t c h i n g  s e q u e n c e  from  u  t o  v  f o r  t h e
g ra p h  i n  F i g u r e  5 .1 1  i s  ( 2 , 2 , 1 , 3 )  w h i l e  t h e  s e q u e n c e  from  v  to  
u  i s  ( 1 , 1 , 2 , 4 ) .
I n  P r o p o s i t i o n s  5 .1  t o  5 . 4  we l i s t  some p r o p e r t i e s  o f  s t i t c h i n g  
s e q u e n c e s .  The two v e r t i c e s  o f  v a l e n c y  3 i n  G w i l l  be  u and v ,  
and t h e  s t i t c h i n g  s e q u e n c e s  o f  G from  u  t o  v  and  from  v  t o  u 
w i l l  b e  r e s p e c t i v e l y   ^ and  ( b ^ , b 2 » . . . , b  ) .
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P r o p o s i t i o n  5 .1 a .  = b .  =1 X . X
and ^ 3 ,  except when V < 6.
V -  3 , w here  v = vG. A ls o ,  a  > 3
P
I f  V < 6 ,  t h e n  G i s  i n  n o rm a l  form
and t h e r e f o r e  h a s  o n l y  one  row .
P r o p o s i t i o n  5 . 2  I f  G h a s  more t h a n  one row , t h e n  b_ = a -  2
1 D
and a ,  = b -  2 .
1 q
P r o o f
S in c e  G h a s  m ore t h a n  one row th e n  G m ust h a v e  m ore t h a n  f i v e
v e r t i c e s ,  s o  t h a t  a^  > 3 ,  Thus i n  t h e  u n s t i t c h i n g  o f  G from  u ,
we h a v e  t h a t  t h e  l a s t  row i s  as  i n  F i g u r e  5 .1 2 ,  w h e re  r  = a  .
P
V
F i g u r é  5 .1 2
T h e r e f o r e  ( r e f e r r i n g  t o  F i g u r e  5 .1 2 )  t h e  v e r t e x  w , w h ic h  was rem oved 
b e f o r e  s^  was e i t h e r  i n  t h e  i n t e r i o r  o f  t r i a n g l e  a s ^ s ^ a  o r  e l s e  i n  
t h e  i n t e r i o r  o f  t r i a n g l e  b s ^ s ^ b ,  s i n c e  we a r e  a s su m in g  t h a t  G h a s  
more t h a n  one  row . We can  w i t h  no l o s s  o f  g e n e r a l i t y  assum e t h a t  w 
i s  i n  t h e  i n t e r i o r  o f  t r i a n g l e  b s ^ s ^ b ,  so  t h a t  t h e  r e s t  o f  G (w h ich  
i s  n o t  shown i n  F i g u r e  5 .1 2 )  i s  a l s o  i n  t h e  i n t e r i o r  o f  b s ^ s ^ b .
Now l e t  u s  c o n s i d e r  t h e  u n s t i t c h i n g  o f  G from  v .  Then t h e  o n l y
v e r t i c e s  i n  t h e  f i r s t  row a r e  v ,  s , s _ , . . . , s . ,  so  t h a t  b ,  = a -  2r  r - 1  4 I p
S i m i l a r l y  we can  show t h a t  a .  = b -  2 .  □1 q
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P r o p o s i t i o n - 5 ;3 p = q .
P r o o f
We s h a l l  p r o v e  t h i s  by  i n d u c t i o n  on  t h e  num ber o f  v e r t i c e s  o f  G. But 
to w a rd s  t h i s  end we f i r s t  h a v e  t o  c o n s i d e r  w h a t  h a p p e n s  t o  t h e  s t i t c h i n g  
s e q u e n c e s  o f  G when one o f  t h e  v e r t i c e s  u o r  v  i s  d e l e t e d  from  
G. L e t  u s  assum e t h a t  u  i s  d e l e t e d .  We now h a v e  t o  f i n d  th e  
s t i t c h i n g  s e q u e n c e s  f o r  G^. L e t  w b e  t h e  new 3 - v e r t e x .
C ase  1 a^ = 1
Then t h e  s t i t c h i n g  se q u e n c e  from  w f o r  G^ i s  ( a ^ * * * *
now h a v e  to  f i n d  t h e  se q u e n c e  f o r  G^ s t a r t i n g  from  v .
S i n c e  a^ = 1 ,  t h e n  b^  = 3 .  T h e r e f o r e  b e f o r e  we d e l e t e  u ,  t h e  f i n a l
row i n  t h e  u n s t i t c h i n g  o f  G from  v  i s  a s  i n  F i g u r e  5 .1 3 ,  w here  x
i s  t h e  n e x t  v e r t e x  t o  b e  d e l e t e d .
u u
F i g u r é '5 .1 3 F i g u r é  : 5 i l 4
S in c e  t h e  l a s t  row had  l e n g t h  3 ,  t h e n  t h e  v e r t e x  z w h ich  was d e l e t e d  
b e f o r e  x  m ust  h a v e  b een  i n  t h e  i n t e r i o r  o f  bxyb o r  e l s e  i n  t h e  
i n t e r i o r  o f  axya  ( r e f e r r i n g  to  F i g u r e  5 . 1 3 ) .  We can  assum e w i t h  no 
l o s s  o f  g e n e r a l i t y  t h a t  z was i n  I n t ( b x y b ) ,  so  t h a t ,  b e f o r e  d e l e t i n g  
z ,  we h a d  t h e  g ra p h  shown i n  F i g u r e  5 . 1 4 .
T h e r e f o r e  i n  t h e  f i n a l  s t a g e s  o f  t h e  u n s t i t c h i n g  o f  G^ from  v  to  
w we h a v e  F i g u r e  5 .1 4  w i t h  u d e l e t e d ,  and  we s e e  t h a t  x  and a 
a r e  now i n  t h e  same row a s  z .  I t  f o l l o w s  t h a t  t h e  s t i t c h i n g  s e q u e n c e
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o f  G from  v  to  w i s  (b  ,b  2 ) ,u  1 /  H -J-
Case 2 . > 1
Thus when u  i s  d e l e t e d ,  t h e  s t i t c h i n g  se q u e n c e  i n  s t a r t i n g  from
w i s  (a ^  -  I j a ^ j . . .  , a ^ )  . We now c o n s i d e r  t h e  u n s t i t c h i n g  o f  G from
V t o  u .  S i n c e  a^ > 2 , t h e n  b ^  > 4 .  T h e r e f o r e  i n  t h e  u n s t i t c h i n g
o f  G from  v  t o  u ,  we h a v e  t h a t  t h e  l a s t  row i s  a s  shown i n
F i g u r e  5 . 1 5 ,  w h e re  t h e  f i n a l  row h a s  l e n g t h  g r e a t e r  t h a n  3 .
u u
F i g u r é  5 .1 5 F i g u r é '5 .1 6
A g a in ,  i f  z w e re  t h e  v e r t e x  d e l e t e d  b e f o r e  x ,  t h e n  we c an  assum e t h a t
z i s  i n  t h e  i n t e r i o r  o f  t r i a n g l e  bxyb ( r e f e r r i n g  t o  F i g u r e  5 . 1 5 ) .
T h e r e f o r e  i n  t h e  l a s t  s t a g e s  o f  t h e  u n s t i t c h i n g  o f  G^ from  v  t o
w we h a v e  F i g u r e  5 .1 6  w i t h  t h e  v e r t e x  u  d e l e t e d .  Hence t h e
v e r t i c e s  x , y , . . . , w  a r e  s t i l l  i n  a  row d i f f e r e n t  from  t h a t  o f  z .  Thus
t h e  s t i t c h i n g  s e q u e n c e  from  v  to  w i n  G i s  ( b _ ,b  , . . . , b  -  1 ) .u i  z q
We can  now p r o v e  t h a t  p = q .  T h is  i s  e a s i l y  v e r i f i e d  when V, t h e
o r d e r  o f  G i s  4 o r  5 .  We t h e r e f o r e  assum e t h a t  th e .  r e s u l t  i s  t r u e
f o r  a l l  g r a p h s  w i t h  l e s s  t h a n  V v e r t i c e s ,  and c o n s i d e r  G^. Then
when a .  = 1  ( t h a t  i s , ,  as  i n  Case 1 a b o v e ) ,  t h e  s t i t c h i n g  s e q u e n c e s  i n  
1
G^ a r e  ( a ^ a n d  ‘ * * ^ q - l  ^ * T h e r e f o r e '
p -  1 = q -  1 , by t h e  i n d u c t i o n  h y p o t h e s i s ,  and h e n c e  p = q .  When 
a^ ^ 2 ( t h a t  i s ,  a s  i n  Case 2 a b o v e ) ,  t h e  s t i t c h i n g  s e q u e n c e s  i n  
G a r e  ( a^ ” 1 ,  ag * * » * ? a ^ )  and (h j^ ,b 2 j . . » } b ^  1 ) * so  t h a t
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a g a i n  we o b t a i n  t h a t  p = q .  □
P r o p o s i t i o n  5 .4  I f  i  e { 0 , 1 , 2 , . . . , p - 3 } ,  t h e n  a^^g  “ ^ p - l - i *
P r o o f
We d e l e t e  u from  G, thus c r e a t i n g  a  new v e r t e x  w^ o f  v a l e n c y  3 .
I f  a^ ^ 2 ,  t h e n  we o b t a i n  ( a ^  -  l , a 2 » . . . , a ^ )  as  t h e  s t i t c h i n g
s e q u e n c e  i n  G from  w_ t o  v ,  and  ( a  -  2 , b _ , . . . , b  _ ,a_  + 1) asu 1 p 2 p - i  i
t h e  s e q u e n c e  from  v  to  w^.
We t h e n  d e l e t e  w^, o b t a i n i n g  w^ as  t h e  new 3 - v e r t e x .  I f  a^  -  1 ^  2 ,
t h e n  we g e t  t h e  s t i t c h i n g  s e q u e n c e s  (a^  -  2 , a 2 , . . . , a ^ )  from  W2 , and
( a ^  -  2 , b 2 , . . . , b p _ ^ , a ^ )  from  v .
We r e p e a t  t h i s  p r o c e s s  u n t i l  a^  -  j  = 1 ,  when we h a v e  t h e  s e q u e n c e s
( l , a 2 , . . . , a ^ )  from  w ^, and  ( a ^  -  2 , b 2 , . . . , b ^ _ ^ ,3 )  from  v .  I f  we
d e l e t e  w . , we t h e n  o b t a i n  t h e  s t i t c h i n g  s e q u e n c e s  ( a _ , a _ , . . . , a  ) and j  2  o p
( a ^  -  2 , b 2 , . . . , h p _ ^  + 2 ) .  T h e r e f o r e  by  P r o p o s i t i o n  5 . 2 ,  we d ed u ce  t h a t  
bp  ^ + 2 = a^ + 2 ,  so t h a t  b^  ^ = a 2 . S i m i l a r l y ,  by  c o n t i n u i n g  t h e
above p r o c e s s ,  we o b t a i n  t h a t  ^ £ + 2  ~ ^ p - l - i *  ^  ~ 0 , l , . . . , p - 3 .  □
The g ra p h  i n  F i g u r e  5 .1 1  i l l u s t r a t e s  P r o p o s i t i o n s  5 .1  t o  5 . 4 .
We c a n  now p ro v e  th e  p r i n c i p a l  r e s u l t s  o f  t h i s  s e c t i o n .
Theorem 5 .3
L e t  K b e  a  maximal p l a n a r  g r a p h  and l e t  a b c a  be  a b o u n d a ry  c i r c u i t  
o f  a  f a c e  o f  K. I f  K e n v e lo p e s  t r i a n g l e  a b c a ,  t h e n  K i s  a  
s t i t c h i n g  g r a p h ,  and one  o f  a ,  b o r  c h a s  v a le n c y  3 i n  K.
P r o o f
By Lemma 5 .9  t h e r e  e x i s t s  a n  o r d i n a r y  v e r t e x  v^ i n  K a d j a c e n t  t o
a ,  b and  c ,  and  s i n c e  K e n v e lo p e s  a b c a ,  t h e n  two o f  a b v ^ a ,  a c v ^ a ,
bcv^b  a r e  b o u n d a ry  c i r c u i t s  o f  f a c e s .  We can  assum e w i t h  no l o s s  o f  
g e n e r a l i t y  t h a t  a c v ^ a  and b c v ^ b  a r e  f a c e s ,  so  t h a t  c i s  a  3 - v e r t e x
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i n  K, p r o v in g  one  p a r t  o f  t h e  th e o re m .
Now, i f  t h e r e  e x i s t s  no o r d i n a r y  v e r t e x  o f  K i n  VK -  { a , b , c , v ^ } ,
t h e n  t h e r e  i s  j u s t  one  more v e r t e x  o f  K, a d j a c e n t  t o  v ^ ,  a  and  b ,  
so t h a t  K w ould  b e  a  s t i t c h i n g  g r a p h . We may t h e r e f o r e  assum e t h a t  
t h e r e  e x i s t s  a t  l e a s t  one o r d i n a r y  v e r t e x  o f  K i n  VK -  { a , b , c , v ^ } .
B ut K e n v e lo p e s  t r i a n g l e  a b c a ,  so  t h a t  any  su c h  o r d i n a r y  v e r t e x  m ust  
be  i n c i d e n t  i n  K t o  a  span  c o n t a i n i n g  a b c a .  By Lemma 5 . 1 0 ,  any 
such  s p a n  m u st  c o n t a i n  t r i a n g l e  a b v ^ a .  T h e r e f o r e  t h e  g ra p h  K -  c 
e n v e lo p e s  t r i a n g l e  a b v ^ a .  Thus by t h e  a b o v e ,  t h e r e  e x i s t s  a  v e r t e x  
z e { v ^ , a , b }  w h ich  h a s  v a le n c y  3 i n  K -  c .
We c a n  now a p p ly  i n d u c t i o n  on th e  num ber V o f  v e r t i c e s  o f  K. We 
f i r s t  n o t e  t h a t  t h e  th eo re m  i s  c e r t a i n l y  t r u e  f o r  V = 5 ,  s i n c e  t h e  
o n ly  m axim al p l a n a r  g rap h  on  5 v e r t i c e s  i s  a  s t i t c h i n g  g r a p h .  Thus 
we assum e t h a t  t h e  th eo rem  i s  t r u e  f o r  any  g ra p h  w i t h  l e s s  t h a n  v 
v e r t i c e s ,  so  t h a t  K -  c i s  a  s t i t c h i n g  g r a p h .  B u t  z i s  a  3 - v e r t e x  
i n  K -  c ,  and  h e n c e  t h e r e  e x i s t s  a n o t h e r  v e r t e x  w o f  v a l e n c y  3 i n  
K -  c ,  and  w /  { v ^ , a , b } .  But K i s  o b t a i n e d  f rom  K -  c by  a d d in g  
t h e  3 - v e r t e x  c ,  and j o i n i n g  i t  t o  v ^ ,  a  and  b .  T h e r e f o r e  K i s  a  
s t i t c h i n g  g ra p h  w i t h  c and w a s  t h e  two v e r t i c e s  o f  v a l e n c y  3 .  □
Lemma 5 .1 1
L e t  G b e  a  c o l l a p s i b l e  g ra p h  and l e t  S = SCw^w^w^) be  an  a sy m m e tr ic
s p a n  i n c i d e n t  t o  an  o r d i n a r y  v e r t e x  w i n  G. I f  S h a s  m in im a l
o r d e r  among a l l  a sy m m etr ic  sp a n s  i n  G, t h e n  S m u s t  s a t i s f y  t h e s e  
t h r e e  c o n d i t i o n s :
( i )  I f  u i s  an  o r d i n a r y  v e r t e x  i n  S ,  d i f f e r e n t  from  w ^ , w^, w^,
and  S '  i s  an  a sy m m e tr ic  sp a n  i n c i d e n t  t o  u i n  S ,  t h e n  S ' 
m u st  c o n t a i n  t r i a n g l e  *
( i i )  S e n v e lo p e s  t r i a n g l e  w^^w^w^Wj ;^
( i i i )  i f  f o r  any j  = 1 ,  2 o r  3 ,  i s  o r d i n a r y  i n  S ,  t h e n  w^
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c a n n o t  be  i n c i d e n t  t o  an  a sym m etr ic  s p a n  i n  S.
P r o o f
To p ro v e  ( i )  we f i r s t  n o t e  t h a t  | V S ' | <  | v s | ,  so  t h a t  t h e  m i n i m a l i t y  
o f  S i m p l i e s  t h a t  S* c a n n o t  b e  i n c i d e n t  to  u i n  G. Thus i f  S 
S* = S ' ( p q r ) ;  t h i s  c a n  a r i s e  e i t h e r  i f  a  f a c e  o f  S* i s  no  l o n g e r  a  
f a c e  i n  G, o r  i f  one  o f  t h e  t r i a n g l e s  upqu , u rq u  no l o n g e r  bounds  a 
f a c e  i n  G. How ever, t h e  o n l y  t r i a n g l e  w hich  bounds a f a c e  i n  S b u t  
n o t  i n  G i s  ' T h e r e f o r e  t h e  se co n d  o f  t h e  above  a l t e r n a t i v e s
i s  i m p o s s i b l e ,  b e c a u s e  s i n c e  u i s  d i f f e r e n t  from  w^, w^, t h e n
b o th  t r i a n g l e s  up q u ,  u r q u  r e m a in  b o u n d a ry  c i r c u i t s  o f  f a c e s  i n  G.
Thus we m ust  h a v e  t h a t  a  f a c e  o f  S '  i s  no l o n g e r  a  f a c e  i n  G. Hence
S '  m u s t  c o n t a i n  t r i a n g l e  w^w^w^w^. T h is  p ro v e s  ( i ) .
Now, l e t  t  b e  an  o r d i n a r y  v e r t e x  o f  S d i f f e r e n t  from  w ^, w^» w^.
I f  t  i s  i n c i d e n t  t o  an a s y m m e tr ic  sp a n  i n  S ,  t h e n  by  ( i ) , t  i s
i n c i d e n t  t o  a  sp a n  i n  S w h ic h  c o n t a i n s  w^w^w^w^. Thus t o  p r o v e  ( i i )
we c an  assum e t h a t  i n  S , t  i s  i n c i d e n t  t o  no a s y m m e tr ic  s p a n .
How ever, G i s  c o l l a p s i b l e ,  so  t h a t  i n  G, t  m ust b e  i n c i d e n t  t o  an
a sy m m e tr ic  s p a n .  We assum e t h a t  no sp a n  i n c i d e n t  t o  t  i n  S c o n t a i n s
t r i a n g l e  w^^w^w^w^ .^ Thus any  su c h  sp a n  re m a in s  t h e  same i n  S and  i n
G. Hence i n  G, t  m u st  b e  i n c i d e n t  t o  a sp a n  to  w h ich  i t  i s  n o t
i n c i d e n t  i n  S , and  t h i s  c a n n o t  a r i s e  by t h e  c r e a t i o n  o f  new n e ig h b o u r s  
o f  t ,  s i n c e  t  {w^,W2 *w^}. T h e r e f o r e  t h e r e  e x i s t  v e r t i c e s  x ,  y , z 
n e ig h b o u r s  o f  t ,  w h ic h  a r e  p r im a r y  v e r t i c e s  o f  a  s p a n  i n c i d e n t  t o  t  
i n  G b u t  n o t  i n  S . H ence  by  Lemmas 5 .5  and  5 . '6 ,  x y z x  i s  a
s e p a r a t i n g  t r i a n g l e  i n  G b u t  n o t  i n  S. I t  f o l l o w s  t h a t  t r i a n g l e
xyzx  i s  ^2.^2^3^1 some o r d e r ,  so  t h a t  t  i s  a d j a c e n t  t o  w ^, w^
and w^. B ut now, i n  G, t  i s  i n c i d e n t  t o  a  sp a n  w i t h  w ^, w^,
as  p r im a ry  v e r t i c e s .  T h e r e f o r e  by  Lemma 5 . 6 ,  two o f  tw ^ w ^ t ,  tw ^ w ^ t ,  
^^2^3^ a r e  b o u n d a ry  c i r c u i t s  o f  f a c e s  i n  G, and h e n c e  i n  S .  I t
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f o l l o w s  t h a t  S e n v e lo p e s  t r i a n g l e  "
We s h a l l  now p ro v e  ( i i i ) .  f o r  j  = 1 .  Thus l e t  w^ be o r d i n a r y  i n  
S , and  l e t  ‘ S" = S " (a b c )  be  an  a sy m m e tr ic  sp a n  i n c i d e n t  t o  w^ i n  S. 
Then |VS"| < | v s | .  T h e r e f o r e  t h e  m i n i m a l i t y  o f  S i m p l i e s  t h a t  S" 
c a n n o t  b e  i n c i d e n t  t o  w^ i n  G. T h is  c a n  a r i s e  e i t h e r  i f  a  f a c e  o f  
S" i s  no l o n g e r  a  f a c e  i n  G, o r  i f  one o f  t h e  t r i a n g l e s  w^abw^, 
w^cbw^ no l o n g e r  bounds a  f a c e  i n  G . However t h e  f i r s t  o f  t h e s e  
a l t e r n a t i v e s  i s  i m p o s s i b l e ,  b e c a u s e  s i n c e  S" i s  a  s p a n  i n c i d e n t  t o  
w^, t h e n  i t  c a n n o t  c o n t a i n  t r i a n g l e  ^%^2^3^1 " T h e r e f o r e  one  o f  
w^abw^ o r  w^cbw^, s a y  w^abw^, does  n o t  bound  a  f a c e  i n  G. T h e r e f o r e  
w^abw^ i s  t r i a n g l e  ^2^"^2^3^1 some o r d e r .  T h is  means t h a t  w^
and w^ a r e  p r im a ry  v e r t i c e s  o f  S " ,  and h e n c e  a r e  o r d i n a r y  i n  S.
But S e n v e lo p e s  t r i a n g l e  ^ i^ 2 ^ 3 ^ 1  ' t h a t  we h a v e  a  c o n t r a d i c t i o n  
t o  Theorem 5 . 3 .  T h e r e f o r e  w^ c a n n o t  b e  i n c i d e n t  t o  an a sy m m e tr ic  
s p a n  i n  S . □
Theorem 5 .4
L e t  G be  a c o l l a p s i b l e  g r a p h .  Then t h e r e  e x i s t s  an  o r d i n a r y  v e r t e x  
u i n  G, such  t h a t  u  i s  i n c i d e n t  t o  an  a s y m m e tr ic  s p a n  S, w i t h  a ,
b ,  c a s  p r im a ry  v e r t i c e s ,  and su ch  t h a t  S i s  one  o f  t h e  e i g h t  t y p e s
o f  g r a p h  shown i n  F i g u r e  5 .1 7 ,  o b e in g  a  p e r m u t a t i o n  o f  { a , b , c } .
P r o o f
S in c e  G i s  c o l l a p s i b l e ,  t h e n  e v e r y  o r d i n a r y  v e r t e x  i n  G i s  i n c i d e n t  
t o  an  a sy m m e tr ic  s p a n .  L e t  S be  an  a s y m m e tr ic  s p a n  i n c i d e n t  t o  an  
o r d i n a r y  v e r t e x  u i n  G, su ch  t h a t  S h a s  m in im a l  o r d e r  among a l l  
a sy m m e tr ic  sp a n s  o f  G, and l e t  a ,  b ,  c b e  t h e  p r im a r y  v e r t i c e s  o f  
S .  We now c la im  t h a t  S i s  one o f  t h e  e i g h t  t y p e s  o f  g ra p h  shown 
i n  F i g u r e  5 . 1 7 .  (The l a b e l l i n g  o f  t h e  o t h e r  v e r t i c e s  w i l l  b e  r e q u i r e d  
i n  t h e  n e x t  t h e o r e m . )
To p ro v e  t h i s  we f i r s t  n o t e  t h a t  S m ust s a t i s f y  c o n d i t i o n s  ( i ) .
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( i i )  and ( i i i )  o f  Lemma 5 .1 1 .  T h e r e f o r e  by C i i )  and  by
Theorem 5 . 3 ,  S m u s t  b e  a  s t i t c h i n g  g rap h  and one  o f  a ,  b ,  c h a s
v a le n c y  3 i n  S . We c a n ,  w i t h  no l o s s  o f  g e n e r a l i t y ,  assum e t h a t
c h a s  v a l e n c y  3 i n  S . L e t  v  b e  t h e  o t h e r  3 - v e r t e x  i n  S ,  and l e t
( a ^ , a 2 ». • . j a ^ )  b e  t h e  s t i t c h i n g  se q u e n c e  o f  S f ro m  c t o  v .
We f i r s t  n o t e  t h a t  i f  S h a s  o n ly  one row, t h e n  i t  i s  i n  n o rm a l  fo rm .
I n  t h i s  c a s e ,  s i n c e  c h a s  v a l e n c y  3 ,  we o b t a i n  t h a t  S i s  a  g ra p h
o f  t y p e  I  o r  I I .  We can  t h e r e f o r e  assum e t h a t  S h a s  m ore t h a n  one
row , t h a t  i s ,  p > 1 .
We f i r s t  show t h a t  a  = 3 .  L e t  u s  assum e on t h e  c o n t r a r y  t h a t  a  > 3 .
P P
Then s i n c e  S h a s  m ore t h a n  one row, i t  i s  a s  i n  F i g u r e  5 . 1 8 ,  w h ere  t h e
r e s t  o f  S i s  i n  t h e  i n t e r i o r  o f  t r i a n g l e  x y z x ,  an d  w h ere  x y r x ,  z y r z
a r e  b o u n d a ry  c i r c u i t s  o f  f a c e s .  T h e r e f o r e  p r  ^  6 and  p t  = 4 .  I t
f o l lo w s  by  Lemma 5 . 8 ,  t h a t  t h e  sp a n  S ( x r z )  i n c i d e n t  t o  y  i s
a s y m m e tr ic .  However t h i s  s p a n  does  n o t  c o n t a i n  t r i a n g l e  a b c a ,  so  t h a t
we h a v e  a  c o n t r a d i c t i o n  t o  Lemma 5 .1 1 .  T h e r e f o r e  a  = 3 .
P
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F i g u r é  5 :1 8
We now show t h a t  a  _ = 1 . L e t  u s  assum e on t h e  c o n t r a r y  t h a t  a  ,p -1  P“ -L
i s  g r e a t e r  t h a n  1 .  Then S i s  a s  i n  F i g u r e  5 . 1 9 ,  w h e re  xwyx and 
zwyz bound  f a c e s .  T h e r e f o r e  py = 4 = p t .  Hence b y  Lemma 5 . 8 ,  t h e  
sp a n  S (x y z )  i n c i d e n t  t o  w, w i t h  r e p l a c e m e n t  v e r t e x  t ,  i s  n o t  
s y m m e tr ic .  B u t t h i s  sp a n  does  n o t  c o n t a i n  a b c a ,  and h e n c e  we o b t a i n
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F i g u r é  5 .1 9
a  c o n t r a d i c t i o n  t o  Lemma 5 .1 1 .  T h e r e f o r e  a  . = 1 .p -1
Now, we n o t e  t h a t  i f  S h a s  o n ly  two ro w s ,  t h e n  i t  i s  a s  shown i n  
F i g u r e  5 . 2 0 ,  But t h e n ,  s i n c e  c h a s  v a l e n c y  3 ,  i t  m ust  be  
v e r t e x  w. T h e r e f o r e  one o f  t h e  t r i a n g l e s  xwyx, xwzx, ywzy m ust  be  
t r i a n g l e  a b c a .  I t  f o l l o w s  t h a t  S i s  one  o f  t y p e s  I I I ,  IV , V. We 
c an  t h e r e f o r e  assum e t h a t  S h a s  m ore t h a n  two r o w s .
V
F i g u r e  5 :2 0
We n e x t  show t h a t  a  _ = 1 .  I f  on  t h e  c o n t r a r y  we assum e t h a t  a  _p-2  ^ p-2
i s  g r e a t e r  t h a n  1 , t h e n  S i s  a s  i n  F i g u r e  5 . 2 l ( i )  o r  a s  i n  
F i g u r e  5 . 2 1 ( i i ) ,  where  i n  b o th  c a s e s  xqwx and yqwy bound f a c e s .
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But t h e n  i n  e i t h e r  c a s e ,  t h e  sp an  S (yqx )  i n c i d e n t  t o  w, and  w i th  
r e p l a c e m e n t  v e r t e x  r ,  i s  asym m etr ic  by  Lemma 5 . 8 ,  s i n c e  pq = 4 and 
Pr = 5 .  B u t t h i s  s p a n  does  n o t  c o n t a i n  t r i a n g l e  a b c a ,  so  t h a t  we 
a g a i n  h a v e  a  c o n t r a d i c t i o n  t o  Lemma 5 .1 1 .  T h e r e f o r e  ^ p -2  ~ ^ '
Now, i f  S h a s  o n ly  t h r e e  ro w s ,  t h e n  i t  i s  a s  i n  F i g u r e  5 . 2 2 ( i )  o r
a s  i n  F i g u r e  5 . 2 2 ( i i ) .  B u t i n  F i g u r e  5 . 2 2 ( i )  t h e  s p a n  S (y q z )
i n c i d e n t  t o  x  i s  a sy m m e tr ic  and do es  n o t  c o n t a i n  a b c a .  T h e r e f o r e  
S m u s t  b e  a s  i n  F i g u r e  5 . 2 2 ( i i ) .  Hence t r i a n g l e  a b c a  m ust  b e  one o f
t r i a n g l e s  qwyq, qwxq, ywxy, g i v i n g  ty p e s  V I,  V I I ,  V I I I  r e s p e c t i v e l y .
V V
( i i )
F ig u r é  5 2 2
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The p r o o f  w i l l  now b e  c o m p le te  i f  we can  show t h a t  S c a n n o t  h a v e  m ore 
t h a n  t h r e e  ro w s . Thus we assum e f o r  c o n t r a d i c t i o n  t h a t  S h a s  more 
t h a n  t h r e e  ro w s . Then i t  m ust b e  a s  one o f  t h e  g ra p h s  i n  F i g u r e  5 .2 3 ,  
w here  i n  e a ch  c a s e  t h e  r e s t  o f  S i s  i n  t h e  i n t e r i o r  o f  t r i a n g l e  
wxzw.
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F i g u r é  5 i2 3
But i n  e a ch  o f  t h e  g r a p h s  i n  F i g u r e  5 .2 3  we h a v e  t h a t  Py f  p t  + 1 .  
T h e r e f o r e  by  Lemma 5 .8  t h e  s p a n  -SCxyz) i n c i d e n t  t o  w w i t h  t  as  
r e p l a c e m e n t  v e r t e x  i s  a s y m m e tr ic .  B u t t h i s  sp a n  does  n o t  c o n t a i n  
t r i a n g l e  a b c a ,  so t h a t  we h a v e  a  c o n t r a d i c t i o n  t o  Lemma 5 . 1 1 .  Hence 
S c a n n o t  h a v e  more t h a n  t h r e e  r o w s . □
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B e f o re  s t a t i n g  Theorem 5 . 5 ,  w hich  i s  t h e  p r i n c i p a l  r e s u l t  o f  t h i s  
s e c t i o n ,  we h a v e  one f i n a l  d e f i n i t i o n .  L e t  G be  a maximal p l a n a r
g r a p h ,  and  l e t  w b e  an o r d i n a r y  v e r t e x  o f  G w i t h  t h e  p r o p e r t y  t h a t
w i s  i n c i d e n t  t o  o n ly  one  a sym m etr ic  s p a n  S(w^w^w^) h a v in g
r e p l a c e m e n t  v e r t e x  y .  Then i f  pw^ f  Py + 1 we s a y  t h a t  w i s  a
good v e r t e x .
Theorem  5 .5
E v e ry  c o l l a p s i b l e  g ra p h  h a s  a  good v e r t e x .
P r o o f
L e t  G b e  a  c o l l a p s i b l e  g r a p h .  Then by  Theorem  5 . 4  t h e r e  e x i s t s  an 
o r d i n a r y  v e r t e x  u i n c i d e n t  t o  an  a sy m m e tr ic  s p a n  S , w here  S i s  one  
o f  t h e  e i g h t  t y p e s  o f  g ra p h  i n  F i g u r e  5 .1 7 .
We now c o n s i d e r  t h e s e  e i g h t  c a s e s .  We l e t  a ,  b ,  c b e  t h e  p r im a ry
v e r t i c e s  o f  S , and we c o n s i d e r  t h e  d i f f e r e n t  c a s e s  w h ich  a r i s e ,
d e p e n d in g  on w h ich  one o f  a ,  b ,  c i s  t h e  r e p l a c e d  v e r t e x  o f  S
c o n s i d e r e d  a s  a  sp a n  i n c i d e n t  t o  u .  We t a k e  a i n  F i g u r e  5 .1 7  t o  be 
t h e  i d e n t i t y  p e r m u t a t io n .  ( F o r  e a s y  v e r i f i c a t i o n ,  t h e  p r o o f  o f
Theorem  5 .5  i s  sum m arized i n  a  t a b l e  w h ic h  we g i v e  b e lo w . )
C ase  I  S i s  o f  ty p e  I
I t  i s  c l e a r  t h a t  s i n c e  S i s  a s y m m e tr ic ,  t h e n  c c a n n o t  be  t h e
r e p l a c e d  v e r t e x  o f  S . We can  t h e r e f o r e  assum e, w i t h  no l o s s  o f  g e n e r ­
a l i t y ,  t h a t  b i s  t h e  r e p l a c e d  v e r t e x  o f  S , so  t h a t  k  > 2 ,  s i n c e  S
i s  a s y m m e tr ic .
Now, we h a v e  t h a t  ubau  and ubcu  bound f a c e s  i n  G. T h e r e f o r e  v ^
i s  i n c i d e n t  t o  o n ly  one a sy m m e tr ic  sp a n  S ( b v ^ _ ^ a ) ,  and  t h i s  h a s  
r e p l a c e m e n t  v e r t e x  u .  But pu > 4 = t h e r e f o r e  v ^  i s  a  good
v e r t e x  o f  G.
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Casé I I  S i s  o f • tÿ p é  I I
Then t h e  p i v o t s  o f  S c a n n o t  b e  a and c ,  as o t h e r w i s e  S w ould  
b e  s y n m ie tr ic .  We t h e r e f o r e  h a v e  two c a s e s  to  c o n s i d e r .
1 1 .1 The p i v o t  v e r t i c e s  o f  S a r e  a  and b
We f i r s t  n o t e  t h a t  k  ^ 2 ,  a s  o t h e r w i s e  S w ould  b e  s y m m e tr ic .  We 
t h e r e f o r e  h a v e :
1 1 . 1 .1  k  > 3
Then v ^  i s  n o t  a d j a c e n t  t o  s ,  so  t h a t  v ^  i s  a d j a c e n t  t o  
v ^ , V, b and  v ^  ^ . M o reover ,  u c a u  and ucbu  bound f a c e s  
i n  G. T h e r e f o r e  t h e  o n ly  a sy m m etr ic  sp a n  i n c i d e n t  t o  v ^  i s  
S ( v ^ v ^ _ ^ b ) ,  w i t h  c a s  r e p la c e m e n t  v e r t e x .  H ow ever,
Pv^_^ = pc = 4 .  T h e r e f o r e  v^  i s  a good v e r t e x .
1 1 . 1 .2  k  = 2
T h e r e f o r e  t h e  o n l y  a sy m m e tr ic  span  i n c i d e n t  t o  v^  i s  S ( v ^ a b ) ,  
w i t h  c a s  r e p l a c e m e n t  v e r t e x .  But pc = 4 and Pa > 5 .
T h e r e f o r e  v^ i s  a  good v e r t e x .
1 1 . 2 Thé p i v o t  v é r t i c é s  o f  S a r e  b and c
T h e r e f o r e  uabu  and  u acu  bound f a c e s  i n  G. M o re o v e r ,  k  > 2 ,
a s  o t h e r w i s e  S would  b e  s y m m e tr ic .  We t h e r e f o r e  h a v e :
1 1 . 2 .1  k  > 3
Then v ^  i s  n o t  a d j a c e n t  to  a ,  and h e n c e  v ^  i s  a d j a c e n t  t o
v ^ ,  V, b ,  v ^  ^ i n  G. I t  f o l lo w s  t h a t  t h e  o n l y  s p a n  i n c i d e n t
t o  V, i s  S(bv, , v _ ) ,  w i t h  c as  r e p l a c e m e n t  v e r t e x .  B u tk  k - 1  1
pv^_^ = 4 and pc ^ 5 .  T h e r e f o r e  v^  i s  a  good v e r t e x .
1 1 . 2 .2  k  = 2
Then t h e  o n ly  a sy m m e tr ic  sp a n  i n c i d e n t  to  v^ i s  S ( b a v ^ ) ,  w i t h
c a s  r e p l a c e m e n t  v e r t e x .  However, pa = 5 and pc ^  5 .  
T h e r e f o r e  v^ i s  a good v e r t e x .
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C ase  I I I  S i s  o f  ty p e  I I I
T hen , t h e  o n ly  a sy m m e tr ic  sp a n  i n c i d e n t  t o  i s  S C v^v^b) ,  w i t h  a
a s  t h e  r e p l a c e m e n t  v e r t e x .  However i n  G, Pv^ = 5 ,  and  pa  > 5 .
T h e r e f o r e  v^  i s  a  good v e r t e x .
C ase  IV S i s  o f  ty p e  IV
Then t h e  o n l y  sp a n  i n c i d e n t  t o  v^ i n  G i s  S C v ^ab ) ,  w i t h  v^ as
r e p l a c e m e n t  v e r t e x .  But i n  G, Pa > 5 and pv^ = 4 .  T h e r e f o r e  v^
i s  a  good v e r t e x .
Case V S i s  o f  ty p e  V 
We c o n s i d e r  t h r e e  c a s e s .
V . l  The p i v o t  v e r t i c e s  o f  S a r e  à  and  b
Then i n  G, pc = 4 and pa > 6 . B u t  t h e  o n l y  s p a n  i n c i d e n t  t o  
v^  i s  S ( v ^ a b ) ,  w i t h  c a s  r e p l a c e m e n t  v e r t e x .  Hence v^  i s  a  
good v e r t e x .
V .2  The p i v o t  v e r t i c e s  o f  S a r e  c and  b
T h e r e f o r e  pa = 5 and pc k 5 i n  G. Thus we a g a i n  h a v e  t h a t  v^
i s  a  good v e r t e x .
V .3  The p i v o t  v e r t i c e s  o f  S a r e  c and a
Then pb = 6  and pa  > 5 .  B ut t h e  o n l y  s p a n  i n c i d e n t  t o  v^ i s  
SCv^bVg), w i t h  a  a s  r e p la c e m e n t  v e r t e x .  T h e r e f o r e  v^  i s  a  
good v e r t e x .
Case VI S i s  o f  t y p e  VI
Then i n  G, pb > 5 and pv^ = 4 .  But t h e  o n ly  a s y m m e tr ic  s p a n  i n c i d e n t  
t o  v^  i s  S C v^ba), w i t h  r e p l a c e m e n t  v e r t e x  v ^ .  T h e r e f o r e  v^  i s  
a  good v e r t e x .
Case V I I  S i s  o f  ty p e  V I I
Then Pv^ = 5 and pa > 6  i n  G, and t h e  o n ly  s p a n  i n c i d e n t  t o  v^ 
i s  S (v g a v ^ )  w i t h  v^  ^ a s  r e p l a c e m e n t  v e r t e x .  T h e r e f o r e  v^  i s  a  
good v e r t e x .
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Casé V I I I  S ' i s  ' o f  tÿ p é  V I I I  •
Then t h e  o n l y  sp a n  i n c i d e n t  t o  i n  G i s  S C v ^v ^ v ^ ) , w i t h  b as
r e p la c e m e n t  v e r t e x .  B u t pv^ = 6  and pb > 5 i n  G, t h e r e f o r e  v^  
i s  a  good v e r t e x .
T h is  f i n a l  c a s e  c o n c lu d e s  t h e  p r o o f  o f  t h e  th e o re m . We now g i v e  t h e  
t a b l e  w h ich  sum m arizes  t h e  above p r o o f .
Type o f  S P i v o t  v e r t i c e s  
o f  S
Good
V e r te x
Asym m etric  
sp a n  S ' 
i n c i d e n t  t o  
t h e  good 
v e r t e x
V a le n c y  i n  
G o f  
r e p l a c e d  
v e r t e x  o f  
S '
R e p la ce m en t  
v e r t e x  o f  
S ' and  i t s  
v a l e n c y  i n  
G
Type I a  and c 
( o r  b and  c )
S ' ( b v ^ . i a ) u ;  pu > 4
Type I I a  and b
' ^ 2
S *( v j a b ) pa  > 5 c ;  pc = 4
(k = 2 ) b and  c S *(v ^ a b ) p a  = 5 c ;  pc > 5
Type I I a  and b
P V l  = 4 c ;  pc  = 4
(k>3) b and c
P \ . l  = 4 c ;  pc  > 5
Type I I I any  p a i r ^3 S ' ( v 2 Vib) pv^ = 5 a ;  pa  > 5
Type IV any  p a i r S ' (v ^ab ) p a  > 5 Pv^ = 4
Type V a  and  b ' 'a S ' (v ^ a b ) pa  > 6 c ;  pc  = 4
c and b ' ' a S *(v ^a b ) pa  ■= 5 c ;  pc > 5
c and a ^3 S'Cv^bVg) pb = 6 a ;  pa  > 5
Type VI any  p a i r ^3 S '( v ^ b a ) pb > 5 v ^ ;  pv^ = 4
Type V II any  p a i r S'Cv^aVg) pa  > 6 V i ;  Pv^ = 5
Type V I I I any  p a i r
’'A S ' (v3V iV a> Pv^ = 6 b ;  pb > 5
□
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SECTION 5 .3  -  RECONSTRUCTION
P r o o f  o f  t h e  Main Theorem o f  C h a p t e r '5
S i n c e ,  a s  we h a v e  s e e n ,  e v e r y  m aximal p l a n a r  g ra p h  whose minimum v a l e n c y  
i s  a t  l e a s t  4 i s  v e r t e x - r e c o n s t r u c t i b l e ,  t h e n  we n e e d  o n ly  c o n s i d e r  
m axim al p l a n a r  g ra p h s  w i t h  minimum v a l e n c y  3 .  M o re o v e r ,  a s  n o t e d  i n  
t h e  b e g i n n i n g  o f  t h i s  c h a p t e r ,  s i n c e  t h e  m axim al p l a n a r i t y  o f  such  
g r a p h s  i s  r e c o g n i z a b l e  from  t h e  v e r t e x - d e c k ,  t h e n  we n e e d  o n ly  c o n s i d e r  
t h e  v e r t e x - r e c o n s t r u c t i o n  o f  c o l l a p s i b l e  g r a p h s .  T hus ,  l e t  G b e  a 
c o l l a p s i b l e  g r a p h .  By Theorem 5 .5  we know t h a t  G h a s  a  good v e r t e x  
Vq . B u t  t h e n ,  by Theorem 5 .2  and t h e  d e f i n i t i o n  o f  a  good v e r t e x ,
G -  Vq h a s  e x a c t l y  two n o n - e q u i v a l e n t  p v ^ - r e p r e s e n t a t i o n s  R and R*, 
w i t h  t h e  p r o p e r t y  t h a t  t h e  f a m i ly  o f  v a l e n c i e s  o f  a l l  t h e  v e r t i c e s  
i n c i d e n t  t o  t h e  p v ^ - f a c e  o f  R i s  d i f f e r e n t  from  t h e  f a m i ly  o f  
v a l e n c i e s  o f  t h e  v e r t i c e s  i n c i d e n t  t o  t h e  p v ^ - f a c e  o f  R ' .  But t h e n ,  
s i n c e  we know t h e  n e ig h b o u rh o o d  v a l e n c y  l i s t  o f  v^ i n  G, we can  
r e c o n s t r u c t  u n i q u e l y  from  G -  v ^ .  □
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PART I I I  EDGE-RECONSTRUCTION
I n  t h i s  p a r t  we show t h a t  c e r t a i n  c l a s s e s  o f  p l a n a r  g ra p h s  a r e  e d g e -  
r e c o n s t r u c t i b l e .  We s t a r t ,  i n  C h a p te r  6 , by  show ing  t h a t  p l a n a r  g ra p h s  
w i t h  minimum v a l e n c y  5 a r e  e d g e - r e c o n s t r u c t i b l e .  Then i n  C h a p te r  7 
we show t h a t  4 - c o n n e c te d  p l a n a r  g ra p h s  a r e  e d g e - r e c o n s t r u c t i b l e .  I n  
t h i s  c h a p t e r  h e a v y  u s e  i s  made o f  t h e  c o n c e p t  o f  r e c o n s t r u c t o r  s e t s  
and  r e c o n s t r u c t o r  s e q u e n c e s ,  w h ich  we i n t r o d u c e d  i n  C h a p te r  3 .  We a l s o  
make e x t e n s i v e  u s e  o f  t h e  t e c h n i q u e  i n v o l v i n g  a s s o c i a t e s  w h ic h  we 
em ployed  i n  Theorem 3 .3  to  show t h a t  r e c o n s t r u c t s  3 .  I n  t h e  l a s t
s e c t i o n  o f  C h a p te r  7 we p r e s e n t  a  b r i e f  d i s c u s s i o n  on t h e  r e c o n s t r u c t ­
i o n  o f  g r a p h s  from  e d g e - c o n t r a c t e d  s u b g r a p h s ,  a  p r o b le m  w h ic h  i n  
c e r t a i n  c a s e s  can  b e  r e g a r d e d  a s  d u a l  t o  t h e  E d g e - r e c o n s t r u c t i o n  
P ro b le m .  I n  t h i s  s e c t i o n  we show t h a t  3 - c o n n e c t e d  b i p a r t i t e  g ra p h s  
and m axim al p l a n a r  g ra p h s  a r e  r e c o n s t r u c t i b l e  from  t h e i r  e d g e - c o n t r a c t e d  
s u b g r a p h s .
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CHAPTER 6  PLAHAR. GRAPHS WITH MINIMUM VALENCY 5
I n  [ F l ] ,  F i o r i n i  showed t h a t  4 - c o n n e c t e d  p l a n a r  g r a p h s  w i t h  minimum 
v a l e n c y  5 a r e  e d g e - r e c o n s t r u c t i b l e .  The aim  o f  t h i s  c h a p t e r  i s  t o  
rem ove c o m p l e t e l y  t h e  r e s t r i c t i o n  on  c o n n e c t i v i t y .
MAIN THEOREM OF CHAPTER 6
P l a n a r  g r a p h s  w i t h  minimum v a l e n c y  5 a r e  e d g e - r e c o n s t r u c t i b l e .
We f i r s t  n o t e  t h a t  t h e  q u e s t i o n  o f  r e c o g n i t i o n  i s  r e s o l v e d  by  t h e  
f o l l o w i n g ,  a  p r o o f  o f  w h ich  c an  b e  found  i n  [ F l ] .
Theorem 6 .1
A c o n n e c t e d  g ra p h  o f  o r d e r  a t  l e a s t  7 and minimum v a l e n c y  a t  l e a s t  
3  i s  p l a n a r  i f  and o n ly  i f  e v e r y  e d g e - d e l e t e d  s u b g ra p h  i s  p l a n a r .  □
F u r th e r m o r e ,  we s h a l l  make u s e  o f  t h e  f o l l o w i n g  th e o re m , a l s o  p ro v e d  
i n  [ F l ] .
Theorem  6 .2
I f  G i s  a  3 - c o n n e c te d  p l a n e  g r a p h ,  w i t h  minimum v a l e n c y  5 ,  t h e n  
e i t h e r  G c o n t a i n s  two a d j a c e n t  5 - v e r t i c e s  o r  e l s e  G c o n t a i n s  a 
5 - v e r t e x  i n c i d e n t  o n ly  t o  3 - f a c e s .  □
S e p a r a b l e  and d i s c o n n e c t e d  g r a p h s  w i t h  minimum v a l e n c y  5 a r e  e d g e -  
r e c o n s t r u c t i b l e .  T h is  h o l d s  s i n c e  a l l  d i s c o n n e c t e d  g ra p h s  and a l l  
s e p a r a b l e  g ra p h s  w i t h  no 1 - v e r t i c e s  a r e  v e r t e x - r e c o n s t r u c t i b l e  ( s e e  
[ B H l ] ) ,  and by  Theorem 3 . 2 ,  i f  a  g r a p h  w i t h  no i s o l a t e s  i s  v e r t e x -  
r e c o n s t r u c t i b l e  t h e n  i t  i s  a l s o  e d g e - r e c o n s t r u c t i b l e .  We a r e  th u s  
l e f t  w i t h  t h e  c o n s i d e r a t i o n  o f  p l a n a r  g ra p h s  w i t h  minimum v a l e n c y  5 % 
and  w h ich  a r e  e i t h e r  3 - c o n n e c te d  o r  h a v e  c o n n e c t i v i t y  2 .  We c o n s i d e r  
t h e s e  two c a s e s  i n  S e c t i o n s  6 .1  and  6 .2  r e s p e c t i v e l y .
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SECTION 6 .1  -  CONNECTIVITY AT LEAST 3
T héo tém ’ 6  ; 3
L e t  G b e  a 3 - c o n n e c t e d  p l a n e  g r a p h  w i t h  minimum v a l e n c y  a t  l e a s t  4 ,  
and l e t  v  b e  a  5 - v e r t e x  o f  G i n c i d e n t  o n ly  t o  3 - f a c e s .  Then t h e r e  
e x i s t s  an  edge  e  i n c i d e n t  t o  v  su c h  t h a t  G^ i s  3 - c o n n e c t e d .
P r o o f
L e t  t h e  b o u n d a ry  c i r c u i t s  o f  t h e  3 - f a c e s  i n c i d e n t  t o  v  be  w \ v ^ ^ ^ v ,  
i  = 0 , 1 , 2 , 3 , 4  (modulo 5 ) .  L e t  e ^  b e  t h e  edge and  l e t  u s
c o n s i d e r  G -  e ^ .  I f  G -  e^ i s  3 - c o n n e c t e d ,  t h e n  we h a v e  n o t h i n g  to
p r o v e .  T h e r e f o r e  we assum e t h a t  G -  e^ h a s  c o n n e c t i v i t y  2 ,  so  t h a t  
t h e r e  e x i s t s  a  s e p a r a t i n g  s e t  o f  v e r t i c e s  {x^^jX^} i n  G -  e ^ ,  w h ich  
i s  n o t  a  s e p a r a t i n g  s e t  i n  G. C l e a r l y ,  { v j V Q l n l x ^ , ^ ^ }  = 0 ,  and a l s o
{x^/Xg} s e p a r a t e s  v  and v^ i n  G -  e ^ ,  s i n c e  {x^ ,X 2 ) i s  n o t  a
s e p a r a t i n g  s e t  i n  G. T h e r e f o r e  {x^/Xg} = { v ^ ,v ^ } .
Now, l e t  H be  t h a t  component o f  ( G - e ^ ) -  { v ^ ,v ^ }  w h ich  c o n t a i n s  
t h e  v e r t e x  v ^ . C l e a r l y ,  v^ c a n n o t  b e  t h e  o n ly  v e r t e x  o f  H, b e c a u s e
o t h e r w i s e  i t s  v a l e n c y  i n  G w ould  be  3 . T h e r e f o r e  l e t  w e VH, 
w 9  ^ v ^ ;  w and v  a r e  s e p a r a t e d  i n  G by {v^ ,V Q ,v^} .
S in c e  G i s  3 - c o n n e c t e d ,  t h e n  by  Theorem 2 . 2 ,  t h e r e  e x i s t  i n  G, t h r e e  
i n t e r n a l l y  d i s j o i n t  c h a in s  C^ = C ^ [ v ,w ] ,  C^ = C2 [ v ,w ] , a n d  
C3  = C ^ [ v ,w ] , and s i n c e  {^ 4 )VQ,v^} s e p a r a t e s  v  and w i n  G, we may 
assume t h a t  v^ e VC^, v^ € VC^ and v^ e VC^. We may a l s o  assum e 
e^ and e^ a r e  e d g es  o f  C^, C^ and C^ r e s p e c t i v e l y .e
We s h a l l  now show t h a t  G -  e^ i s  3 - c o n n e c te d .  We assum e t h e  c o n t r a r y  
and d e r i v e  a c o n t r a d i c t i o n .  S in c e  G -  e^ i s  n o t  3 - c o n n e c t e d ,  t h e n  
a s  ab o v e ,  a  s e p a r a t i n g  s e t  f o r  G. T h e r e f o r e  t h e r e
e x i s t s  a  v e r t e x  w*, such  t h a t  v  and w' a r e  s e p a r a t e d  by 
{Vg^v^/Vg} i n  G . We l e t  C j , C^, C^ be t h r e e  i n t e r n a l l y  d i s j o i n t  
c h a in s  from  v  t o  w ' i n  G, such  t h a t  e ^ ,  e ^ ,  Cg a r e  e d g e s  o f  C^,
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C^j r e s p e c t i v e l y .
We f i r s t  n o t e  t h a t  w f  w.', b e c a u s e  o t h e r w i s e  we o b t a i n  a  c o n t r a d i c t i o n  
as  f o l l o w s .  S in c e  and  a r e  i n t e r n a l l y  d i s j o i n t ,  th e n
does  n o t  c o n t a i n  e ^ . T h e r e f o r e  e x i s t s  i n  G -  e ^ .  But and
a r e  i n t e r n a l l y  d i s j o i n t ,  and h e n c e  does  n o t  c o n t a i n  v ^ ,  so
t h a t  c o n t a i n s  v ^ ,  s i n c e  v  and  w a r e  s e p a r a t e d  i n  G -  e^  by
{ v ^ ,v ^ } .  Thus i f  = v v ^ s ^ s ^ . . . s ^ w ,  t h e n  v^ i s  s^ f o r  some j .
T h e r e f o r e  v s ^ s ^ ^ ^ . . .s^w  i s  a  c h a in  from  v  t o  w, p a s s i n g  th ro u g h  
n e i t h e r  one o f  v ^ ,  v ^ ,  v^» c o n t r a d i c t i n g  t h e  f a c t  t h a t  v  and  w ' (=w) 
a r e  s e p a r a t e d  by  i n  G. We c o n c lu d e  t h a t  w ' f  w.
Now, l e t  = {C^uCg} -  V ,  and l e t  = {C^uC^} -  v .  S in c e  G i s  
p l a n a r ,  n VP^ 9  ^ 0 .  L e t  p b e  t h e  f i r s t  v e r t e x  on  ( a s  t r a v e r ­
s e d  from  v^  t o  v ^ )  t h a t  l i e s  a l s o  on F^ (we a r e  n o t  e x c l u d i n g  t h e  
p o s s i b i l i t y  t h a t  p = v ^ ) . L e t  F^ b e  t h a t  p a r t  o f  F^ b e tw e e n  v^  
and p ( i n c l u s i v e )  and l e t  F '  be  t h a t  p a r t  o f  F_ b e tw e e n  p and
w ' ( i n c l u s i v e ) .  T h e r e f o r e  F^ u F^ u {e^} i s  a  c h a in  from  v  t o  w ' ,
p a s s i n g  th r o u g h  none  o f  t h e  v e r t i c e s  Vg, v ^ ,  v ^ j  c o n t r a d i c t i n g  t h e  f a c t
t h a t  V  and w' a r e  s e p a r a t e d  by  i''^o’^ l* ^ 2 ^  0
Theorem 6 .4
A l l  3 - c o n n e c te d  p l a n a r  g ra p h s  o f  minimum v a l e n c y  5 a r e  e d g e -  
r e c o n s t r u c t i b l e .
P r o o f
L e t  G be  a  3 - c o n n e c te d  p l a n a r  g r a p h  w i t h  minimum v a l e n c y  5 .  The
p l a n a r i t y  o f  G i s  r e c o g n i z a b l e  f rom  i t s  e d g e -d e c k  by  Theorem 6 .1  (we
may assum e t h a t  t h e  o r d e r  o f  G i s  a t  l e a s t  7 ,  s i n c e  i n  f a c t  a  p l a n a r  
g ra p h  w i t h  minimum v a l e n c y  5 m ust h a v e  a t  l e a s t  tw e lv e  v e r t i c e s ) .  
M oreove r ,  we may assum e t h a t  no two 5 - v e r t i c e s  o f  G a r e  a d j a c e n t ,  
s i n c e  i f  u and v  a r e  two a d j a c e n t  5 - v e r t i c e s ,  t h e n  G i s  u n i q u e l y
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r e c o n s t r u c t i b l e  from  G . T h e r e f o r e  by  Theorem 6 . 2 ,  i n  t h e  p l a n euv
em bedding  o f  G, t h e r e  i s  a  v e r t e x  w o f  v a l e n c y  5 ,  su c h  t h a t  w i s
i n c i d e n t  o n l y  t o  3 - f a c e s .  T hus ,  by  Theorem  6 . 3 ,  t h e r e  e x i s t s  an  edge
Cg i n c i d e n t  t o  w, su c h  t h a t  G -  eg i s  3 - c o n n e c t e d ,  and h e n c e  h a s  a
u n iq u e  p l a n e  r e p r e s e n t a t i o n .  I n  t h i s  p l a n e  r e p r e s e n t a t i o n ,  t h e  v e r t e x
w h a s  v a l e n c y  4 and i s  i n c i d e n t  t o  t h r e e  3 - f a c e s  and  one  4 - f a c e  F .
We c a n  t h e r e f o r e  r e c o n s t r u c t  G u n i q u e l y  from  G -  eg b y  j o i n i n g  
t h e  u n iq u e  4 - v e r t e x  w o f  G -  eg t o  t h e  u n iq u e  v e r t e x ,  i n c i d e n t  t o  
F ,  t o  w h ic h  w i s  n o t  a l r e a d y  a d j a c e n t .  □
SECTION 6 .2  -  CONNECTIVITY 2
I n  t h i s  s e c t i o n  we s h a l l  show t h a t  p l a n a r  g ra p h s  w i t h  c o n n e c t i v i t y  2 
and  minimum v a l e n c y  5 a r e  e d g e - r e c o n s t r u c t i b l e .  The p r o o f  we g iv e  
h e r e  i s  an  im proved  v e r s i o n  o f  o u r  e a r l i e r  w ork  [ J .  Graph T h e o ry ,V o l  .3 ,  
pp. 2 7 3 - 2 8 5 ] ,
E u l e r ' s  f o rm u la  f o r  t h e  p l a n e  s t a t e s  t h a t  i f  K i s  a  p l a n e  g ra p h  w i t h
V v e r t i c e s ,  e edges  and «J> f a c e s ,  t h e n
V + 4» = e + 2 .
T h i s  f o rm u la  a l s o  h o l d s  i f  we a l lo w  t h e  p o s s i b l e  e x i s t e n c e  o f  m u l t i p l e  
e d g e s .  M o re o v e r ,  i n  t h i s  c a s e ,  i f  t h e  b o u n d a ry  o f  e a c h  f a c e  o f  K i s
a  c i r c u i t  w i t h  a t  l e a s t  t h r e e  e d g e s ,  we h a v e  t h a t
3* < 2G,
w h ic h ,  t o g e t h e r  w i t h  E u l e r ' s  f o rm u la ,  y i e l d s  t h e  u s u a l  i n e q u a l i t y ,
e < 3V -  6 .
T h e r e f o r e  t h i s  i n e q u a l i t y  a l s o  h o ld s  f o r  p l a n e  g e n e r a l  g r a p h s ,  p r o v id e d  
t h a t  t h e  above  c o n d i t i o n  on t h e  s i z e s  o f  c i r c u i t s  b o u n d in g  f a c e s  h o l d s .  
(We w ou ld  l i k e  t o  rem in d  t h e  r e a d e r  t h a t  any g ra p h  c o n s i d e r e d  w i l l  be  
s im p le  u n l e s s  o t h e r w i s e  s p e c i f i e d . )
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Lemma 6 .1
L e t  K be  a  p l a n e  g e n e r a l  g r a p h  i n  w h ich  t h e  b o u n d a ry  o f  e v e r y  f a c e
i s  a  c i r c u i t  w i t h  a t  l e a s t  t h r e e  e d g e s .  A lso  l e t  pa  ^  2 and pb k 2
f o r  two v e r t i c e s  a ,  b e VK, and  l e t  pv ^  5 f o r  any v e r t e x
V  €  VK -  { a , b } .  Then t h e r e  e x i s t  a t  l e a s t  f o u r  5 - v e r t i c e s  i n
VK -  { a , b } .
P r o o f
L e t  k  b e  t h e  num ber o f  5 - v e r t i c e s  i n  VK -  { a , b } ,  and l e t  e = eK
V = VK. T h e r e f o r e  6 (v  -  k  -  2) + 5k + 2*2 < 2 e .  But by  t h e  r e m a rk s
a b o v e ,  e < 3v -  6 , so  t h a t  k  > 4 .  □
The ne x t- lem m a  i s  o b v io u s  and i t s  p r o o f  i s  o m i t t e d .
Lemma 6 .2
L e t  G be  a g r a p h  w i t h  c o n n e c t i v i t y  K, l e t  Q b e  a  s e p a r a t i n g  W - s e t  
o f  G, and l e t  t h e  com ponents  o f  G -  Q be Then
C(G,H^) = Q. □
We now h a v e  a  few d e f i n i t i o n s .  L e t  G be  a p l a n a r  g r a p h ,  l e t  KG = 2 ,  
and l e t  Q = { a ,b }  be  a s e p a r a t i n g  s e t  o f  G su ch  t h a t  t h e  com ponen ts  
o f  G -  Q a r e  H^, Then e a c h  H^, i  = 1 , 2 , . . .  , r  w i l l  b e
c a l l e d  a  l o b u l e  o f  G. L e t
L e t  L = {H: H i s  a  l o b u l e  o f  G, C(G,H) = { a ,b } ,  f o r  a l l  s e p a r a t i n g
p a i r s  { a ,b }  o f  G}.
By a  m in im a l  l o b u l e  o f  G we mean a  l o b u l e  o f  m in im a l  o r d e r ,  w h e re
m i n i m a l i t y  i s  t a k e n  o v e r  a l l  L,
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Lemmà 6 .3
L e t  H b e  a m in im al  l o b u l e  o f  a  p l a n a r  g r a p h  G o f  minimum v a l e n c y  
3  and  c o n n e c t i v i t y  2 , and l e t  CCG,H) = { a , b } .  Then 
( i )  H i s  2 - c o n n e c te d ;
( i i )  i n  H, p a ,  pb > 2 ;
( i i i )  i f  Q = { u ,v }  i s  a  s e p a r a t i n g  p a i r  f o r  E , t h e n  Q c a n n o t
be  a  s e p a r a t i n g  p a i r  f o r  G.
P r o o f
( i )  H -  { a ,b }  i s  c o n n e c te d  by d e f i n i t i o n ,  so  t h a t  H m ust  a l s o  be  
c o n n e c t e d ;  o t h e r w i s e  a t  l e a s t  one  o f  a  o r  b Csay a ) ,  i s  n o t
a d j a c e n t  t o  any v e r t e x  o f  H -  { a , b } .  B u t  t h e n  {b} w ou ld  b e  a
s e p a r a t i n g  s e t  f o r  G, vdiich  i s  i m p o s s i b l e .
We m u st  now show t h a t  H i s  n o t  s e p a r a b l e .  L e t  u s  assum e t h e  c o n t r a r y ,  
and l e t  x  b e  a s e p a r a t i n g  v e r t e x  f o r  E . S in c e  G i s  2 - c o n n e c t e d ,
E -  X c a n  h a v e  o n ly  two c o m p o n e n ts , L^ and  L^ , w i t h  a  and b i n  
d i f f e r e n t  com ponents , so  t h a t  x  j? { a ,b } .  We t h e r e f o r e  h a v e  t h a t  i n  
E , px ^  3 ,  and we may assum e t h a t  a  e VL^ and b e VL^. S in c e  i n  
E , px ^  3 ,  we may assume t h a t  VL^ > 2 .  T h e r e f o r e  t h e r e  e x i s t s  a t  
l e a s t  one  v e r t e x  z i n  VL^ -  a .  S in c e  z i s  i n  L^ and  b i s  i n  
L ^ j  t h e n  any  c h a in  i n  H from  z t o  b m u s t  p a s s  th r o u g h  x .  A l s o ,  
i n  G, a n y  c h a in  from z t o  a  v e r t e x  n o t  i n  E m u st  p a s s  t h r o u g h  
e i t h e r  o f  a  o r  b .  T h e r e f o r e  i n  G, any  c h a i n  from  z  t o  a  v e r t e x  
n o t  i n  L^ m ust c o n t a i n  e i t h e r  a  o r  x .  T h e r e f o r e  { a ,x }  i s  a  
s e p a r a t i n g  p a i r  f o r  G, and L^ i s  a  l o b u l e  o f  G, c o n t r a d i c t i n g  th e  
m i n i m a l i t y  o f  E .
( i i )  T h is  f o l lo w s  from ( i ) .
( i i i )  L e t  t h e  components o f  E -  { u ,v }  be  L ^ ,  I f
{ u ,v }  w e re  a  s e p a r a t i n g  p a i r  f o r  G, t h e n  a t  l e a s t  one  o f  L^ w ould  
b e  a  l o b u l e  o f  G, c o n t r a d i c t i n g  t h e  m i n i m a l i t y  o f  E . □
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Lemmà 6 .4
L e t  G b e  a  p l a n a r  g ra p h  w i t h  minimum v a le n c y  5 and c o n n e c t i v i t y  
2 , i n  \d i ic h  no two 5 - v e r t i c e s  a r e  a d j a c e n t .  I f  H i s  a  m in im a l  l o b u l e  
o f  G w i t h  CCGj H) = { a j b } ,  t h e n  i n  any  p l a n e  r e p r e s e n t a t i o n  o f  H 
t h e r e  a r e  a t  l e a s t  f o u r  5 - v e r t i c e s  i n  VH -  { a ,b }  w h ic h  a r e  i n c i d e n t  
s o l e l y  t o  3 - f a c e s .
P r o o f
We n o t e  f i r s t  t h a t  b y  Lemma 6 , 3 ( i i ) ,  t h e  v a l e n c i e s  o f  a  and b i n  
H a r e  a t  l e a s t  2 ,  s o  t h a t  by  Lemma 6 . 1 ,  t h e r e  a r e  a t  l e a s t  f o u r  
5 - v e r t i c e s  i n  VH -  { a , b } .  L e t  R b e  a p l a n e  r e p r e s e n t a t i o n  o f  H, 
and l e t  V be  a  5 - v e r t e x  o f  H, v  c VH -  { a ,b } ,  su c h  t h a t  v  i s  n o t  
i n c i d e n t  s o l e l y  t o  3 - f a c e s  i n  R. Then we can  f i n d  a k - f a c e  F i n  R, 
w i th  b o u n d a ry  c i r c u i t  x v y s ^ e g . - . s ^ g X ,  k  > 3 . T h e r e f o r e  by  a d d in g  an 
edge  v s .  i n s i d e  t h e  f a c e  F ,  t h e  v e r t e x  v  becomes a  6 - v e r t e x ,  and 
t h e  r e s u l t i n g  p l a n e  g ra p h  i s  e i t h e r  s im p le  o r ,  i f  n o t ,  i t  s t i l l  h a s  t h e  
p r o p e r t y  t h a t  t h e  b o u n d a ry  o f  e v e r y  f a c e  i s  a  c i r c u i t  w i t h  a t  l e a s t  
t h r e e  e d g e s .  We n o t e  t h a t  s i n c e  no two 5 - v e r t i c e s  o f  G a r e  a d j a c e n t ,  
t h e n  n e i t h e r  x  n o r  y  c an  b e  f i v e  v e r t i c e s  o f  H d i f f e r e n t  from  
a  and  b .  H e n c e ,  t h i s  p r o c e s s  can  b e  r e p e a t e d  f o r  e a c h  5 - v e r t e x  o f  
H i n  VH -  { a ,b }  w h ich  i s  i n c i d e n t  i n  R t o  some t - f a c e ,  t  > 3 .
A t e a ch  s t e p ,  a t  l e a s t  one 5 - v e r t e x  from  VH -  { a ,b }  h a s  i t s  v a l e n c y  
i n c r e a s e d  t o  6 , arid we o b t a i n  a  new p l a n e  g rap h  w h ic h  m ig h t  h a v e  
m u l t i p l e  e d g es  b u t  i n  w h ich  t h e  b o u n d a ry  o f  each  f a c e  i s  s t i l l  a  
c i r c u i t  w i t h  a t  l e a s t  t h r e e  e d g e s .  T h e r e f o r e  by Lemma 6 . 1 ,  t h i s  
p r o c e s s  m u s t  f a i l  f o r  a t  l e a s t  f o u r  o f  t h e  5 - v e r t i c e s  i n  VH -  { a ,b } ,  
t h a t  i s ,  a t  l e a s t  f o u r  o f  t h e s e  5 - v e r t i c e s  a r e  i n c i d e n t  s o l e l y  t o  
3 - f a c e s  i n  R. □
We s h a l l  r e q u i r e  t h e  f o l l o w i n g  lemma w hich  i s  p ro v e d  a s  Theorem  2 . 1 . 1  
i n  [ 0 1 ] .
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Léimnà 6 .5
L e t  B b e  a  b r i d g e  o f  a  c i r c u i t  C i n  G, and l e t  a ^ , a 2 » ^ 3
t h r e e  v e r t i c e s  o f  a t t a c h m e n t  o f  B w i t h  C. Then t h e r e  e x i s t s  a 
v e r t e x  Vg i n  B, Vg n o t  a  v e r t e x  o f  a t t a c h m e n t ,  su c h  t h a t  i n  B 
t h e r e  e x i s t  t h r e e  i n t e r n a l l y  d i s j o i n t  c h a in s  C [ V g ,a ^ ] ,  i  = 1 ,  2 , 3 .  □
Lemma 6 . 6
L e t  G b e  a  2 - c o n n e c te d  p l a n a r  g ra p h  and  l e t  R b e  a  p l a n e  r e p r e s e n ­
t a t i o n  o f  G. L e t  V be  a 5 - v e r t e x  o f  G su c h  t h a t ,  i n  R, v  i s  
i n c i d e n t  s o l e l y  t o  t h e  3 - f a c e s  w i t h  b o u n d a ry  v v ^ v ^ ^ ^ v ,  i  = 0 , 1 , 2 , 3 , 4  
(modulo 5 ) .  Then t h e r e  e x i s t s  a n o t h e r  p l a n e  r e p r e s e n t a t i o n  o f  G i n
w h ich  V i s  i n c i d e n t  t o  a  n o n - t r i a n g u l a r  f a c e  i f  and  o n ly  i f  a t  l e a s t
one  p a i r  { v ^ ,v ^ ^ ^ }  i s  a  s e p a r a t i n g  s e t  f o r  G.
P r o o f
L e t  u s  assum e f i r s t  t h a t  t h e r e  e x i s t s  a  p l a n e  r e p r e s e n t a t i o n  R ' o f
G i n  w h ich  v  i s  no l o n g e r  i n c i d e n t  s o l e l y  t o  3 - f a c e s .  Then a t  l e a s t
one  o f  t h e  c i r c u i t s  v v \v ^ ^ ^ v ,  f o r  some i ,  i s  no  l o n g e r  a  b o u n d a ry
c i r c u i t  o f  a  f a c e  i n  R ' .  We may assum e t h a t  T .=  w ^ v ^ v  i s  n o t  t h e
b o u n d a ry  o f  a  f a c e  i n  R ' .  T h e r e f o r e  T m ust h a v e  a t  l e a s t  two b r i d g e s
B^ and  B^. We f i r s t  show t h a t  n o t  b o th  B^ and  B^ can  h a v e  t h r e e
v e r t i c e s  o f  a t t a c h m e n t  w i t h  T; o t h e r w i s e ,  by  Lemma 6 . 5 ,  we c an  f i n d
Wj, £ VB^ -  VT, w^ c VBg -  VT, and s i x  i n t e r n a l l y  d i s j o i n t  c h a in s
C[w. , v ]  and C [ w . , v . ] ,  i , j  e { 1 ,2 } .  T h e r e f o r e  T c an  n e v e r  be  t h e  
J J ^
b o u n d a ry  o f  a  f a c e  o f  G, a  c o n t r a d i c t i o n .  T h e r e f o r e  we may assum e
t h a t  B^ h a s  o n ly  two v e r t i c e s  o f  a t t a c h m e n t  w i t h  T (B^ m u st  h a v e
a t  l e a s t  two v e r t i c e s  o f  a t t a c h m e n t  s i n c e  G i s  2 - c o n n e c t e d ) . We now
show t h a t  B- c a n n o t  h a v e  v  a s  a  v e r t e x  o f  a t t a c h m e n t  w i t h  T.
1
O th e r w is e ,  a t  l e a s t  one o f  t h e  e d g e s  w ^ ,  i = 3 , 4 , 0 ,  i s  i n  B ^ . But 
e a c h  o f  t h e s e  e d g es  i s  j o i n e d  by  a  T - a v o id i n g  c h a i n  t o  each  o f  t h e  
e d g es  VgV^ and v^Vg, im p ly in g  t h a t  b o t h  v^ and  v^  a r e  v e r t i c e s  
o f  a t t a c h m e n t  o f  B^ w i t h  T , a  c o n t r a d i c t i o n .  T h e r e f o r e  t h e  v e r t i c e s
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o f  a t t a c h m e n t  o f  w i t h  T a r e  and v ^ .  Hence {v^iVg} i s  a
s e p a r a t i n g  s e t  f o r  G.
C o n v e r s e ly ,  l e t  u s  assum e t h a t  {v^fVg} i s  a  s e p a r a t i n g  s e t  f o r  G. 
Then t h e r e  e x i s t s  a  v e r t e x  w i  VT, su c h  t h a t  any  c h a i n  from  w t o  v
m ust p a s s  t h r o u g h  a t  l e a s t  one o f  v^ o r  v ^ .  M o re o v e r ,  s i n c e  G i s
2 - c o n n e c t e d ,  we can  f i n d  two i n t e r n a l l y  d i s j o i n t  c h a in s  from  w t o  v ,  
he n c e  we c a n  f i n d  two i n t e r n a l l y  d i s j o i n t  c h a in s  = C ^ [w ,v ^ ]  and  
^2 ~ c o n t a i n i n g  v .  Now, b o th  t h e s e  c h a in s  a r e  i n  t h e
same b r i d g e  B o f  T. M o re o v e r ,  t h i s  b r i d g e  c a n n o t  h a v e  v  a s  a 
v e r t e x  o f  a t t a c h m e n t  w i t h  T, a s  o t h e r w i s e  we c o u ld  f i n d  a  c h a i n  from  
w t o  V n o t  p a s s i n g  th ro u g h  e i t h e r  o f  v^ o r  v^. We d e d u c e  t h a t  
t h e  v e r t i c e s  o f  a t t a c h m e n t  o f  B w i t h  T a r e  v^ and  v ^ .  T h e r e f o r e  
i f  i n  R we t r a n s f e r  B from  E x tT  t o  I n t T  ( o r  v i c e - v e r s a ) ,  we . 
o b t a i n  a  r e p r e s e n t a t i o n  o f  G i n  w h ich  T i s  n o t  t h e  b o u n d a ry  o f  a  
f a c e .  □
Lemma 6 .7
L e t  G be  a  p l a n a r  g ra p h  w i t h  c o n n e c t i v i t y  2 ,  and  l e t  H b e  a 
l o b u l e  o f  G w i t h  C(G,H) = { a ,b } .  I f  t h e  v e r t i c e s  x , y  £ VH a r e  
su c h  t h a t  t h e  s e t  { x ,y }  i s  a  s e p a r a t i n g  p a i r  f o r  G b u t  n o t  f o r  
H, t h e n  { x ,y }  = { a ,b } .
P r o o f
L e t  K be  t h e  g ra p h  in d u c e d  by  th e  v e r t e x - s e t  {VG -  VH} u { a , b } .  Then 
K i s  c o n n e c t e d .  We assume t h a t  { x ,y }  f  { a ,b }  and  d e r i v e  a  
c o n t r a d i c t i o n .  We c o n s i d e r  two c a s e s .
Case 1 { x ,y } n { a ,b }  = 0
S in c e  { x ,y }  i s  n o t  a s e p a r a t i n g  p a i r  f o r  H, t h e n  f o r  any  v e r t e x
V  £ VH -  { x ,y } ,  t h e r e  e x i s t s  a  c h a in  i n  H from  v  t o  a ,  p a s s i n g
th ro u g h  n e i t h e r  x  n o r  y . A l s o ,  s i n c e  x ,  y  a r e  n o t  i n  VK, t h e n  f o r
any w i n  VK, t h e r e  e x i s t s  a  c h a in  i n  K from  w t o  a ,  p a s s i n g
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th ro u g h  n e i t h e r  x n o r  y .  T h e r e f o r e  G -  { x ,y }  i s  c o n n e c te d
( s i n c e  a e VK n VH), a  c o n t r a d i c t i o n .
Case 2 { x ,y } n { a ,b }  f  0
We can  t h e r e f o r e  assum e t h a t  y  = b and x  f  a .  A g a in ,  s i n c e  
{ x ,y }  (= { x ,b } )  i s  n o t  a  s e p a r a t i n g  p a i r  f o r  H, t h e n  f o r  any 
V e VH -  { x ,b }  t h e r e  e x i s t s  a  c h a i n  from  v  t o  a ,  p a s s i n g  t h r o u g h  
n e i t h e r  x  n o r  b .  A l s o ,  s i n c e  x  4- VK, t h e n  f o r  any  v e r t e x  w i n
VK, t h e r e  e x i s t s  a  c h a in  i n  K, from  w t o  a ,  n o t  p a s s i n g  th r o u g h  x .
H ence , i f  f o r  any  w i n  VK -  {b} t h e r e  e x i s t s  a  c h a in  i n  K from  
w t o  a n o t  p a s s i n g  th ro u g h  b ,  we w ould  d e d u c e ,  a s  i n  C ase  1 ,  t h a t  
G -  { x ,b }  i s  c o n n e c t e d .  T h e r e f o r e  t h e r e  e x i s t s  a  v e r t e x  w^ i n  
VK -  { b } ,  s u c h  t h a t  any  c h a in  i n  K from  w^ t o  a  m ust  p a s s  th r o u g h
b .  I t  f o l l o w s  t h a t  {b} i s  a  s e p a r a t i n g  s e t  f o r  K, and  h e n c e  f o r  G,
s i n c e  C(G,H) = { a ,b }  ( t h a t  i s ,  s i n c e  any  new [ w ^ , a ] - c h a i n  i n  G 
w hich  does  n o t  e x i s t  i n  K m ust  a l s o  c o n t a i n  b ) .  B u t t h i s
c o n t r a d i c t s  t h e  f a c t  t h a t  G i s  2 - c o n n e c t e d .  T h is  f i n a l  c o n t r a d i c t i o n
e s t a b l i s h e s  t h e  r e s u l t .  □
Theorem 6 .5
L e t  G be  a  p l a n a r  g ra p h  w i t h  minimum v a l e n c y  5 ,  c o n n e c t i v i t y  2 ,  
and su ch  t h a t  no two 5 - v e r t i c e s  o f  G a r e  a d j a c e n t .  Then t h e r e  e x i s t s  
a  5 - v e r t e x  v  o f  G su c h  t h a t , i n  any  p l a n e  r e p r e s e n t a t i o n  o f  G, v  
i s  i n c i d e n t  o n ly  t o  3 - f a c e s .
P r o o f
L e t  H be a m in im a l  l o b u l e  o f  G, and  l e t  C(G,H) = { a , b } .  To any  
p l a n e  r e p r e s e n t a t i o n  o f  G t h e r e  c o r r e s p o n d s  a p l a n e  r e p r e s e n t a t i o n  
o f  H, i n  w h ich  a  and b a r e  i n c i d e n t  t o  a  common f a c e .  L e t  R b e  
any such  p l a n e  r e p r e s e n t a t i o n  o f  H. Then by  Lemma 6 . 4  t h e r e  e x i s t  
a t  l e a s t  f o u r  5 - v e r t i c e s  i n  VH -  { a ,b }  w h ich  a r e  i n c i d e n t  s o l e l y  
t o  3 - f a c e s  i n  R. L e t  x ,  y ,  z b e  t h r e e  su c h  v e r t i c e s ,  and  l e t  x
97
be  i n c i d e n t  i n  R t o  t h e  f a c e s  w i t h  b o u n d a ry  c i r c u i t s  x x . x .  _x,
1 i + i
i  = 0 , 1 , 2 , 3 , 4  (modulo 5 ) .  Hence Nx = {x Q ,x ^ ,X 2 *X2 ,x ^ }  . I n  a 
s i m i l a r  f a s h i o n  l e t  Ny = { y \ :  0 < i  < 4} and  Nz = { z ^ :  0 < i  < 4 } .
We now c l a i m  t h a t  a t  l e a s t  one  o f  x ,  y  o r  z i s  i n c i d e n t  s o l e l y  to
3 - f a c e s  i n  an y  p l a n e  r e p r e s e n t a t i o n  o f  G. We f i r s t  n o t e  t h a t  each  
one  o f  X, y ,  z i s ,  i n  a t  l e a s t  one p l a n e  r e p r e s e n t a t i o n  o f  G, 
i n c i d e n t  s o l e l y  t o  3 - f a c e s  , s i n c e  a and  b ,  t h e  v e r t i c e s  o f  c o n t a c t  
o f  H i n  G a r e  i n c i d e n t  t o  a  common f a c e  i n  R . T h u s ,  i f  we assum e
t h a t  t h e r e  e x i s t s  some p l a n e  r e p r e s e n t a t i o n  o f  G i n  w h ic h  x  i s  n o t
i n c i d e n t  s o l e l y  t o  3 - f a c e s ,  i t  f o l l o w s  from  Lemma 6 . 6  t h a t
i s  a  s e p a r a t i n g  p a i r  f o r  G, f o r  some i ,  0 < i  < 4 .  B u t t h e n ,  by
Lemma 6 . 3 ( i i i ) ,  { x ^ ,x _ ^ ^ }  c a n n o t  b e  a  s e p a r a t i n g  p a i r  f o r  H, so  t h a t  
by Lemma 6 . 7 ,  {x _ ,x _ ^ ^ }  = { a ,b } .  S i m i l a r l y ,  i f  t h e r e  e x i s t s  a  p l a n e
r e p r e s e n t a t i o n  o f  G, i n  w h ich  y i s  n o t  i n c i d e n t  s o l e l y  t o  3 - f a c e s ,  
t h e n  { y j , y j ^ ^ }  = { a ,b }  f o r  some j .  B u t t h e n  { a ,b }  c a n n o t  be
f o r  any  k ,  b e c a u s e  o t h e r w i s e  t h e  e d g e  ab w ou ld  b e  i n c i d e n t  
i n  R t o  t h e  t h r e e  f a c e s  bounded  by t h e  c i r c u i t s  a b x a ,  a b y a ,  a b z a ,  
s i n c e  f o r  a l l  t ,  0 < t  < 4 ,  t h e  c i r c u i t s  x x ^ x ^ ^ ^ x ,  y y ^ y ^ ^ ^ y ,  z z ^ z ^ ^ ^ z  
bound f a c e s  i n  R. S in c e  t h i s  i s  i m p o s s i b l e ,  i t  f o l l o w s  t h a t  z i s
i n c i d e n t  s o l e l y  t o  3 - f a c e s  i n  any p l a n e  r e p r e s e n t a t i o n  o f  G. □
Theorem  6 . 6
L e t  G b e  a  p l a n a r  g ra p h  w i t h  minimum v a l e n c y  5 and  c o n n e c t i v i t y  2 . 
Then G i s  e d g e - r e c o n s t r u c t i b l e .
P r o o f
The p l a n a r i t y  o f  G i s  r e c o g n i z a b l e  from  i t s  e d g e - d e c k ,  by  Theorem  6 . 1 .  
M o re o v e r ,  we c a n  assume t h a t  no two 5 - v e r t i c e s  o f  G a r e  a d j a c e n t ,  as  
o t h e r w i s e  e d g e - r e c o n s t r u c t i o n  i s  t r i v i a l .  T h e r e f o r e  by  Theorem  6 .5  
t h e r e  e x i s t s  a  5 - v e r t e x  v  o f  G, su c h  t h a t  i n  any  p l a n e  r e p r e s e n t a t i o n  
o f  G, V i s  i n c i d e n t  o n ly  t o  3 - f a c e s .  We now c l a i m  t h a t  t h e r e  e x i s t s
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an  edge e o f  G, su c h  t h a t  G i s  u n i q u e l y  e d g e - r e c o n s t r u c t i b l e  from
G^. I n  f a c t  t h i s  e d g e  w i l l  b e  one  o f  t h e  e d g es  i n c i d e n t  t o  v .
L e t  t h e  3 - f a c e s  i n c i d e n t  t o  v  h a v e  b o u n d a ry  c i r c u i t s  v v \v ^ ^ ^ v ,  
i  = 0 , 1 , 2 , 3 , 4  (m odulo  5 ) ,  and  l e t  e ^  be  t h e  edge  w ^ .  We n o t e
t h a t  G -  h a s  a t  l e a s t  one  p l a n e  r e p r e s e n t a t i o n  i n  w h ich  v ,  t h e
o n ly  4 - v e r t e x  o f  G -  e ^ ,  i s  i n c i d e n t  t o  t h e  t h r e e  3 - f a c e s  w i t h  
b o u n d a ry  c i r c u i t s  v v ^ v \^ ^ v ,  i  = 1 , 2 , 3 ,  and  t h e  4 - f a c e  F ,  bounded  by  
t h e  c i r c u i t  C = w ^ v ^ v ^ v .  I n  any  p l a n e  r e p r e s e n t a t i o n  o f  G -  e ^ ,  t h e
3 - c i r c u i t s  v v ^ v ^ ^ ^ v ,  i  = 1 , 2 , 3 ,  a r e  a lw ays  t h e  b o u n d a ry  c i r c u i t s  o f  
f a c e s ,  s i n c e  t h e y  a r e  a lw ays  t h e  b o u n d a r i e s  o f  f a c e s  i n  any  p l a n e  
r e p r e s e n t a t i o n  o f  G. T h e r e f o r e  a m b ig u i ty  i n  r e c o n s t r u c t i n g  G from  
G -  Cq can  o n ly  a r i s e  i f  t h e r e  e x i s t s  a  p l a n e  r e p r e s e n t a t i o n  o f  
G -  Oq i n  w h ich  C does  n o t  bound a  f a c e .  We may t h e r e f o r e  assum e 
t h a t  C h a s  a t  l e a s t  two b r i d g e s ,  and  B^, i n  G -  e ^ . We f i r s t
o b s e rv e  t h a t  B^ and B^ c a n n o t  b o t h  h a v e  v  as  v e r t e x  o f  a t t a c h m e n t  
w i t h  C. I f  we assum e t h e  c o n t r a r y ,  t h e n  a s  i n  t h e  p r o o f  o f  Lemma 6 . 6 , 
b o th  v^  and  v^ w ould  b e  v e r t i c e s  o f  a t t a c h m e n t  o f  B^ and  B^
w i t h  C; b u t  t h e n ,  a p p ly i n g  Lemma 6 .5  t o  B^ and B^ f o r  t h e  v e r t i c e s
o f  a t t a c h m e n t  v ^ , , v ^ ,  we c o n c lu d e  t h a t  C c a n  n e v e r  b e  t h e
b o u n d a ry  o f  a  f a c e  i n  G -  e ^ ,  a  c o n t r a d i c t i o n .  We may t h e r e f o r e  a ssu m e
t h a t  B^ does  n o t  h a v e  v  as  v e r t e x  o f  a t t a c h m e n t  w i t h  C. M o re o v e r ,  i f
v^  i s  n o t  a  v e r t e x  o f  a t t a c h m e n t  o f  B^ w i t h  C, t h e n  t h e r e  e x i s t s  a  
p l a n e  r e p r e s e n t a t i o n  o f  G i n  w h ich  vv^v^v  i s  n o t  a  b o u n d a ry  o f  a  
f a c e ,  w h ich  i s  i m p o s s i b l e ,  s i n c e  v  i s  i n c i d e n t  s o l e l y  t o  3 - f a c e s  i n  
any p l a n e  r e p r e s e n t a t i o n  o f  G. Hence v^  i s  a  v e r t e x  o f  a t t a c h m e n t  
o f  B^ w i t h  C, and  s i m i l a r l y ,  v^ i s  a  v e r t e x  o f  a t t a c h m e n t  o f  B^ 
w i t h  C. We c an  t h e r e f o r e  f i n d  a  c h a in  = C ^ [ v ^ ,v ^ ] ,  w hose  i n t e r n a l  
v e r t i c e s  a r e  a l l  i n  VB^ -  VC.
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We s h a l l  now show t h a t  G i s  u n i q u e l y  r e c o n s t r u c t i b l e  from  G -  e ^ .  
T h u s ,  l e t  u s  c o n s i d e r  G -  e ^ .  A g a in ,  a s  f o r  G -  e ^ ,  we o b t a i n  t h a t  
G -  e^ h a s  a  p l a n e  r e p r e s e n t a t i o n  i n  w h ic h  v ,  t h e  o n l y  4 - v e r t e x ,  
i s  i n c i d e n t  t o  t h r e e  3 - f a c e s  and one  4 - f a c e  F ' ,  bounded  by t h e  c i r c u i t  
C' = W g V ^ v ^ v . As a b o v e ,  a m b ig u i ty  i n  r e c o n s t r u c t i n g  G from  G -  e^ 
can  o n l y  a r i s e  i f  t h e r e  e x i s t s  a  p l a n e  r e p r e s e n t a t i o n  o f  G -  e^ i n  
w h ic h  C ' does  n o t  bound a  f a c e .  T h e r e f o r e  i f  we assum e t h a t  G i s  
n o t  u n i q u e l y  r e c o n s t r u c t i b l e  from  G -  e ^ ,  t h e n  a s  b e f o r e ,  t h e r e  
e x i s t s  a  b r i d g e  o f  C ' ,  su ch  t h a t  B |  h a s  Vq and  v ^ ,  b u t  n o t
V, as  v e r t i c e s  o f  a t t a c h m e n t  w i t h  O ' .  I t  f o l l o w s  t h a t  t h e r e  e x i s t s  a  
c h a i n  = C^Cv^jV^Il whose i n t e r n a l  v e r t i c e s  a r e  a l l  i n  VB| - V C ' .  
B ut G i s  p l a n a r ,  so  t h a t  C^ and Cj c a n n o t  b e  d i s j o i n t .  T h e r e f o r e  
v^ i s  i n  B^, and h e n c e  B^ h a s  v  a s  v e r t e x  o f  a t t a c h m e n t  w i t h  C 
i n  G -  e g ,  a  c o n t r a d i c t i o n .  □
T h is  th e o re m ,  t o g e t h e r  w i t h  Theorem 6 . 4 ,  c o m p le te s  t h e  p r o o f  o f  t h e  
Main Theorem  o f  t h i s  c h a p t e r .
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CHAPTER 1 PLANAR. GRAPHS WITH CONNECTIVITÏ AT LEAST 4
I n  t h e  p r e v i o u s  c h a p t e r  we e x te n d e d  F i o r i n i ' s  work i n  [ F I ]  on t h e  e d g e -  
r e c o n s t r u c t i o n  o f  4 - c o n n e c t e d  p l a n a r  g ra p h s  w i t h  minimum v a l e n c y  5 by 
rem ov ing  t h e  c o n d i t i o n  on c o n n e c t i v i t y .  I n  t h i s  c h a p t e r  we s h a l l  
e x te n d  F i o r i n i ' s  r e s u l t  i n  a n o t h e r  d i r e c t i o n  b y  r e l a x i n g  t h e  c o n d i t i o n  
on t h e  minimum v a l e n c y .
MAIN THEOREM OF CHAPTER 7
E v e ry  4 - c o n n e c t e d  p l a n a r  g ra p h  i s  e d g e - r e c o n s t r u c t i b l e .
I n  v iew  o f  [ F I ]  ( o r  Theorem 6 ,4 )  t h e r e  r e m a in s  t o  show t h a t
4 - c o n n e c te d  p l a n a r  g ra p h s  w i t h  minimum v a l e n c y  4 a r e  e d g e -  
r e c o n s t r u c t i b l e .  I n  S e c t i o n s  7 .1  and  7 . 2 ,  3^ w i l l  d e n o te  t h e
c l a s s  o f  a l l  such  g r a p h s ,  and G w i l l  b e  & g rap h  i n  3^ .
(The q u e s t i o n  o f  e d g e - r e c o g n i t i o n  i s  a g a i n  s e t t l e d  by  Theorem 6 . 1 . )
As u s u a l  we s h a l l  a l s o  assum e t h a t  no two 4 - v e r t i c e s  a r e  a d j a c e n t  i n  
G, as  o t h e r w i s e  G would  be  t r i v i a l l y  e d g e - r e c o n s t r u c t i b l e .
S in c e  e v e ry  g ra p h  i n  D'G i s  3 - c o n n e c t e d ,  we s h a l l  n o t  e n c o u n te r  any  
p ro b le m s  a b o u t  n o n - e q u i v a l e n t  p l a n e  r e p r e s e n t a t i o n s ,  u n l i k e  t h e  
s i t u a t i o n s  we w ere  f a c e d  w i t h  i n  C h a p te r  5 and C h a p te r  6  ( § .  6 . 2 ) .
I n  f a c t ,  a s  we s a i d  i n  C h a p te r  2 ,  we may assum e t h a t  G and a l l  
t h e  g ra p h s  i n  D'G a r e  p l a n e  g r a p h s ,  and i n  p a r t i c u l a r ,  we c an  t a l k  
a b o u t  t h e  f a c e - v a l e n c y  l i s t  o f  e a c h  o f  t h e s e  g r a p h s .
We s h a l l  n eed  t h e  f o l l o w i n g  th e o re m  on p l a n e  g r a p h s ,  w h ich  i s  a n a lo g o u s
t o ,  b u t  s l i g h t l y  more in v o lv e d  t h a n  .Theorem  6 . 2 .
Theorem 7 .1
E i t h e r  G c o n t a i n s  a  5 - v e r t e x  i n c i d e n t  t o  no k - f a c e ,  k  > 6 , o r  e l s e  
G c o n t a i n s  a  4 - v e r t e x  i n c i d e n t  t o  a t  l e a s t  t h r e e  t r i a n g u l a r  f a c e s .
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P r o o f
We assum e t h a t  t h e  th eo re m  i s  f a l s e  and d e r i v e  a c o n t r a d i c t i o n .  By 
o u r  a s s u m p t io n ,  e v e r y  5 - v e r t e x  o f  G i s  i n c i d e n t  t o  a t  l e a s t  one 
k - f a c e ,  k  ^  6 , and e v e ry  4 - v e r t e x  i s  i n c i d e n t  t o  a t  l e a s t  two n on -  
t r i a n g u l a r  f a c e s .  F o r  e v e ry  5- v e r t e x  o f  G, we c h o o s e  a  k - f a c e ,  k  > 6 , 
i n c i d e n t  t o  t h e  5 - v e r t e x ,  and i n s e r t  a  v e r t e x  i n s i d e  t h i s  f a c e ,  j o i n i n g  
i t  t o  a l l  t h e  v e r t i c e s  i n c i d e n t  t o  t h i s  f a c e ,  g i v i n g  a  p l a n e  g ra p h  G ' .  
Now, i n  G*, no two 4 - v e r t i c e s  and  no  two 5 - v e r t i c e s  a r e  a d j a c e n t  
( s i n c e  t h e s e  w ere  4 - v e r t i c e s  i n  G) , and s i m i l a r l y  no 5 - v e r t e x  i s  
a d j a c e n t  t o  a  4 - v e r t e x .  M oreove r ,  an y  4 - v e r t e x  o f  G* i s  s t i l l  
i n c i d e n t  t o  a t  l e a s t  two n o n - t r i a n g u l a r  f a c e s ,  and e v e r y  5 - v e r t e x  i s  
i n c i d e n t  t o  a t  l e a s t  one n o n - t r i a n g u l a r  f a c e .  We now c o n s t r u c t  G" 
from  G* i n  t h e  f o l l o w in g  w ay. We c a l l  any  4 - v e r t e x  o r  5 - v e r t e x  o f  
G ' a  s m a l l  v e r t e x .  I f  F i s  a  k - f a c e ,  k  ^  4 ,  t o  w h ich  a t  l e a s t  
t h r e e  s m a l l  v e r t i c e s  a r e  i n c i d e n t ,  we i n t r o d u c e  a c i r c u i t  i n  F 
p a s s i n g  th ro u g h  t h e  s u c c e s s i v e  s m a l l  v e r t i c e s .  I f  F h a s  e x a c t l y  two 
s m a l l  v e r t i c e s  i n c i d e n t  t o  i t  we j o i n  them  by an e d g e ,  w h e re a s  i f  F 
h a s  o n l y  one  s m a l l  v e r t e x  i n c i d e n t  t o  i t ,  we j o i n  t h i s  s m a l l  v e r t e x  t o  
a n o t h e r  v e r t e x ,  i n c i d e n t  t o  F ,  and t o  w h ic h  t h e  s m a l l  v e r t e x  i s  n o t  
a l r e a d y  a d j a c e n t .  I n  v iew  o f  t h e  above  f o r b i d d e n  a d j a c e n c i e s ,  and i n  
v iew  o f  t h e  f a c t  t h a t  e v e ry  5 - v e r t e x  o f  G* i s  i n c i d e n t  t o  a t  l e a s t  
one n o n - t r i a n g u l a r  f a c e  and e v e ry  4 - v e r t e x  i s  i n c i d e n t  t o  a t  l e a s t  two 
n o n - t r i a n g u l a r  f a c e s ,  t h e n  t h e  g ra p h  G" so c o n s t r u c t e d  i s  a  p l a n e  
g ra p h  w i t h  minimum v a le n c y  g r e a t e r  t h e n  5 ,  a  c o n t r a d i c t i o n .  □
Our m ain  e f f o r t s  i n  t h i s  c h a p t e r  w i l l  b e  d e v o te d  to  p r o v in g  th e  
f o l l o w i n g  th e o re m  w h ic h ,  t o g e t h e r  w i t h  Theorem 7 . 1 ,  w i l l  c l e a r l y  im p ly  
t h e  M ain  Theorem.
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Theorem 7 .2
I f  G i s  n o t  e d g e - r e c o n s t r u c t i b l e  t h e n  e v e ry  5 - v e r t e x  o f  G i s
i n c i d e n t  t o  a t  l e a s t  one  k - f a c e ,  k  ^ 6 , and e v e ry  4 - v e r t e x  i s  i n c i d e n t
t o  a t  l e a s t  two n o n - t r i a n g u l a r  f a c e s .
B e f o re  p r o c e e d in g  t o  t h e  p r o o f  o f  Theorem 7 .2  we h a v e  to  i n t r o d u c e  
some new n o t a t i o n  and r e s u l t s  i n  S e c t i o n  7 . 1 .  S e c t i o n  7 .2  w i l l  d e a l  
more d i r e c t l y  w i t h  t h e  p r o o f  o f  Theorem 7 . 2 .
SECTION 7 .1  -  FACE-VALENCIES, WHEEL-SEQUENCES AND RECONSTRUCTOR
SEQUENCES
We n o t e  f i r s t  t h a t  i f  an  edge  e i s  i n c i d e n t  t o  f a c e s  F and F ' i n  
G, t h e n  th e  new f a c e  r e s u l t i n g  from  t h e  d e l e t i o n  o f  e  h a s  v a l e n c y  
p*F + p * F ' -  2 i n  G -  e .  S in c e  b o th  p*F and  p*F* a r e  a t  l e a s t
3 ,  t h e n  e a c h  i s  s t r i c t l y  l e s s  t h a n  p*F + p*F ' -  2 .
G iven  a g ra p h  G -  e  i n  P 'G ,  we s a y  t h a t  t h e  f a c e  F o f  G -  e  i s
a  r o o t - f a c e  i f  we c an  d e te r m i n e  t h a t  F i s  n o t  a  f a c e  i n  G, t h a t  i s ,
t h a t  t h e  m i s s in g  edge  e s h o u ld  be  i n s i d e  t h e  f a c e  F .  F o r  ex a m p le ,  
i f  G -  Cq i n  D'G h a s  t h e  p r o p e r t y  t h a t  A*(G-eg) > A*(G -e) f o r  a l l  
G -  e  i n  Z?'G, t h e n  t h e  f a c e  i n  G -  e^  w i t h  f a c e - v a l e n c y  e q u a l  t o  
A*(G -  Oq ) i s  a  r o o t - f a c e .
Now, s i n c e  m axim al p l a n a r  g ra p h s  a r e  e d g e - r e c o n s t r u c t i b l e ,  we can
assum e t h a t  A*G ^  4 .  We t h e n  o r d e r  t h e  g ra p h s  i n  P 'G  a s
G -  e ^ ,  G -  e ^ , G -  e ^  su c h  t h a t  A*(G-e^) k A * (G -e ^ ^ ^ ) ,  and  i t  
i s  t h e n  e a s i l y  s e e n  t h a t  f o r  i  = 1 , 2 , 3 , 4 ,  t h e  f a c e  F^ w i t h  f a c e -
v a le n c y  e q u a l  t o  A*(G-e^) i s  a  r o o t - f a c e .
Theorem 7 .3
The f a c e - v a l e n c y  l i s t  o f  G i s  r e c o n s t r u c t i b l e  from  Z?'G.
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P r o o f
L e t  and G -  e ^ ,  i  = l , 2 , 3 , 4 j  be  as  a b o v e .  W ith  e a c h  o f  t h e s e
f o u r  G -  e . we a s s o c i a t e  t h e  l i s t  L . o f  f a c e - v a l e n c i e s  o f  a l l  t h e
1  1
f a c e s  o f  G -  e .  e x c e p t  F . .  L e t  A. and  B. b e  t h e  f a c e s  i n c i d e n t
1  1  1 1
t o  e .  i n  G; t h e r e f o r e  p*A. + p*B. -  2 = p*F. . Hence L.
1  1 1 1  1
c o n t a i n s  a l l  t h e  f a c e - v a l e n c i e s  o f  G e x c e p t  f o r  t h e  f a c e - v a l e n c i e s  o f
t h e  two f a c e s  A. and B . . I f  f o r  some i  we c a n  d e te r m in e  P*A.
1 1  1
o r  P*B^j we t h e n  h a v e  th e  r e q u i r e d  r e s u l t .
L e t  u s  assum e f i r s t  t h a t  f o r  some i  f  j ,  { i , j }  c  { 1 , 2 , 3 , 4 } ,  L^ f  L ^ .
Then t h e r e  e x i s t s  a  p o s i t i v e  i n t e g e r  x  w h ich  a p p e a r s  p t im e s  i n
L. and  a t  m ost p -  1 t im e s  i n  L . ,  p ^ 1 . B u t  t h e n  x  i s  one  o f
1  3
p*Aj o r  p * B j ,  f rom  w hich  t h e  r e q u i r e d  r e s u l t  f o l l o w s .
We may t h e r e f o r e  assum e t h a t  L^ = L^ f o r  a l l  i  f  j , { i , j } c  { 1 , 2 , 3 , 4 } .  
Hence {{p*A^,p*B^}} = {{p*A^ , P * B j }  f o r  a l l  i  f  j ,  so  t h a t  
P*F^ = p*F j = A*, s a y .  We now augment t h e  f a m i ly  { { G -e ^ , .  . .  ,G -e^}}  
t o  {{G -e^ : i  = 1 , 2 , 3 , . . . , q } } ,  q > 4 ,  b y  a d d in g  any  o t h e r  g r a p h s  from  
D'G w h ich  h a v e  maximum f a c e - v a l e n c y  e q u a l  t o  A*. As f o r  
G - e ^ , . . . , G - e ^ ,  t h e  A * -fac e  F^ o f  G -  e ^ ,  5 < i  < q ( i f  any  su c h  
g ra p h s  do e x i s t ) ,  i s  a  r o o t - f a c e .  W ith  e a c h  o f  t h e s e  g r a p h s  G -  e^  
we a g a i n  a s s o c i a t e  t h e  l i s t  L^ and t h e  p a i r  o f  f a c e s  A^, B ^ . As 
b e f o r e  we may assum e t h a t  L^ = L ^ , w hen ev e r  i  f  j ,  { i , j }  c  { 1 , . ; . , q } ,  
so t h a t  {{p*A_,p*B^}} = { { p * A j ,P * B j} } .
We t h e n  s e a r c h  f o r  a  g rap h  G -  e ^ ,  1 ^  i  q ,  i n  w h ich  t h e r e  a r e  two 
a d j a c e n t  f a c e s  A and B, such  t h a t  n e i t h e r  A n o r  B i s  F ^ ,  and  
su c h  t h a t  p*A + p*B -  2 = p*F^ . But t h e n  {{P*A,P*B}} = {{p*A ^,P*B^}}, 
and t h e  p ro b le m  i s  s o l v e d .  We may t h e r e f o r e  assum e t h a t  no su c h  
G -  e^  e x i s t s ,  so  t h a t  any  two p a i r s  {A^,B^} and {A j,B ^}  h a v e  a t  
l e a s t  one  f a c e  i n  common. S in c e  t h e  c o n n e c t i v i t y  o f  G i s  g r e a t e r  
t h a n  2 , any  two such  p a i r s  can  o n l y  h a v e  one  common f a c e ,  and  h e n c e .
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s i n c e  t h e r e  a r e  a t  l e a s t  f o u r  such  p a i r s ,  i t  f o l lo w s  t h a t  t h e r e  i s  
a  f a c e  common t o  e a c h  p a i r .  We may t h e r e f o r e  assum e t h a t
= Bj = B, s a y ,  and f  A^, f o r  a l l  i  f  j .  T ha t  i s ,  B i s
a d j a c e n t  t o  a l l  t h e  q f a c e s  A^, A^, . . . , A
We now lo o k  f o r  a  g ra p h  G -  e ^  i n  D'G -  {{G -e^: i  = l , 2 , . . . , q } }  
such  t h a t  i n  G -  e ^  t h e r e  i s  a  f a c e  B' a d j a c e n t  to  q f a c e s  
A^, A ^ , . . ' and su c h  t h a t  p*B' + p*A | -  2 > A*, f o r  e a ch
1 < i  < q .  Then B ' c a n n o t  b e  a f a c e  i n  G, and s o  B* i s  a  r o o t -
f a c e .  We t h e n  w r i t e  t h e  l i s t  o f  f a c e - v a l e n c i e s  o f  a l l  f a c e s  i n
G -  e^  e x c e p t  t h a t  o f  B*. S in c e  P*B* < A * ,  we o b t a i n  t h a t  f  L^, 
f o r  any  i  = 1 , 2 , . . . , q ,  and so  we c an  c o n t i n u e  a s  above  ( t h a t  i s ,  by  
com paring  w i t h  one o f  t h e  L ^ , i  = 1 , 2 , . . . , q ) .
We may t h e r e f o r e  assum e t h a t  no su ch  G -  e^  e x i s t s .  But t h e n  we
h a v e  t h a t  i n  G, t h e  f a c e  B i s  a d j a c e n t  o n ly  t o  t h e  f a c e s  A^,
i  = 1 , 2 , . . . , q ,  and  t h e r e f o r e  p*B = q .  □
C o r o l l a r y  7 .1
L e t  G -  e  b e  any  g ra p h  i n  D'G and l e t  F and F* b e  t h e  two 
f a c e s  o f  G i n c i d e n t  t o  e .  Then t h e  p a i r  { { p * F ,p * F '} }  i s  
r e c o n s t r u c t i b l e  from  D'G,
P ro o f
L e t  L b e  t h e  l i s t  o f  a l l  f a c e - v a l e n c i e s  o f  G (w h ich  l i s t  we h a v e  
j u s t  r e c o n s t r u c t e d  i n  Theorem  7 .3 )  and l e t  L '  be  t h e  l i s t  o f  a l l  
f a c e  v a l e n c i e s  i n  G -  e .  Then p*F = P *F ' = x ,  s a y ,  i f  and  o n l y  i f  
X a p p e a r s  i n  L tw ic e  m ore t h a n  i t  a p p e a r s  i n  L ' ;  P*F = x  ^  y  = P*F ' 
i f  and o n l y  i f  e a c h  one  o f  x  and y a p p e a r s  i n  L o n c e  m ore t h a n  
i t  do es  i n  L ' .  □
C o r o l l a r y  7 .1  w i l l  t u r n  o u t  t o  be  c r u c i a l  i n  a l l  t h a t  f o l l o w s .
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L e t  K b e  a 3 - c o n n e c te d  p l a n e  g r a p h ,  and  l e t  v  be  a k - v e r t e x  o f  K.
L e t  t h e  f a c e s  i n c i d e n t  to  v  b e  Fq , su c h  t h a t  F^ i s
a d j a c e n t  t o  F .  , and F . . .  (modulo k ) , and l e t  F .  b e  an
1-1 1+1 1
( a ^ + 2 ) - f a c e .  Then W(v) = < a Q , a ^ , . . . , a ^ _ ^ >  i s  c a l l e d  t h e
w h e e l - s e q u e n c e  o f  v  i n  K. Each  a^  i s  c a l l e d  â t e r m  o f  t h e  w h e e l -
s e q u e n c e .  We n o t e  t h a t  t h e  w h e e l - s e q u e n c e  o f  v  i s  u n iq u e  up t o
c h o ic e  o f  i n i t i a l  te rm  and o r i e n t a t i o n .  A w h e e l - s e q u e n c e  w i t h  k
te rm s  i s  som etim es  c a l l e d  a k - s e q ù e ü c e . Thé r i m - l e n g t h  o f  W(v) i s  
k
e q u a l  t o  % a . .
i = 0  ^
L e t  f7(v) be  t h a t  su b g ra p h  o f  K in d u c e d  by  a l l  t h e  e d g e s  w hich  a r e
i n c i d e n t  t o  t h e  f a c e s  F ^ ,  F ^ , . . , ,  F ^ _ ^ . Then W(v) i s  c a l l e d  t h e
w h e e l  o f  v  i n  K. L e t  t h e  n e ig h b o u r s  o f  v  be  ^ 1 * '  ' * ^ k - l
s u c h  t h a t  t h e  edge i n c i d e n t  t o  b o t h  F^ and F^^^  (m odulo  k )  i s
w ^ ‘. Then  t h e  c h a in  c o n s i s t i n g  o f  a l l  t h o s e  e d g e s  ( n o t  i n c i d e n t  t o  v )
and  a l l  t h o s e  v e r t i c e s  ( a p a r t  from  v )  w h ich  a r e  i n c i d e n t  t o  t h e  f a c e
F .  i s  c a l l e d  t h e ;  I 7 (v ) -c h a in  ; f r o m . v .  - t o  v . .
1  1 - 1  1
To p r o v e  Theorem 7 ,2  we h a v e  t o  show t h a t  i f  G i s  n o t  e d g e -  
r e c o n s t r u c t i b l e ,  th e n  e v e ry  5 - v e r t e x  h a s  i n  i t s  w h e e l - s e q u e n c e  a t  l e a s t  
one t e r m ' g r e a t e r  t h a n  3, and e v e r y  4 - v e r t e x  h a s  i n  i t s  w h e e l - s e q u e n c e  
a t  l e a s t  two te rm s  g r e a t e r  t h a n  1 ,  W ith  t h i s  t e r m in o l o g y  we can  
r e f o r m u l a t e  Theorem 7 ,2  a s  f o l l o w s .
Theorem  7 . 2 '
I f  G c o n t a i n s  a  5 - v e r t e x  w i t h  w h e e l - s e q u e n c e
su c h  t h a t  a ^  < 3 f o r  a l l  0 < i  ^  4 ,  o r  a  4 - v e r t e x  w i t h  w h e e l -  
s e q u e n c e  < l , l , l , a > ,  a  k 1 ,  t h e n  G i s  e d g e - r e c o n s t r u c t i b l e .
We s h a l l  p ro v e  Theorem 7 .2*  by e x h i b i t i n g  a r e c o n s t r u c t o r  s e t  f o r  3^ 
\d i ic h  i n c l u d e s  a l l  5 - se q u e n c e s  < a Q ,a ^ , a 2 , a g , a ^ >  , a^  ^ 3 .  (The
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w h e e l - s e q u e n c e s . < l , l , l , a >  w i l l  be  t a k e n  c a r e  o f  by C o r o l l a r y  7 .3  
b e lo w .)  We s h a l l  b u i l d  up m ost o f  t h i s  r e c o n s t r u c t o r  s e t  by  p i e c i n g  
t o g e t h e r  r e c o n s t r u c t o r  s e q u e n c e s  o b t a i n e d  by  means o f  t h e  lemmas i n  
t h i s  s e c t i o n .
As we s a i d  i n  C h a p te r  3 ,  a l t h o u g h  up t o  now we h a v e  o n l y  d e f i n e d  
r e c o n s t r u c t o r  s e t s  and r e c o n s t r u c t o r  s e q u e n c e s  w h ich  c o n t a i n  v a l e n c y -  
c o n f i g u r a t i o n s , we c an  e x te n d  t h i s  d e f i n i t i o n  t o  i n c l u d e  o t h e r  t y p e s  
o f  c o n f i g u r a t i o n s .  I n  f a c t ,  i t  i s  e a s y  t o  e x te n d  t h e  d e f i n i t i o n  so 
t h a t  r e c o n s t r u c t o r  s e q u e n c e s  and  r e c o n s t r u c t o r  s e t s  may i n c l u d e  w h e e l -  
s e q u e n c e s . L e t  W b e  a  w h e e l - s e q u e n c e  w i t h  t h e  p r o p e r t y  t h a t ,  f o r  
any g ra p h  G i n  3 ^ ,  G i s  e d g e - r e c o n s t r u c t i b l e  i f  i t  c o n t a i n s  a  v e r t e x  
w i t h  w h e e l - s e q u e n c e  W; we t h e n  s a y  t h a t  W r e c o n s t r u c t s  3 ^ .  A 
r e c o n s t r u c t o r  s e t  f o r  3^ i s  t h e n  d e f i n e d  as  a  f i n i t e  s e t  o f  w h e e l -  
s e q u e n c e s  e a c h  o f  w h ic h  r e c o n s t r u c t s  3^ .  We t h e n  o b t a i n  a  d e f i n i t i o n  
o f  a  r e c o n s t r u c t o r  s e q u e n c e  i n  e x a c t l y  t h e  same way a s  t h a t  i n  
C h a p te r  3 ,  e x c e p t  t h a t  t h e  te rm  " v a l e n c y - c o n f i g u r a t i o n "  i s  r e p l a c e d  
by t h e  t e r m  " w h e e l - s e q u e n c e " .
B e f o re  p r o c e e d i n g  we n eed  f i r s t  t o  i n t r o d u c e  some f u r t h e r  n o t a t i o n .  I f
G -  e  h a s  a  3 - v e r t e x  w i t h  w h e e l - s e q u e n c e  < a ,b , c >  and  e  i s  i n c i d e n t
to  an ( h + 2 ) - f a c e  and  a  ( k + 2 ) - f a c e  i n  G, t h e n  we s a y  t h a t  G -  e i s  o f  
ty p e  < a , b , c ; h , k > .
F o r  any p o s i t i v e  i n t e g e r  r ,  i t  i s  e a s y  t o  d e te r m in e  f rom  D 'G  w h e th e r
o r  n o t  G h a s  a  4 - v e r t e x  w i th  w h e e l - s e q u e n c e  o f  r i m - l e n g t h  r ,  s i n c e  
G c o n t a i n s  su c h  a 4 - v e r t e x  i f  and  o n ly  i f  some g ra p h  i n  D'G h a s  a
3 - v e r t e x  w i t h  w h e e l - s e q u e n c e  o f  r i m - l e n g t h  r .  H e n c e ,  i f  f o r  some 
i n t e g e r  p ,  G h a s  no 4 - v e r t e x  w i t h  w h e e l - s e q u e n c e  o f  r i m - l e n g t h  
r  < p ,  and  i f  i n  D'G some G -  e  h a s  a  4 - v e r t e x  v  w i t h  w h e e l -  
se q u e n c e  o f  r i m - l e n g t h  t  ^ p ,  we th e n  know t h a t  t h e  e d g e  m i s s i n g  from  
G -  e  i s  i n c i d e n t  t o  v  i n  G. L e t  t h i s  be  t h e  c a s e ,  l e t  e  b e
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i n c i d e n t  i n  G t o  an  ( h + 2 ) - f a c e  and a  ( k + 2 ) - f a c e  and l e t  v  h av e  
w h e e l - s e q u e n c e  < a , b , c , d >  i n  G -  e .  We t h e n  s a y  t h a t  G -  e i s  o f  
ty p e  < a , b , c , d ; h , k > .
We now h a v e  t h e  f i r s t  o f  a  s e r i e s  o f  lemmas w h ich  w i l l  h e l p  us  t o  
p ro v e  Theorem 7 . 2 ' .
Lemma 7 .1
L e t  a ,  b ,  c be  p o s i t i v e  i n t e g e r s  su c h  t h a t  b f  2a  f  c .  Then 
^ »O , < a , b , a , c>) i s  a  r e c o n s t r u c t o r  s e q u e n c e  f o r  •
P r o o f
I f  G h a s  a  4 - v e r t e x  v  w i t h  w h e e l - s e q u e n c e  < a , a , b , c > ,  t h e n  t h e r e  i s  
a  g r a p h  G -  e  o f  ty p e  < 2 a , b , c ; a , a >  i n  D'G ( s e e  F i g u r e  7 . 1 ( i ) ) .
(a+b)
C i i )
F i g u r é  7 .1
S in c e  we know t h a t  6 G = 4 ,  and s i n c e  b f  2a ^  c and  e i s  i n c i d e n t  
t o  two ( a + 2 ) - f a c e s  i n  G, we c a n  t h e n  i d e n t i f y  F_ as  t h e  f o o t -  
f a c e  o f  G -  e ,  so t h a t  t h e r e  i s  a  u n iq u e  way o f  r e c o n s t r u c t i n g  G 
from  t h i s  g r a p h ,  nam ely  by j o i n i n g  u  and  v  by an  e d g e .  T h e r e f o r e  
t h e  w h e e l - s e q u e n c e  < a , a , b , c >  r e c o n s t r u c t s
We may t h e r e f o r e  assume t h a t  G do es  n o t  h a v e  a  4 - v e r t e x  w i t h  w h e e l -
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s e q u e n c e  < a , a , b , c >  ( t h a t  i s ,  we assum e t h a t  t h e r e  i s  no g ra p h  o f  
ty p e  < 2 a , b , c ; a , a >  i n  D 'G ) .  We may a l s o  assume w i t h  no l o s s  o f  
g e n e r a l i t y  t h a t  b > c .  I f  G h a s  a  v e r t e x  v '  w i t h  w h e e l - s e q u e n c e  
< a , b , a , c > ,  t h e n  t h e r e  i s  a  g r a p h  G -  e* o f  t y p e  < a + b , a , c ; a , b >  
i n  D'G ( s e e  F i g u r e  7 . 1 ( i i ) ) .  A g a in ,  s i n c e  b > c ,  we c a n  i d e n t i f y  
F |  a s  t h e  r o o t - f a c e  o f  G -  e ' ;  a l s o ,  s i n c e  G d o e s  n o t  h a v e  a
4 - v e r t e x  w i t h  w h e e l - s e q u e n c e  < a , b , a , c > ,  t h e n  t h e r e  i s  a  u n iq u e  way 
o f  r e c o n s t r u c t i n g  G from  G -  e ,  nam e ly  by  j o i n i n g  u* and v '  by  
an  e d g e .  H en ce ,  t h e  w h e e l - s e q u e n c e  < a , b , a , c >  r e c o n s t r u c t s  3 ^ ,  so 
t h a t  ( < a , a , b , c > , < a , b , a , c > )  i s  a  r e c o n s t r u c t o r  s e q u e n c e  f o r  3 ^ .  □
The f o l l o w i n g  lemma i s  im p o r ta n t  b e c a u s e  i t  p r o v i d e s  t h e  t o o l  w hich  
e n a b l e s  u s  t o  u s e  t h e  same t e c h n i q u e  em ployed i n  Theorem  3 ,3  t o  d e a l  
w i t h  t h e  v a l e n c y - c o n f i g u r a t i o n  R^.
Lemma 7 .2
Assume t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e .  Then G h a s  o n l y  one  
e d g e - r e c o n s t r u c t i o n  n o t  i so m o rp h ic  t o  i t .
P r o o f
L e t  H b e  a n o t h e r  e d g e - r e c o n s t r u c t i o n  o f  G, H ^ G. L e t  v  b e  a
4 - v e r t e x  o f  G w i t h  w h e e l - s e q u e n c e  < a Q ,a ^ , a 2 ja^ >  w i t h  a^ k a ^ ,  
i  = 1 , 2 , 3  ( s e e  F i g u r e  7 . 2 ) .
a
0
V
F i g u r e  7 .2
L e t  u s  c o n s i d e r  G -  w ^ .  T h is  i s  o f  ty p e  <a^+a^,a^ ,a^;a^^ ,a^> , so
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t h a t  by  t h e  m a x im a l i t y  o f  a ^ ,  we c a n  i d e n t i f y  t h e  (aQ+a 2 + 2 ) - f a c e  
i n c i d e n t  t o  v  a s  t h e  r o o t - f a c e ;  i t  f o l l o w s  t h a t  we can  r e c o n s t r u c t  
from  G -  i n  o n l y  two w ays:  a s  G o r  e l s e  as  G -  vv^ + w '  ( s e e
F i g u r e  7 . 2 ) .  But t h e n  H -  G -  + w ' , and i t  i s  t h e  o n ly  p o s s i b l e
e d g e - r e c o n s t r u c t i o n  o f  G n o t  i s o m o r p h ic  t o  G. □
Our l a s t  d e f i n i t i o n  now f o l l o w s .  L e t  v  h a v e  w h e e l - s e q u e n c e
< a Q , a ^ , . ,a ^ >  i n  G. I f  f o r  some k  i n  { 0 , 1 , . . . , p } ,  ( a ^ + a ^ )  f  a^
f o r  any  { i , j }  c  { 0 , 1 , 2 , . . . ,p }  -  { k } ,  t h e n  we s a y  t h a t  a ^  i s  s p e c i a l
i n  ^ a _ , a _ , . . . , a ^ .  u i  p
Lemma 7 .3
L e t  G h a v e  a  4 - v e r t e x  v  w i t h  w h e e l - s e q u e n c e  l e t
t h e  r i m - l e n g t h  o f  t h i s  w h e e l - s e q u e n c e  b e  r ,  and l e t  a^ b e  s p e c i a l  
i n  < a Q ,a ^ ,a 2 , a ^ > .  I f  t h e  o r d e r  o f  t  = a^+ag+a^ i n  i s  o d d ,
t h e n  G i s  e d g e - r e c o n s t r u c t i b l e .
P r o o f
We assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ;  l e t  H b e  t h e  o t h e r  
e d g e - r e c o n s t r u c t i o n  o f  G, H ^ G, and l e t  t h e  n e ig h b o u r s  o f  v  i n  
G be  v ^ ,  v ^ ,  Vg, v^  as  i n  F i g u r e  7 . 3 ( i ) .
( i ) ( i i )
F ig u r é  7 .3
( i i i )
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L e t  be  t h e  w hee l o f  v  i n  G -  , l e t  b e  t h e
î / ^ ( v ) - c h a i n  from  t o  and l e t  be  t h e  v e r t e x  a t  - d i s t a n c e
ag f rom  v ^ ,  a s  shown i n  F i g u r e  7 . 3 ( i i )  w h ich  i l l u s t r a t e s  t h e  c a se  
a^  > a ^ .  (We c a n  c l e a r l y  d i s r e g a r d  t h e  c a s e  u^ = v^ w h ic h  g i v e s  r i s e  
to  a n  e d g e - r e c o n s t r u c t i b l e  g ra p h  G b y  Lemma 7 . 1 . )
S in c e  a^ i s  s p e c i a l  i n  < a Q ,a ^ ,a 2 »ag>, i t  f o l l o w s  t h a t  H and G
a r e  a s s o c i a t e s  w i t h  r e s p e c t  t o  { G - w ^ ,  w ^ ,  v u ^ } ,  t h a t  i s  i f  
G^ :=  G -  + v u ^ ,  t h e n  H = G^ ( s e e  F i g u r e  7 . 2 ( i i i ) ) .  We now
r e p e a t  t h i s  p r o c e s s  on G^ -  w ^ .  The w h e e l  o f  v  i n  G -  i s
c a l l e d  , and t h e  ï /^ ^ v )- c h a i n  from  u^ t o  v^  we c a l l  C^. I f
u^  i s  t h e  v e r t e x  a t  C ^ 'd i s t a n c e  a^ from  v^» t h e n  H and  G a r e  
a s s o c i a t e s  w i t h  r e s p e c t  t o  { G ^ - w ^ ,  w ^ ,  vUg}, t h a t  i s  i f  
Gg :=  Gj -  vvg + v u ^ ,  t h e n  G = Gg.
T h is  p r o c e s s  c a n  b e  r e p e a t e d  t o  g e n e r a t e  s u c c e s s i v e l y  g ra p h s
G^, G^j G g , . . .  s a t i s f y i n g  G^j -  G and  ^ 2 j + l  ~ h e l p s  t o
t h i n k  o f  t h e  ( ag + 2 ) - f a c e  b e in g  " r o t a t e d "  c o u n t e r - c l o c k w i s e  a b o u t  v 
i n  s u c c e s s i v e  s t e p s  o f  a ^ ,  a g ,  a ^ ,  a ^ ,  a ^ , . . .  e d g e s  e a c h . )
I t  i s  e a s y  t o  s e e  t h a t  G^^ = G i f  p and k  a r e  p o s i t i v e  i n t e g e r s
s u c h  t h a t ,
p t  = ( a ^ + a 2 + a 2 ) + . . . + ( a ^ + a 2 +ag) = r k .
3p summands
Now, by  h y p o t h e s i s ,  t  h a s  odd o r d e r  i n  Z^, so t h a t  we can  c h o o se  p 
t o  be  o d d ,  and  h e n c e  3p i s  a l s o  o d d .  I t  f o l l o w s  t h a t  H = ”  G,
a  c o n t r a d i c t i o n  w h ich  e s t a b l i s h e s  t h e  r e s u l t .  □
C o r o l l a r y  7 .2
I f  G h a s  a  4 - v e r t e x  w i th  w h e e l - s e q u e n c e  h a v in g  odd r i m - l e n g t h ,  t h e n  
G i s  e d g e - r e c o n s t r u c t i b l e .
I l l
P r o o f
L e t  V h av e  w h e e l - s e q u e n c e  < a Q ,a ^ ,a 2 , a 2 > w i t h  odd r i m - l e n g t h  r .  We
may assum e w i t h  no  l o s s  o f  g e n e r a l i t y  t h a t  a^ k a ^ ,  i  = 1 , 2 , 3 ,  so
t h a t  a^ i s  s p e c i a l  i n  < a Q ,a ^ ,a 2 ,a g > .  B ut t h e  o r d e r  o f
Z d i v i d e s  t h e  o r d e r  o f  Z , \d i ic h  i s  r .  T h e r e f o r e  t h e  o r d e r  o f  
r  r
a ^ + a 2 +a^ i n  Z^ i s  o d d ,  and  h e n c e  G i s  e d g e - r e c o n s t r u c t i b l e  by  
Lemma 7 . 3 .  □
When Lemma 7 .3  does  n o t  w o rk ,  t h e  f o l l o w i n g  lemma i s  som e tim es  h e l p f u l .  
Lemma 7 .4
L e t  a^ and  a^ be  s p e c i a l  i n  < a Q ,a ^ ,a 2 ,a g > ,  w i t h  r  = ^q^^1^^2^^3* 
and t  = a ^ + a 2 +a 2 * I f  t h e r e  e x i s t s  an  odd p o s i t i v e  i n t e g e r  q su c h  
t h a t ,  t q  + 32 + a^ = 0 mod r ,
t h e n  ( < a Q ,a ^ , a 2 , a 2 > ,< a Q ,a 2 , a ^ , a 2 > ,< a Q ,a ^ , a 2 , a 2 >) i s  a  r e c o n s t r u c t o r  
s e q u e n c e  f o r  3^ .
P r o o f
L e t  G h a v e  a  v e r t e x  v  w i t h  w h e e l - s e q u e n c e  ”^ ^ o ’ ^ l ’ ^2*^3^  
n e ig h b o u r s  ^ 2 '  ^3* ^4  shown i n  F i g u r e  7 . 3 ( i )  a b o v e .  L e t  u s
assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  and  t h a t  H i s  t h e  o t h e r  
e d g e - r e c o n s t r u c t i o n  o f  G, H G. L e t  î7j^(v) b e  t h e  w h e e l  o f  v  i n  
G -  , and l e t  b e  t h e  Î 7 j ( v ) - c h a i n  from  v^ t o  L e t  u |
be  t h e  v e r t e x  a t  C ^ - d i s t a n c e  a^ from  V2 . Then a s  u s u a l ,  G and  H
a r e  a s s o c i a t e s  w i t h  r e s p e c t  t o  { G - w ^ ,  w ^ ,  vuj^}, t h a t  i s  i f  
G^ :=  G -  + v u | ,  t h e n  H = G^.
Now, l e t  b e  t h e  w h e e l  o f  v  i n  G^ -  VV2 , l e t  b e  t h e
Ï7*(v)- c h a i n  from  uj  ^ t o  v ^ ,  and l e t  u^ be t h e  v e r t e x  w h ic h  i s
a t  O u t d i s t a n c e  a^  from  v ^ . A g a in  we deduce  t h a t  i f
G2  :=  G | -  W 2  + VU2 , t h e n  G -  G^. ( F ig u r e  7 .4  r e p r e s e n t s  v  and
i t s  n e ig h b o u r s  i n  G^.)
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F i g u r e  7 .4
Now, l e t  u s  - c a r r y  o u t  e x a c t l y  t h e  same p r o c e s s  a s  i n  t h e  p r o o f  o f  
Lemma 7 . 3 ,  s t a r t i n g  from  G w i t h  t h e  v e r t e x  v  a d j a c e n t  to  v ^ , v ^ ,  
V3 , ( a s  i n  F i g u r e  7 , 3 ( i ) ) .  A ga in  we g e n e r a t e  t h e  g ra p h s
G f, G3 , G3 , . . .  s a t i s f y i n g  G^^ = G and  Ggj^^ = H.
L e t  u s  c o n s i d e r  * S in c e  q i s  o d d ,  t h e n  so  i s  3q+2.
T h e r e f o r e  G^^^g “ B ut s i n c e  a^ + a^ + q (a ^  + a^ + a ^ )  E 0 mod r ,
i t  f o l l o w s  t h a t  G« = G*. Hence G = H, a  c o n t r a d i c t i o n .  T h e r e f o r eoq+z z
G i s  e d g e - r e c o n s t r u c t i b l e ,  so t h a t  t h e  w h e e l - s e q u e n c e  9^2*^3^
r e c o n s t r u c t s  3 ^ .  I n  a  s i m i l a r  way we c a n  show t h a t  “^ ^0*^2* ^1*^3^ 
r e c o n s t r u c t s  3 ^ .
Now, l e t  G h a v e  a  v e r t e x  w i t h  w h e e l - s e q u e n c e  < a Q ,a ^ , a 3 , a 2 >, and  l e t  
us  assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e  and  t h a t  H i s  t h e  
o t h e r  e d g e - r e c o n s t r u c t i o n  o f  G. I n  D'G t h e r e  i s  a  g r a p h  o f  t y p e  
< aQ + a^ ,a 3 , a 2 ; a Q ,a ^ > .  S in c e  a^ i s  s p e c i a l  i n  < a ^ , a ^ , a 2 , a 3 >, t h e n ,  
c o n s i d e r i n g  t h e  p o s s i b l e  e d g e - r e c o n s t r u c t i o n s  from  t h i s  g r a p h ,  we 
o b t a i n  t h a t  e i t h e r  H o r  G h a s  a  v e r t e x  w i t h  w h e e l - s e q u e n c e  
< a ^ ,a Q ,a 3 , a 2 > ( t h a t  i s ,  s i n c e  t h i s  w h e e l - s e q u e n c e
r e c o n s t r u c t s  3 ^ ,  and s i n c e  H,G e 3^ a r e  n o t  e d g e - r e c o n s t r u c t i b l e .
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we t h e n  o b t a i n  a  c o n t r a d i c t i o n .  T h e r e f o r e  G i s  e d g e - r e c o n s t r u c t i b l e .  
and h e n c e  i s  a
r e c o n s t r u c t o r  s e q u e n c e  f o r  3 ^ .  □
The f o l l o w i n g  lemma com plem ents  t h e  r e s u l t  o f  Lemma 7 . 1 .
Lemma 7 .5
L e t  a ,  b b e  p o s i t i v e  i n t e g e r s .  Then ( < a , a , 2 a , b > j < a , 2 a , a , b > )  i s  a  
r e c o n s t r u c t o r  s e q u e n c e  f o r  3q .
P r o o f
L e t  G h a v e  a  4 - v e r t e x  w i t h  w h e e l - s e q u e n c e  < a , a , 2 a , b > .  I f  b i s
n o t  s p e c i a l  i n  < a , a , 2 a , b > ,  t h e n  b = a ,  so t h a t  2a  i s  s p e c i a l  and
o (a+ a + b )  = o ( 3 a )  i n  i s  odd ;  h e n c e  G i s  e d g e - r e c o n s t r u c t i b l e
by Lemma 7 . 3 .  I f  2a  i s  n o t  s p e c i a l  i n  < a , a , 2 a , b > ,  t h e n  b = 3 a ,
so  t h a t  b i s  s p e c i a l  and o (a+ a + 2 a)  i n  Z^^ i s  o d d ;  a g a i n  we h a v e
t h a t  G i s  e d g e - r e c o n s t r u c t i b l e .  We may t h e r e f o r e  assum e t h a t  b o t h  
2a and b a r e  s p e c i a l  i n  < a , a , 2 a , b > .  But t h e n  G i s  e d g e -  
r e c o n s t r u c t i b l e  by  Lemma 7 .4  w i t h  a^ = 2 a ,  a^ = b and  q = 1 .
T h e r e f o r e  t h e  w h e e l - s e q u e n c e  < a , a , 2 a ,b >  r e c o n s t r u c t s  3q .
Now, l e t  G h a v e  a  4 - v e r t e x  w i t h  w h e e l - s e q u e n c e  < a , 2 a , a , b >  and  l e t  
us assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e  and  t h a t  H i s  t h e  
o t h e r  e d g e - r e c o n s t r u c t i o n  o f  G. A g a in ,  we may assum e t h a t  b f  3 a ,  
o t h e r w i s e  G w ou ld  b e  e d g e - r e c o n s t r u c t i b l e  by Lemma 7 . 3 .  I n  D'G 
t h e r e  i s  a  g r a p h  o f  t y p e  < 3 a v a ,b ; a , '2 a > .  S in c e  b f  3 a ,  t h e n ,  
c o n s i d e r i n g  t h e  p o s s i b l e  e d g e - r e c o n s t r u c t i o n s  from  t h i s  g r a p h  we o b t a i n  
t h a t  e i t h e r  H o r  G h a s  a  v e r t e x  w i t h  w h e e l - s e q u e n c e  < 2 a , a , a , b > .
B ut s i n c e  t h i s  w h e e l - s e q u e n c e  r e c o n s t r u c t s  3 ^ ,  and s i n c e  H,G e 3q 
a r e  n o t  e d g e - r e c o n s t r u c t i b l e ,  we t h e n  h a v e  a  c o n t r a d i c t i o n .  T h e r e f o r e  
G i s  e d g e - r e c o n s t r u c t i b l e ,  and  h e n c e  ( < a , a , 2 a , b > , < a , 2 a , a , b > )  i s  a 
r e c o n s t r u c t o r  s e q u e n c e  f o r  3 ^ .  0
As a c o n s e q u e n c e  o f  Lemmas 7 .1  and 7 .5  we h a v e  t h e  f o l l o w i n g
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c o r o l l a r y .
C o r o l l a r y  7 .3
I f  G c o n t a i n s  a  4 - v e r t e x  w i t h  w h e e l - s e q u e n c e  <a^ya^ya^ya^> su ch  
t h a t  a^  = a^ f o r  some i  f  j ,  { i , j }  c  { 0 , 1 , 2 , 3 } ,  t h e n  G i s  
e d g e - r e c o n s t r u c t i b l e .  □
SECTION 7 .2  -  PROOF OF THEOREM 7 . 2 '
As we s a i d  a b o v e ,  t h e  p r o o f  w i l l  c o n s i s t  i n  e x h i b i t i n g  a  r e c o n s t r u c t o r
s e t  f o r  Oq c o n t a i n i n g  a l l  5 - s e q u e n c e s  w h ic h  h a v e  e a c h  te rm  l e s s  t h a n  
4 .  (We o b s e r v e  t h a t  by  C o r o l l a r y  7 . 3 ,  any  w h e e l - s e q u e n c e  < l , l , l , a > ,  
a k 1 ,  r e c o n s t r u c t s  3 ^ . )  To o b t a i n  t h i s  r e c o n s t r u c t o r  s e t  we p r o c e e d  
a s  f o l l o w s .  F i r s t , ' ‘by means o f  t h e  lemmas i n  S e c t i o n  7 . 1 ,  we b u i l d  up 
a  r e c o n s t r u c t o r  s e t  c o n t a i n i n g  a l l  4 - s e q u e n c e s  w i t h  r i m - l e n g t h  l e s s  
t h a n  16 . Hence we may t h e n  assum e t h a t  G h a s  no 4 - v e r t e x  w i t h  su c h  
a w h e e l - s e q u e n c e ,  a s  o t h e r w i s e  i t  w ould  b e  e d g e - r e c o n s t r u c t i b l e .
H av ing  done t h i s  we c an  t h e n  c o n s i d e r  5 - s e q u e n c e s  w i t h  r i m - l e n g t h  l e s s  
t h a n  16 ,  b e c a u s e ,  as  we h a v e  a l r e a d y  o b s e r v e d ,  i f  G h a s  a  5 - v e r t e x  
V w i t h  w h e e l - s e q u e n c e  o f  r i m - l e n g t h  l e s s  t h a n  16 , and e i s  an  edge  
i n c i d e n t  to  v  i n  G, we c an  t h e n  i d e n t i f y  t h e  v e r t e x  v  i n  G -  e .
T h e r e f o r e  we s h a l l  f i r s t  show t h a t  a l l  4 - s e q u e n c e s  w i t h  r i m - l e n g t h  l e s s  
t h a n  16 form  a r e c o n s t r u c t o r  s e t  f o r  3 ^ .  By C o r o l l a r y  7 .2  we n e e d  
o n ly  c o n s i d e r  t h o s e  4 - s e q u e n c e s  w i t h  e v e n  r i m - l e n g t h ,  and  b y  C o r o l l a r y
7 .3  we n eed  o n ly  c o n s i d e r  t h o s e  4 - s e q u e n c e s  i n  w h ich  a l l  f o u r  te rm s
a r e  d i s t i n c t .  S in c e  t h e  4 - s e q u e n c e s  w i t h  d i s t i n c t  te rm s  and t h e  
s m a l l e s t  p o s s i b l e  r i m - l e n g t h  a r e  < a , b , c , d >  w i t h  { a , b , c , d }  = { 1 , 2 , 3 , 4 } ,  
we n e e d  o n ly  c o n s i d e r  4 - s e q u e n c e s  w i t h  r i m - l e n g t h s  10 , 12 and  1 4 .
To f i n d  t h e  number o f  su ch  4 - s e q u e n c e s  we n e e d  t o  know th e  num ber o f  
p a r t i t i o n s ,  i n t o  e x a c t l y  f o u r  d i s t i n c t  p a r t s ,  o f  t h e  i n t e g e r s  1 0 ,
12 and  14 r e s p e c t i v e l y .  The g e n e r a t i n g  f u n c t i o n  o f  t h e  num ber
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o f  s u c h  p a r t i t i o n s  i s  . ® , ( s e e  [ L I ,  p . 4 6 ] ) ,
( l - x ) ( l - x ^ ) ( l - x 3 ) ( l - x ^ )  
from  w h ic h  we s e e  t h a t  t h e r e  i s  one su c h  p a r t i t i o n  o f  10 ,  nam ely  
{ 1 , 2 , 3 , 4 } ,  two su c h  p a r t i t i o n s  o f  1 2 ,  { 1 , 2 , 3 , 6 }  and  { 1 , 2 , 4 , 5 } ,  and
f i v e  s u c h  p a r t i t i o n s  o f  14 ,  t h e s e  b e i n g  { 1 , 2 , 3 , 8 } ,  { 1 , 2 , 4 , 7 } ,
{ 1 , 2 , 5 , 6 } ,  { 1 , 3 , 4 , 6 }  and { 2 , 3 , 4 , 5 } .  We now p r o c e e d  t o  c o n s i d e r  t h e  
c o r r e s p o n d i n g  w h e e l - s e q u e n c e s .
C o n s i d e r i n g  f i r s t  t h e  4 - s e q u e n c e s  < a , b , c , d >  w i t h  { a , b , c , d }  = { 1 , 2 , 3 , 4 }  
we s e e  t h a t  4 i s  s p e c i a l ,  so t h a t ,  s i n c e  o ( 6 )  i n  i s  o d d ,
t h e n  Lemma 7 . 3  i m p l i e s  t h a t  any su c h  w h e e l - s e q u e n c e  r e c o n s t r u c t s  3 ^ .
F o r  r i m - l e n g t h  12 ,  we h a v e  to  c o n s i d e r  ( < 3 , 1 , 2 , 6 > , < 3 , 2 , 1 , 6 > , < 3 , 1 , 6 , 2 > )  
and ( < 5 , 1 , 4 , 2 > , < 5 , 4 , 1 , 2 > , < 5 , 1 , 2 , 4 > ) . The f i r s t  i s  a  r e c o n s t r u c t o r  
s e q u e n c e  by  Lemma 7 . 4 ,  w i t h  a^ = 3 , a^  = 6 ,  q = 1 ,  and  t h e  s e c o n d  i s  
a  r e c o n s t r u c t o r  s e q u e n c e ,  a l s o  by Lemma 7 . 4 ,  w i t h  a^  = 5 ,  a^  = 2 , 
q = 1 .
We now c o n s i d e r  t h e  4 - s e q u e n c e s  w i t h  r i m - l e n g t h  14 and  d i s t i n c t  
t e r m s .  As we h a v e  s e e n ,  t h e s e  a r e  < a , b , c , d >  w i t h  { a , b , c , d }  e q u a l  
t o  ( i )  { 1 , 2 , 3 , 8 } ,  ( i i )  { 1 , 2 , 4 , 7 } ,  ( i i i )  { 1 , 2 , 5 , 6 } ,  ( i v )  { 1 , 3 , 4 , 6 }  
and ( y )  { 2 , 3 , 4 , 5 } .
I n  ( i ) ,  8 i s  s p e c i a l  and o ( 6 )  i n  Z^^ i s  odd ;  i n  ( i i )  and  ( v ) ,
4 i s  s p e c i a l  and  o (1 0 )  i n  Z^^ i s  odd ;  and i n  ( i i i )  and  ( i v ) ,
6 i s  s p e c i a l  and o (8 )  i n  Z^^ i s  o d d .  T h e r e f o r e  b y  Lemma 7 . 3 ,  a l l  
t h e s e  w h e e l - s e q u e n c e s  r e c o n s t r u c t  3 ^ .
H a v in g  b u i l t  up  o u r  r e c o n s t r u c t o r  s e t  t o ' i n c l u d e  a l l  4 - s e q u e n c e s  w i t h  
r i m - l e n g t h  l e s s  t h a n  16 we can  now assum e t h a t  G h a s  no 4 - v e r t e x  
w i t h  s u c h  a w h e e l - s e q u e n c e ,  and we t u r n  o u r  a t t e n t i o n  t o  t h e  5 - s e q u e n c e s  
We c o u ld  p ro v e  lemmas on  5 - s e q u e n c e s  s i m i l a r  t o  some o f  t h o s e  i n  
S e c t i o n  7 . 1 .  However, s i n c e  t h e  number o f  c a s e s  t o  c o n s i d e r  h e r e  i s
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r e l a t i v e l y  s m a l l  and s i n c e  m ost o f  t h e s e  c a s e s  a r e  v e r y  s t r a i g h t f o r w a r d ,  
we p r e f e r  t o  g iv e  a c a s e - h y - c a s e  a n a l y s i s .  Below we g iv e  t h e  5 - s e q u e n c e  
u n d e r  c o n s i d e r a t i o n  i n  t h e  t h i r d  co lum n, and i n  t h e  n e x t  colum n we g iv e  
t h e  t y p e  o f  G -  e  from  w h ic h  t h e  g ra p h  G i s  r e c o n s t r u c t i b l e  i f  i t  
h a s  a  5 - v e r t e x  w i t h  t h e  w h e e l - s e q u e n c e  u n d e r  c o n s i d e r a t i o n .  I n  t h e  
l e s s  s t r a i g h t f o r w a r d  c a s e s  we g iv e  a f u l l e r  p r o o f .  (We n o t e  h e r e  
t h a t  i n  some c a s e s  i n  t h e  t a b l e  b e lo w ,  t h e  o r d e r  i n  w h ich  t h e  
5 - s e q u e n c e s  a r e  c o n s id e r e d  i s  i m p o r t a n t ,  as  t h e  p r o o f  f o r  some o f  t h e  
w h e e l - s e q u e n c e s  depends  o n  t h e  e n t r i e s  above  them . T hus ,  f o r  ex a m p le ,  
( < 2 , 2 , 1 , 1 , 1 > , < 2 , 1 , 2 , 1 , 1 > )  i s  a  r e c o n s t r u c t o r  s e q u e n c e . )
CASE RIM-
LENGTH
WHEEL-SEQUENCES RECONSTRUCTING
TYPE
REMARKS
I 5 < 1 , 1 , 1 , 1 , 1 > < 2 , 1 , 1 , 1 ; 1 , 1 >
I I 6 < 2 , 1 , 1 , 1 , 1 > P r o o f  b e lo w .
I I I 7 < 3 , 1 , 1 , 1 , 1 >
< 2 , 2 , 1 , 1 , 1 >
< 2 , 1 , 2 , 1 , 1 >
< 3 , 1 , 1 , 2 ; 1 , 1 >
< 4 , 1 , 1 , 1 ; 2 , 2 >
< 3 , 2 , 1 , 1 ; 2 , 1 > By < 2 , 2 , 1 , 1 , 1 >  a b o v e .
IV 8 < 2 , 2 , 2 , 1 , 1 >  
< 2 , 2 , 1 , 2 , 1 >  
< 3 , 2 , 1 , 1 , 1 >  
< 3 , 1 , 2 , 1 ,1>
< 4 , 2 , 1 , 1 ; 2 , 2 >
< 4 , 1 , 1 , 1 ; 2 , 2 >
< 3 , 1 , 2 , 2 ; 1 , 1 >
P r o o f  b e lo w .
By < 3 , 2 , 1 , 1 , 1 >  a b o v e .
V 9 < 3 , 3 , 1 , 1 , 1 >
< 3 , 1 , 3 , 1 ,1>
< 3 , 2 , 2 , 1 ,1>  
< 3 , 1 , 2 , 2 ,  
< 2 , 3 , 2 , 1 , 1 >
< 3 , 2 , 1 , 2 , 1>
< 2 , 2 , 2 , a , l >
< 3 , 3 , 1 , 2 ; 1 , 1 >
< 3 , 1 , 3 , 2 ; 1 , 1 >
< 3 , 4 , 1 , 1 ; 2 , 2 >  
< 3 , 1, z-,i;a,a> 
< 5 , 2 , 1 , 1 ; 3 , 2 >
< 4 , 2 , 2 , 1 ; 2 , 2 >
By < 3 , 2 , 2 , 1 , 1 >  a b o v e .  
P r o o f  b e lo w .
CASE RIM-
LENGTH
WHEEL-SEQUENCES RECONSTRUCTING
TYPE
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REMARKS
VI 10 <3 3 2 1 1> <6 2 ,1 1 ; 3 ,3 >
<3 3 Z 1> < 6 1 3;3>
<3 2 3 1 1> <5 3 ,1 1 3 ,2 >
<3 2 1 3 1> <3 2 ,1 4 3 ,1 >
<3 2 2 2 1> <3 4 , 2 1 2 ,2 >
<3 2 2 1 2> <3 4 , 1 2 2 ,2>
<2 2 2 2 2> <4 2 ,2 2 2 ,2 >
By < 3 , 3 , 2 , 1 , 1 >  a b o v e .  
By < 3 , 3 , 2 , 1 , 1 >  a b o v e .
V I I 11 <3 3 3 1 1> <6 3 ,1 1 3 3>
<3 3 1 3 1> <6 1 ,3 1 3 3>
<1 2 2 3 3> <1 2 ,2 6 3 3>
<1 2 3 2 3> <1 2 ,3 5 2 3>
<2 1 2 3 3> <2 1 ,2 6 3 3>
<3 1 3 2 2> <3 1 ,3 4 2 2>
<2 2 2 2 3> <4 2 ,2 3 2 2>
By < 1 , 2 , 2 , 3 , 3 >  a b o v e .
V I I I 12 <3 3 3 2 1> <6 3 ,2 1 3 3>
<3 3 2 3 1> <6 2 ,3 1 3 3>
<3 3 2 2 2> <3 3 ,2 4 2 2>
<3 2 3 2 2> <3 2 ,3 4 2 2>
IX 13 <3 3 3 3 1> <6 3 ,3 1 3 3>
<3 3 3 2 2> <6 3 ,2 2 3 3>
<3 3 2 3 2> <6 2 ,3 2 3 3>
14 < 3 , 3 , 3 , 3 2> <6 3 ,3 3>
XI 15 < 3 , 3 , 3 , 3 3> <6 3 ,3 3>
P r o o f  f o r  Case I I ,  w h e e l - s e q u e n c e  <2
L e t  G h a v e  a  5 - v e r t e x  v  w i t h  w h e e l - s e q u e n c e  < 2 , 1 , 1 , 1 , 1 >  a s  shown 
i n  F i g u r e  7 . 5 ,  and  l e t  us assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e
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F i g u r e  7 .5
Ov,
F i g u r e  7 .6
<>v,5 ^
F i g u r e  7 .7
and t h a t  H i s  t h e  o t h e r  e d g e - r e c o n s t r u c t i o n  o f  G, H ^ G. T h e r e f o r e  
i f  Gj :=  G -  + W q and G^ :=  G -  + W q , we h a v e  b y  t h e  u s u a l
a rg u m en ts  t h a t  G^ -  H = G^. But t h e n ,  i f  G^ G^ ” vv^ + w ^ ,  we 
h a v e  t h a t  G^ -  G. S in c e  G^ = G^, i t  f o l l o w s  t h a t  G = H, a  
c o n t r a d i c t i o n .  □
P r o o f  f o r  Case IV , W h e é l- se q u e n c e  < 3 , 2 , 1 , 1 , 1 > .
L e t  G h a v e  a  5 - v e r t e x  v  w i t h  w h e e l - s e q u e n c e  < 3 , 2 , 1 , 1 , 1 >  a s  shown
i n  F i g u r e  7 . 6 ;  l e t  u s  assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e  and  
t h a t  H i s  t h e  o t h e r  e d g e - r e c o n s t r u c t i o n  o f  G, H ^ G. Then i f
G’ :=  G -  + v v y , i t  f o l lo w s  t h a t  G'= H. Now, s i n c e  3 i s  s p e c i a l
i n  < 3 , 2 , 1 , 1 , 1 > ,  we c a n  a p p ly  t h e  same p r o c e s s  as  i n  t h e  p r o o f  o f  
Lemma 7 . 3 .  Thus we o b t a i n  G^ :=  G -  + w ^ ,  G^ :=  -  W g  + W g ,
and so o n ,  g i v i n g  t h a t  G^j -  G and ^ 2 j + l  ~ i t  i s  e a s y  to
check  t h a t  G* = GU, so  t h a t  G = H, a  c o n t r a d i c t i o n .  T h e r e f o r e  G i s
D
e d g e - r e c o n s t r u c t i b l e .  □
P r o o f  f o r  Case V, w h e e l - s e q u e n c e  < 3 , 2 , 1 , 2 , 1 > .
L e t  G h a v e  a  5 - v e r t e x  v  w i t h  w h e e l - s e q u e n c e  < 3 , 2 , 1 , 2 , 1 >  a s  shown
i n  F i g u r e  7 . 7 ;  l e t  u s  assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e  and
t h a t  H i s  t h e  o t h e r  e d g e - r e c o n s t r u c t i o n  o f  G. By t h e  p r e v i o u s
e n t r i e s  i n  t h e  l i s t  o f  5 - s e q u e n c e s  we deduce  t h a t  n e i t h e r  G n o r  H
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c a n  h a v e  a  5 - v e r t e x  w i t h  w h e e l - s e q u e n c e  < 3 , 2 , 2 , 1 , 1 >  o r  < 2 , 3 , 2 , 1 , 1 > .
I t  f o l l o w s  t h a t  i f  := G -  W g  + w ^ ,  t h e n  H = G^. A l s o ,  i f
G^ := G -  vv^  + vVg, t h e n  H = Gg, and t h e r e f o r e  i f  Gg := ~ W g  +
t h e n  G -  G^. But G^ = G^, and t h e r e f o r e  G = H, a  c o n t r a d i c t i o n .  
T h e r e f o r e  G i s  e d g e - r e c o n s t r u c t i b l e ,  □
T h is  l a s t  c a s e  c o m p le te s  t h e  p r o o f  o f  Theorem  7 . 2 ' .
REMARKS...Parts o f  t h e  p r o o f  o f  t h i s  r e s u l t  a r e  somewhat t e d i o u s .  
A l t e r n a t i v e  p r o o f s  o f  t h e  M ain Theorem o f  t h i s  c h a p t e r  w h ich  do away 
w i t h  m ost  o f  t h e  c a s e - b y - c a s e  a n a l y s i s  depend  on p r o v in g  c e r t a i n  r e s u l t s  
w h ic h  t o  d a t e  we h a v e  b e e n  u n a b le  t o  e s t a b l i s h .  We p r e s e n t  one o f  them 
a s  p a r t i c u l a r l y  w o r th  a t t e m p t i n g .
G ive  a  r e a s o n a b ly  s h o r t  and  d i r e c t  p r o o f  o f  t h e  f o l l o w i n g  
s t a t e m e n t :  L e t  G be a 4 - c o n n e c t e d  p l a n a r  g ra p h  and l e t
G -  e  b e  su ch  t h a t  t h e  edge  e i s  i n c i d e n t  t o  a  4 - v e r t e x  
V i n  G. Then t h e  w h e e l - s e q u e n c e  o f  v  i n  G i s  
r e c o n s t r u c t i b l e  from  D 'G .
SECTION 7 .3  -  EPILOGUE: RECONSTRUCTION FROM EDGE-CONTRACTED SUBGRAPHS
I n  t h e  p r e v i o u s  two s e c t i o n s  an  i m p o r t a n t  p a r t  was p l a y e d  b y  Theorem 7 .3  
and e s p e c i a l l y  i t s  c o r o l l a r y .  C o r o l l a r y  7 . 1 .  We now p r e s e n t  a  d u a l  
f o r m u l a t i o n  o f  t h i s  r e s u l t .  T h i s  w i l l  t h e n  p rom pt u s  t o  c o n s i d e r  
b r i e f l y  a n o th e r  v a r i a n t  o f  t h e  R e c o n s t r u c t i o n  P ro b le m .
We r e c a l l  t h a t  an  edge e o f  a  g ra p h  G i s  s a i d  t o  b e  c o n t r a c t e d  i f  
e  i s  d e l e t e d  and i t s  ends  a r e  i d e n t i f i e d ;  t h e  r e s u l t i n g  g ra p h  i s  
d e n o te d  by  G .e .  We s a y  t h a t  G i s  c o n t r a c t i o n - . r e c o n s t r u c t i b l e  i f  
i t  i s  u n i q u e l y  d e te r m i n e d ,  up t o  i so m o rp h is m ,  from  th e  f a m i ly  
D"G := {{G .e :  e  c EG}}, c a l l e d  t h e  c o n t r a c t i o n - d e c k  o f  G. 
C o n t r a c t i o n - r e c o g n i z a b l e  c l a s s e s  o f  g r a p h s  a r e  d e f i n e d  i n  an a n a lo g o u s  
m anner  as  f o r  t h e  V e r t e x - r e c o n s t r u c t i o n  and  E d g e - r e c o n s t r u c t i o n
120
P r o b le m s .  The two g ra p h s  i n  F i g u r e  7 .8  b o th  h a v e  t h e  same c o n t r a c t i o n -  
d e c k ,  so  t h a t  t h e y  a r e  n o t  c o n t r a c t i o n - r e c o n s t r u c t i b l e .  H ence , we 
s h a l l  o n l y  c o n s i d e r  t h e  c o n t r a c t i o n - r e c o n s t r u c t i o n  o f  g ra p h s  w i t h  a t  
l e a s t  f o u r  e d g e s .
F i g u r e  7 .8
F o r  p l a n a r  g r a p h s , t h e  C o n t r a c t i o n - r e c o n s t r u c t i o n  P ro b le m  i s  i n  some 
ways a d u a l  o f  t h e  E d g e - r e c o n s t r u c t i o n  P ro b le m . I n  f a c t ,  Bondy and
Hemminger i n  [B H l]  a s k  t h e  f o l l o w i n g  q u e s t i o n :  L e t  G and  H b e
p l a n a r  d u a l s ;  i s  t h e  e d g e - r e c o n s t r u c t i o n  o f  G e q u i v a l e n t  t o  t h e  
c o n t r a c t i o n - r e c o n s t r u c t i o n  o f  H ? T h is  i s  o f  c o u r s e  t r u e  when G i s
4 - c o n n e c t e d ,  s i n c e  t h e n  e v e r y  g ra p h  G -  e  h a s  a  u n i q u e  d u a l  (G -  e ) * ,  
so  t h a t  i f  e*  i s  t h e  edge  o f  H c o r r e s p o n d in g  t o  t h e  edge  e o f  G,
t h e n  (G -  e ) *  = H .e * ;  c o n v e r s e l y ,  s i n c e  G -  e i s  s im p le  and
3 - c ô n n e c t e d ,  t h e n  so i s  H .e *  ( s e e  [W3] ) ,  and  h e n c e  G -  e  i s  t h e  
u n iq u e  d u a l  o f  H .e * .  One c an  t h e r e f o r e  g iv e  a d u a l  o f  t h e  M ain Theorem 
o f  t h i s  c h a p t e r .  However, a s  we s a i d ,  we a r e  c h i e f l y  i n t e r e s t e d  i n  
Theorem  7 . 3  and C o r o l l a r y  7 . 1 ,  p a r t i c u l a r l y  b e c a u s e  t h e i r  d u a l  
f o r m u l a t i o n s ,  g iv e n  a s  Theorem 7 .3 *  and  C o r o l l a r y  7 .1 *  r e s p e c t i v e l y ,  
a p p ly  a l s o  t o  n o n p la n a r  g r a p h s .
Theorem 7 .3 *
L e t  G b e  a g ra p h  w i t h  minimum v a l e n c y  a t  l e a s t  3 .  Then t h e  v a l e n c y  
l i s t  o f  G i s  r e c o n s t r u c t i b l e  from  D"G. □
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C o r o l l a r y  7 ill*
L e t  G be a g rap h  w i t h  minimum v a l e n c y  a t  l e a s t  3 ,  l e t  G .e  be
any g ra p h  i n  Z?"G, and l e t  u  and v  be  t h e  two v e r t i c e s  i n c i d e n t  t o
e  i n  G. Then t h e  p a i r  { { p u ,p v } }  i s  r e c o n s t r u c t i b l e  from  2?"G. □
The i n t e r e s t i n g  p o i n t s  t o  n o t e  a b o u t  t h e s e  two r e s u l t s  a r e :
( i )  U n l ik e  Theorem 7 .3  and  C o r o l l a r y  7 . 1 ,  G h e r e  n e e d  n e i t h e r  be 
p l a n a r  n o r  4 - c o n n e c t e d .
( i i )  By t h e  rem a rk s  p r e c e d in g  Theorem 7 .3 *  we o b s e r v e  t h a t
Theorem 7 .3  and C o r o l l a r y  7 .1  f o l l o w  from  Theorem 7 .3 *  and
C o r o l l a r y  7 .1 *  r e s p e c t i v e l y .
( i i i )  The p r o o f  o f  Theorem 7 .3  and i t s  c o r o l l a r y  a p p l i e s  t o  
Theorem 7 .3 *  and C o r o l l a r y  7 .1 *  p r a c t i c a l l y  u n c h a n g e d ,  a p a r t  f rom  th e  
o b v io u s  ’’d u a l"  m o d i f i c a t i o n s ,  l i k e  s u b s t i t u t i n g  " v e r t e x "  f o r  
" f a c e "  and " e d g e - c o n t r a c t i o n "  f o r  " e d g e - d e l e t i o n " .  (A r o o t - v e r t e x  
i s  d e f i n e d  a n a lo g o u s l y  t o  a  r o o t - f a c e . )  I n  f a c t  i t  m ig h t  b e  e a s i e r  t o  
v i s u a l i z e  t h e  p r o o f  o f  Theorem 7 .3  and  i t s  c o r o l l a r y  by t h i n k i n g  i n  
te rm s  o f  c o n t r a c t i o n s !  The o n l y  m a jo r  d i f f e r e n c e  h e r e  i s  t h a t  we h a v e  
t o  show f i r s t  t h a t  we can  r e c o g n i z e  from  D"G t h a t  G h a s  minimum 
v a l e n c y  a t  l e a s t  3 .  T h is  we do i n  t h e  n e x t  lemma. T h e re  a r e  a l s o  
two o t h e r  s l i g h t  d i f f e r e n c e s  b e tw e e n  t h e  p r o o f  o f  Theorem  7 .3 *  and 
t h a t  o f  Theorem 7 . 3 .  F i r s t l y ,  we n o t e  t h a t  i n  Theorem 7 . 3 ,  we h a d  
p a i r s  o f / a c e s  {A^,B^} such  t h a t  any  two p a i r s  h a d  a t  l e a s t  one ^ —
common f a c e ,  and we c o n c lu d e d  t h a t  two siich p a i r s  c o u ld  o n l y  h a v e  one
common f a c e ,  b e c a u s e  G had  c o n n e c t i v i t y  g r e a t e r  t h a n  2 .  I n  
Theorem 7 .3 * ,  we o b t a i n  a n a lo g o u s  p a i r s  o f  veTi^i^ces { u ^ ,v ^ } ,  and 
a g a in  a n y  two such  p a i r s  m ust h a v e  a t  l e a s t  one  common v e r t e x .  I n
t h i s  c a s e  we o b t a i n  t h a t  two su c h  p a i r s  c a n  o n l y  h a v e  one common v e r t e x  
b e c a u s e  G i s  s im p l e .  S e c o n d ly ,  we n o t e  t h a t  i n  Theorem 7 .3 * ,  a l l  
v e r t i c e s  o f  G m ig h t  h a v e  v a le n c y  3 .  T h i s  c o r r e s p o n d s  t o  G b e i n g  
m axim al p l a n a r  i n  Theorem 7 . 3 ,  a  p o s s i b i l i t y  w h ich  we d i d  n o t  h a v e  t o
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c o n s i d e r  t h e r e .  However i t  i s  e a s i l y  s e e n  t h a t  a l l  t h e  v e r t i c e s  o f  
G h a v e  v a l e n c y  3 i f  and o n ly  i f  f o r  each. G .e  e Z?” G, a l l  v e r t i c e s  o f  
G .e ,  e x c e p t  o n e ,  h a v e  v a le n c y  3 , t h e  e x c e p t i o n a l  v e r t e x  h a v in g  
v a l e n c y  4 .  T h e r e f o r e  i n  t h i s  c a s e  t o o ,  t h e  v a l e n c y  l i s t  o f  G 
i s  r e c o n s t r u c t i b l e  from  Z?"G.*
Lemma 7 .6
The c l a s s  o f  a l l  g r a p h s  w i th  minimum v a l e n c y  a t  l e a s t  3 i s
c o n t r a c t i o n - r e c o g n i z a b l e .
P r o o f
C l e a r l y  we can  d e te r m in e  from  D"G w h e th e r  o r  n o t  G h a s  any
1 - v e r t i c e s ,  s i n c e  G h a s  a  1 - v e r t e x  i f  and o n ly  i f  some G .e  i n  D"G 
h a s  a  1 - v e r t e x .  I f  G does  n o t  h a v e  a  1 - v e r t e x ,  t h e n  i t  i s  e a s y  to  
s e e  t h a t  6G = d :=  minimum{{ 5(G. e)  : G .e  e Z?"G}}. We can  t h e r e f o r e  
d e te r m i n e  from  D"G w h e th e r  o r  n o t  ÔG > 3 .  □
I n  g e n e r a l  l i t t l e  work h a s  been  done on t h e  C o n t r a c t i o n - r e c o n s t r u c t i o n  
P ro b le m  ( s e e  [ B H l ] ) ,  and i t  seems t h a t  t h i s  p ro b le m  i s  no e a s i e r  t h a n  
o t h e r  fo rm s o f  t h e  R e c o n s t r u c t i o n  P ro b le m . We h a v e  a l r e a d y  n o t e d  
above  .a  c e r t a i n  d u a l  r e l a t i o n s h i p  b e tw een  t h e  E d g e - r e c o n s t r u c t i o n  
P ro b le m  and  t h e  C o n t r a c t i o n - r e c o n s t r u c t i o n  P ro b le m .  T h e r e ,  a  r e s u l t  
i n  t h e  Edge P ro b le m  a b o u t  t h e  s i z e s  o f  f a c e s  h a d  a  " d u a l "  r e s u l t  
i n  t h e  C o n t r a c t i o n  P ro b lem  a b o u t  v a l e n c i e s  o f  v e r t i c e s ,  w i t h  t h e  l a t t e r  
r e s u l t  i n  f a c t  a p p ly i n g  even  t o  n o n p la n a r  g r a p h s .  C o n v e r s e ly ,  we 
b e l i e v e  t h a t  j u s t  a s  v a l e n c i e s  o f  v e r t i c e s  o f t e n  p l a y  an  i m p o r t a n t  p a r t  
i n  e d g e - r e c o n s t r u c t i o n ,  so m ig h t  l e n g t h s  o f  c i r c u i t s  p l a y  a p a r t  i n  
c o n t r a c t i o n - r e c o n s t r u c t i o n .  T hus ,  f o r  e x a m p le ,  j u s t  a s  E u l e r i a n  g ra p h s  
a r e  e d g e - r e c o n s t r u c t i b l e ,  so m ig h t  one e x p e c t  t h a t  s o m e th in g  c a n  be  
s a i d  a b o u t  t h e  c o n t r a c t i o n - r e c o n s t r u c t i o n  o f  b i p a r t i t e  g r a p h s .  I n  
f a c t ,  we s h a l l  now c o n s i d e r  t h i s  p ro b le m . I t  i s  i n t e r e s t i n g  t o  o b s e r v e  
t h a t  l i t t l e  p r o g r e s s  h a s  b e e n  done on t h e  v e r t e x - r e c o n s t r u c t i o n  o r  
e d g e - r e c o n s t r u c t i o n  o f  b i p a r t i t e  g ra p h s  ( s e e  [ H 4 ] ) .
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Theorem 7 .4
The c l a s s  o f  b i p a r t i t e  g ra p h s  i s  c o n t r a c t i o n - r e c o g n i z a b l e .
P r o o f
We s h a l l  show t h a t  we c a n  d e te r m in e  from  D"G w h e th e r  o r  n o t  G
h a s  a  c i r c u i t  w i t h  an  odd num ber o f  e d g e s .  C l e a r l y ,  G c o n t a i n s  a
3 - c i r c u i t  i f  and o n l y  i f  some g ra p h  i n  P"G h a s  m u l t i p l e  e d g e s .
We can  t h e r e f o r e  d e te r m in e  w h e th e r  o r  n o t  G h a s  any  3 - c i r c u i t .  I f  
G h a s  a  3 - c i r c u i t  t h e n  i t  i s  n o t  b i p a r t i t e .  I f  i t  does  n o t  h a v e  a 
3 - c i r c u i t  we p r o c e e d  t o  d e te r m in e  w h e th e r  o r  n o t  i t  h a s  a  5 - c i r c u i t .
The g e n e r a l  a rg u m en t r u n s  as  f o l l o w s .
L e t  u s  assum e t h a t  i t  h a s  b e e n  d e te r m in e d  t h a t  G h a s  no  ( 2 p + l ) - c i r c u i t  
f o r  p = 1 , . . .  , k - l . L e t  t h e  num ber o f  r - c i r c u i t s  i n  G b e  c^  and
l e t  t h e  t o t a l  number o f  r - c i r c u i t s  i n  a l l  t h e  g ra p h s  i n  D"G b e  C^.
•Now, s i n c e  G c o n t a i n s  no ( 2 k - l ) - c i r c u i t ,  t h e n  any  ( 2 k - l ) - c i r c u i t
o f  a  g rap h  i n  J7"G .must a r i s e  th ro u g h  t h e  c o n t r a c t i o n  o f  some e d g e
w hich  l i e s  on a  2 k - c i r c u i t  o f  G. I n  f a c t ,  ^ 2 k - l  ~ t h a t
^2k t>e d e te r m in e d .
We now c la im  t h a t  G c o n t a i n s  a  ( 2 k + l ) - c i r c u i t  i f  and  o n l y  i f  t h e r e  
e x i s t s  a  G .e  i n  P"G w h ich  h a s  one  o f  t h e  f o l l o w i n g  p r o p e r t i e s :  
e i t h e r  ( i )  t h e  num ber o f  2 k - c i r c u i t s  o f  G .e  i s  m ore t h a n  Cg^,
o r  ( i i )  t h e  num ber o f  2 k - c i r c u i t s  and  t h e  num ber o f
( 2 k - l ) - c i r c u i t s  o f  G .e  a r e  ( C g ^ - t )  and  r  r e s p e c ­
t i v e l y ,  w h ere  r  > t  > 0 .
F i r s t ,  l e t  us  assum e t h a t  G d oes  c o n t a i n  a t  l e a s t  one  ( 2 k + l ) - c i r c u i t . 
L e t  e  be  an  edge  o f  G w h ich  i s  i n  a  ( 2 k + l ) - c i r c u i t . I f  e  i s  n o t
i n  a  2 k - c i r c u i t ,  t h e n  t h e  num ber o f  2 k - c i r c u i t s  o f  G .e  i s  m ore t h a n
t&A.
Cg^^ and  so ( i )  h o l d s  f o r  G . e .  T h e r e f o r e  we may assum e th a t^ n u m b e r  
o f  ( 2 k + l ) - c i r c u i t s  and  t h e  number o f  2 k - c i r c u i t s  c o n t a i n i n g  e  a r e
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h  and  r  r e s p e c t i v e l y ,  w i t h  h  > 0 ,  r  > 0 .  Hence t h e  number o f
2 k - c i r c u i t s  o f  G .e  i s  ( c ^ ^ + h - r )  = We may assum e t h a t
( r  -  h )  > 0 ,  a s  o t h e r w i s e  ( i )  h o l d s  f o r  G .e .  But t h e  number o f  
( 2 k - l ) - c i r c u i t s  o f  G .e  i s  r ,  and  r  > ( r  -  h ) ,  s i n c e  h  > 1 .
T h e r e f o r e  ( i i )  h o l d s  f o r  G .e .
C o n v e r s e l y ,  l e t  us assum e t h a t  t h e r e  e x i s t s  a  g ra p h  G .e  w h ich  h a s  one 
o f  t h e  p r o p e r t i e s  ( i )  o r  ( i i ) . I f  G .e  h a s  p r o p e r t y  ( i ) ,  t h e n  n o t  
a l l  t h e  2 k “ c i r c u i t s  o f  G .e  can  b e  2 k - c i r c u i t s  o f  G, so  t h a t  a t  
l e a s t  one o f  them  m ust a r i s e  th ro u g h  t h e  c o n t r a c t i o n  o f  an  edge  o f  a 
( 2 k + l ) - c i r c u i t s  o f  G. I f  G .e  h a s  p r o p e r t y  ( i i ) ,  t h e n  t h e  number 
o f  2 k - c i r c u i t s  o f  G c o n t a i n i n g  t h e  edge  e i s  r ,  s i n c e  G c o n t a i n s
no ( 2 k - l ) - c i r c u i t .  T h e r e f o r e  n o t  a l l  t h e  2 k - c i r c u i t s  o f  G .e  c a n  be
2 k - c i r c u i t s  o f  G, b e c a u s e  o t h e r w i s e  t h e  number o f  2 k - c i r c u i t s  o f  G 
w ould  b e  (Cg^ -  t  + r ) , w h ich  i s  i m p o s s i b l e  s i n c e  (cg^^ -  t  + r )  > 
T h e r e f o r e  we a g a in  o b t a i n  t h a t  G h a s  a  ( 2 k + l ) - c i r c u i t . □
Theorem  7 . 5
L e t  G be  a  b i p a r t i t e  g ra p h  w i t h  minimum v a le n c y  a t  l e a s t  3 ,  and such  
t h a t  e v e r y  G .e  i s  2 - c o n n e c te d .  Then G i s  c o n t r a c t i o n -  
r e c o n s t r u c t i b l e .
P r o o f
S in c e  t h e  minimum v a le n c y  o f  G i s  a t  l e a s t  3 ,  we c a n  t h e n  f i n d  a 
G .e  i n  D G w i t h  a r o o t - v e r t e x  z (we c h o se  G .e  and  z s u c h  t h a t
A (G .e )  i s  maximal among a l l  g r a p h s  i n  D"G and pz = A (G .e )  i n  G . e ) .
Then (G .e )  -  z i s  b o th  c o n n e c te d  and b i p a r t i t e .  S in c e  ( G .e )  -  z
i s  c o n n e c t e d ,  we can  p a r t i t i o n  i t s  v e r t e x - s e t  u n i q u e l y  i n t o  two s e t s
and such  t h a t  any  edge  o f  ( G .e )  -  z i s  i n c i d e n t  t o  a  v e r t e x
from  and  a  v e r t e x  from  V^.
L e t  t h e  n e ig h b o u r s  o f  z i n  G .e  b e  s ^ ,  S 2 ’ * * ’ ®p t ^ ,
su c h  t h a t  s^  e and t ^  g (we n o t e  t h a t  b o th  p and  q a r e
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g r e a t e r  t h a n  0 ) .  We now c l a i m  t h a t  t h e  o n ly  way t o  r e c o n s t r u c t  from
G .e i s  by a d d in g  t h e  edge  uv t o  (G .e )  -  z and j o i n i n g  u t o  t h e
v e r t i c e s  s^  o n ly  and j o i n i n g  v  t o  t h e  v e r t i c e s  t ^  o n l y  ( o r  v i c e -  
v e r s a ) .  We assum e t h a t  t h i s  i s  n o t  so and  o b t a i n  a  c o n t r a d i c t i o n .
Any o t h e r  way we r e c o n s t r u c t  from  G .e  we e i t h e r  o b t a i n  t h a t  u  i s  
a d j a c e n t  t o  s ^  and  v  i s  a d j a c e n t  t o  s ^ , f o r  some i  f  j ,  o r  e l s e
t h a t  u  i s  a d j a c e n t  t o  t ^  and v  t o  t ^ .  We may assum e w i t h  no
l o s s  o f  g e n e r a l i t y  t h a t  t h e  fo rm e r  c a s e  h o l d s .  B u t s i n c e  ( G .é )  -  z 
i s  c o n n e c t e d ,  t h e n  t h e r e  i s  i n  ( G .e )  -  z a  c h a in  ' ' ^ r ^ j
h a s  an  e v en  number o f  e d g e s ,  s i n c e  (G .e )  -  z i s  b i p a r t i t e .  T h e r e f o r e  
t h e  c i r c u i t  us^w^w^. . .w ^s^vu  h a s  an  odd number o f  e d g e s ,  c o n t r a d i c t i n g  
th e  f a c t  t h a t  G i s  b i p a r t i t e .  □
C o r o l l a r y  7 .4
E very  3 - c o n n e c te d  b i p a r t i t e  g r a p h  i s  c o n t r a c t i o n - r e c o n s t r u c t i b l e .
P r o o f
L e t  G b e  a 3 -C o n n e c te d  b i p a r t i t e  g r a p h .  Then any  G .e  i n  D"G i s
2 - c o n n e c t e d .  T h e r e f o r e  G i s  c o n t r a c t i o n - r e c o n s t r u c t i b l e  by  
Theorem 7 . 5 .  D
We c o n c lu d e  t h i s  e p i l o g u e  by p r o v in g  t h e  n o t  to o  d i f f i c u l t  r e s u l t  t h a t  
maximal p l a n a r  g ra p h s  a r e  c o n t r a c t i o n - r e c o n s t r u c t i b l e .  The p r o o f  we 
g iv e  f u r t h e r  i l l u s t r a t e s  t h e  d u a l i t y  b e tw e en  e d g e - r e c o n s t r u c t i o n  and 
c o n t r a c t i o n - r e c o n s t r u c t i o n .  We s h a l l  need  t h e  f o l l o w i n g  r e s u l t s  w hose  
p r o o f s  a r e  e a s y  and  a r e  o m i t t e d .
(1 )  L e t  K be  a  g e n e r a l  g r a p h  w i t h  no lo o p s  and w hose o n ly  m u l t i p l e  
ed g es  a r e  two p a i r s  o f  d o u b le  e d g e s  { { u v ,u v } } ,  {{uw,uw }}, u , v , w  e VK. 
Assume a l s o  t h a t  i f  e a c h  p a i r  o f  d o u b le  ed g es  i s  r e p l a c e d  by  a  s i n g l e  
e d g e ,  t h e n  t h e  r e s u l t i n g  g ra p h  i s  maximal p l a n a r .  Then K h a s  a  
u n iq u e  p l a n e  r e p r e s e n t a t i o n .  We s h a l l  c a l l  s u c h  a g r a p h  a 
q u a s i - m a x i m â l - p l à n a r  g r a p h .
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( 2 )  L e t  G be  a m aximal p l a n a r  g r a p h .  Then G h a s  an  edge  uv such  
t h a t  u and v  h a v e  e x a c t l y  two common n e i g h b o u r s .
(8 )  L e t  G b e  a m axim al p l a n a r  g ra p h  and  l e t  e = uv  £ EG. I f  u  and
V h a v e  e x a c t l y  two n e ig h b o u r s  i n  common, t h e n  G .e  i s  q u a s i - m a x im a l -
p l a n a r .
( ^ )  L e t  G b e  a  c o n n e c te d  g ra p h  o f  o r d e r  a t  l e a s t  7 . Then G i s
p l a n a r  i f  and o n ly  i f  G .e  i s  p l a n a r  f o r  e v e ry  edge  e o f  G. ( T h is
r e s u l t  i s  a n a lo g o u s  t o  Theorem  6 . 1 ,  and  can  be  p ro v ed  u s i n g  t h e  
c h a r a c t e r i z a t i o n s  o f  p l a n a r  g ra p h s  g iv e n  i n  Theorems 2 .4  and  2 . 5 . )
We now p r o c e e d  t o  r e c o n s t r u c t  G from  D"G when G i s  a  m axim al 
p l a n a r  g r a p h .  I t  i s  e a s y  t o  s e e  t h a t  when G i s  i t  i s
c o n t r a c t i o n - r e c o n s t r u c t i b l e .  We may t h e r e f o r e  assum e t h a t  G h a s  a t  
l e a s t  f i v e  v e r t i c e s .  The f i r s t  t a s k  i s  t o  show t h a t  we can  d e t e r m i n e  
from  D"G w h e th e r  o r  n o t  G i s  m aximal p l a n a r .  S in c e  we c a n  d e t e r m i n e  
t h e  number o f  e d g es  o f  G, we may assum e t h a t  EG = 3«VG -  6 ,  so  t h a t  
we o n ly  h a v e  t o  show t h a t  we c a n  r e c o g n i z e  w h e th e r  o r  n o t  G i s  p l a n a r .  
I f  t h e  o r d e r  o f  G i s  a t  l e a s t  7 ,  t h i s  r e c o g n i t i o n  i s  g iv e n  b y  ( 4 )  
a bove . We t h e r e f o r e  h a v e  t o  c o n s i d e r  o r d e r s  5 and 6 .  The o n ly  
n o n p la n a r  g ra p h  on f i v e  v e r t i c e s  i s  K^, and s i n c e  
e(K^) f  3*v(K ^) -  6 ,  we d ed u ce  t h a t  i f  G h a s  f i v e  v e r t i c e s  i t  i s
p l a n a r .  The o n l y  n o n p l a n a r  g ra p h s  w i t h  s i x  v e r t i c e s  and 12 = 3*6 -  6
e dges  can  b e  found  i n  t h e  l i s t  o f  g r a p h s  i n  A ppendix  I  o f  [H 2 ] .
Of t h e s e ,  o n ly  t h e  one  shown i n  F i g u r e  7 .9  be low  h a s  t h e  p r o p e r t y
t h a t  a l l  i t s  e d g e - c o n t r a c t e d  su b g ra p h s  a r e  p l a n a r .  B u t t h i s  g r a p h
h a s  v a le n c y  l i s t  { { 3 , 3 , 3 , 5 , 5 , 5 } } ,  w h e re as  t h e  o n ly  two m axim al p l a n a r
g ra p h s  on s i x  v e r t i c e s  h a v e  v a l e n c y  l i s t s  { { 3 , 3 , 4 , 4 , 5 , 5 } }  and
{ { 4 , 4 , 4 , 4 , 4 , 4 } } ,  ( a g a i n  s e e  t h e  l i s t  i n  [ H 2 ] ) .  T h e r e f o r e  e v e n  t h i s  c a s e
p r e s e n t s  no p ro b le m  s i n c e  i f  G i s  t h e  g ra p h  o f  F i g u r e  7 . 9 ,  t h e n  by
Theorem 7 .3 *  we c a n  t e l l  f rom  D"G t h a t  G i s  n o t  p l a n a r .
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F i g u r é  7 .9
H av ing  t h u s  s o lv e d  t h e  p ro b le m  o f  r e c o g n i t i o n  we may now assum e t h a t  
G i s  m axim al p l a n a r ,  and  we p r o c e e d  t o  r e c o n s t r u c t  i t  f rom  Z?"G. We 
s h a l l  a c t u a l l y  e d g e - r e c o h s t r u c t  H = G*, t h e  d u a l  o f  G. We n o t e  t h a t  
H i s  a  s im p le  3 - c o n n e c te d  g r a p h ,  so t h a t  i f  we r e c o n s t r u c t  H we th e n  
o b t a i n  G as  t h e  u n iq u e  d u a l  o f  H. We n o t e  a l s o  t h a t  s i n c e  H i s  
c u b ic  ( t h a t  i s ,  e v e r y  v e r t e x  h a s  v a l e n c y  3 ) ,  we n e e d  o n l y  one  g ra p h  o f  
D'H t o  r e c o n s t r u c t  H.
B u t  i t  f o l l o w s  from  ( 1 ) ,  ( 2 ) ,  ( 3 )  above  t h a t  t h e r e  i s  a  g r a p h  G .e  
i n  D"G w h ich  h a s  a  u n iq u e  d u a l .  I f  e* i s  t h e  e d g e  o f  H 
c o r r e s p o n d s  t o  e ,  t h e n  ( G .e ) *  -  H -  e * ,  so t h a t  H c a n  b e  
r e c o n s t r u c t e d  from  H -  e * .
We t h e r e f o r e  h a v e .  
Theorem 7 .6
Maximal p l a n a r  g ra p h s  a r e  c o n t r a c t i o n - r e c o n s t r u c t i b l e .  □
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PART IV EXTENSIONS
I n  t h i s  p a r t  we a r e  c o n c e rn e d  w i t h  e x te n d in g  t h e  r e s u l t s  and  t e c h n i q u e s  
o f  t h e  p r e v i o u s  c h a p t e r s  t o  t h e  r e c o n s t r u c t i o n  o f  n o n p l a n a r  g r a p h s .  I n  
C h a p te r  8 we d i s c u s s  w here  t h e  p r e v i o u s  m ethods  f a i l ,  and  we i n d i c a t e  
w h e re ,  i n  t h e  n e x t  two c h a p t e r s ,  new t e c h n i q u e s  a r e  n e e d e d .  I n  
C h a p te r  9 a l l  g r a p h s  w h ich  t r i a n g u l a t e  some s u r f a c e  and  h a v e  
c o n n e c t i v i t y  3 a r e  shown t o  be  e d g e - r e c o n s t r u c t i b l e .  H e r e ;  -we manage 
t o  a v o id  p ro b le m s  o f  em beddings by e d g e - r e c o n s t r u c t i n g  two c l a s s e s  o f  
g ra p h s  w h ic h ,  b e tw e en  th em , c o n s t i t u t e  a  c l a s s  w id e r  t h a n  t h e  c l a s s  o f  
g ra p h s  w h ic h  t r i a n g u l a t e  s u r f a c e s  and  h a v e  c o n n e c t i v i t y  3 ;  f o r  t h e s e  
two c l a s s e s  o f  g ra p h s  e d g e - r e c o n s t r u c t i o n  i s  p o s s i b l e  w i t h o u t  any  
c o n s i d e r a t i o n  o f  e m b edd ings .  I n  t h i s  c h a p t e r  we a l s o  show t h a t  g r a p h s  
w hich  t r i a n g u l a t e  t h e  t o r u s  o r  t h e  p r o j e c t i v e  p l a n e  and h a v e  c o n n e c t i v ­
i t y  3 and  minimum v a l e n c y  a t  l e a s t  4 a r e  w e a k ly  v e r t e x -  
r e c o n s t r u c t i b l e . I n  C h a p te r  10 we show t h a t  any  g r a p h  w h ic h  t r i a n g u l ­
a t e s  t h e  p r o j e c t i v e  p l a n e  i s  e d g e - r e c o n s t r u c t i b l e .  H e r e ,  u n l i k e  t h e  
m ethods  u s e d  i n  C h a p te r  9 t o  g iv e  t h e  e d g e - r e c o n s t r u c t i o n  o f  c e r t a i n  
g ra p h s  w h ic h  t r i a n g u l a t e  s u r f a c e s , h eav y  u s e  i s  made o f  em bedding  
p r o p e r t i e s  o f  t h e  g r a p h s  u n d e r  c o n s i d e r a t i o n .
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I n  t h i s  f i n a l  p a r t  we s h a l l  e x te n d  some o f  o u r  p r e v i o u s  r e s u l t s  on 
p l a n a r  g r a p h s  t o  g ra p h s  w hich  t r i a n g u l a t e  o t h e r  s u r f a c e s .  The a im  o f  
t h i s  c h a p t e r  i s  t o  d i s c u s s  w here  o u r  m ethods f o r  p l a n a r  g r a p h s  now 
f a i l ,  t h u s  m o t i v a t i n g  o u r  s e a r c h  f o r  new t e c h n i q u e s  i n  t h e  n e x t  two 
c h a p t e r s .
Our p r e v i o u s  m ethods  f a i l  p r i m a r i l y  f o r  two m a jo r  r e a s o n s ,  nam ely  t h a t  
f o r  s u r f a c e s  o t h e r  t h a n  t h e  p l a n e  we l a c k  two fu n d a m e n ta l  th e o re m s  
w hich  w ere  c r u c i a l  i n  o u r  work: K u r a to w s k i ’ s Theorem (Theorem  2 .4 )  
and  Theorem 2 .7  on t h e  u n iq u e n e s s  o f  p l a n e  r e p r e s e n t a t i o n s .  We 
s h a l l  f i r s t  d i s c u s s  K u r a t o w s k i ' s  Theorem.
When t r y i n g  t o  r e c o n s t r u c t  a  n o n p la n a r  g ra p h  by u t i l i z i n g  i t s  embedd­
in g  on some s u r f a c e ,  t h e  f i r s t  p ro b le m  we f a c e  i s  t h a t  o f  r e c o g n i z i n g  
t h e  g e n u s .  As c an  be  s e e n  from  [F 2 ]  and [FM I], r e c o g n i z i n g  from  DG 
w h e th e r  o r  n o t  G i s  p l a n a r  i s  no s t r a i g h t f o r w a r d  t a s k ,  a l t h o u g h  as  
we saw i n  C h a p te r  4 ,  t h e  r e s t r i c t i o n  t o  m axim al p l a n a r i t y  d oes  
s i m p l i f y  t h e  s i t u a t i o n .  However, i n  a l l  o f  t h i s  w ork , a n  e s s e n t i a l  
p a r t  i s  p l a y e d  by K u r a t o w s k i ' s  Theorem. S in c e  no a n a lo g o u e  o f  t h i s  
r e s u l t  i s  i n  g e n e r a l  a v a i l a b l e  f o r  s u r f a c e s  o t h e r  t h a n  t h e  p l a n e ,  
t h e s e  m e th o d s  w i l l  n o t  p ro v e  v e ry  f r u i t f u l  f o r  su c h  s u r f a c e s .  How ever, 
a l t h o u g h  we c a n n o t  a p p ly  t h e  t e c h n i q u e s  we u s e d  i n  C h a p t e r  4 ,  we 
s t i l l  b e l i e v e  t h a t  some o f  t h e  r e s u l t s  t h e r e  may c a r r y  o v e r  t o  n o n ­
p l a n a r  g r a p h s .  As an  exam ple we make t h e  f o l l o w i n g  c o n j e c t u r e  
i n  w h ic h ,  by a k - r e p r e s e n t a t i o n  i n  a  s u r f a c e  S o t h e r  t h a n  
t h e  p l a n e  we mean an  embedding i n  S, each  o f  whose f a c e s ,  e x c e p t  o n e ,  
i s  a  3 - f a c e ,  t h e  e x c e p t i o n a l  f a c e  b e in g  a k - f a c e ,  k  ^ 4 .
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C o n j e c tu r e
A g ra p h  G w i t h  minimum v a l e n c y  a t  l e a s t  4 t r i a n g u l a t e s  a  s u r f a c e  
S i f  and o n l y  i f  e v e r y  £ VG h a s  a  P v - r e p r e s e n t a t i o n  i n  S ,
REMARK. I f  we m e r e ly  r e q u i r e  t h a t  eG = 3*vG -  3% (% b e in g  t h e
E u l e r  c h a r a c t e r i s t i c  o f  S) and t h a t  e ach  G^ embeds i n  S , w i t h o u t  
i n s i s t i n g  t h a t  e a ch  G^ s h o u ld  h a v e  a p v - r e p r e s e n t a t i o n  i n  S , t h e n  
t h e  c o n j e c t u r e  w ould  be  f a l s e :  t h e  g ra p h  G i n  F i g u r e  8 . 1  ( i )  i s
n o t  p l a n a r  w h e re a s  e v e r y  G^ i s  p l a n a r ,  and t h e  g ra p h  H i n
F i g u r e  S . l ( i i )  i s  n o t  p r o j e c t i v e  b u t  e v e ry  i s  p r o j e c t i v e ;
m o re o v e r ,  EG = 3*VG -  6 and EH = 3*VH -  3 .  How ever, G -  v^ does
n o t  h a v e  a  p v ^ - r e p r e s e n t a t i o n  and H -  w^ does  n o t  h a v e  a
P W g - r e p r e s e n t a t i o n  i n  t h e  p r o j e c t i v e  p l a n e .
G :
( i )
H
( i i )
F i g u r e  8 .1
A l th o u g h  i n  g e n e r a l  no a n a lo g u e  o f  K u r a to w s k i ' s  Theorem  i s  known 
f o r  o t h e r  s u r f a c e s ,  su c h  a  r e s u l t  h a s  r e c e n t l y  b e e n  fo u n d  f o r  t h e  
p r o j e c t i v e  p l a n e  P by A rc h d e ac o n  [ A l ]  who h a s  shown t h a t  f o r  a  
c e r t a i n  s e t  I ( P )  ( c o n t a i n i n g  103 g r a p h s ! )  an y  g ra p h  G i s  
p r o j e c t i v e  i f  and  o n l y  i f  G does  n o t  c o n t a i n  a  s u b d i v i s i o n  o f  any 
one o f  t h e  g r a p h s  i n  l ( P ) .  (The f u l l  l i s t  o f  g r a p h s  i n  l ( P )
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c a n  b e  found  i n  |pHWi] . ) I t  seems q u i t e  h o p e l e s s ,  h o w e v e r ,  t o  u s e  
l ( P )  t o  g iv e  r e s u l t s  on t h e  v e r t e x - r e c o g n i t i d n  o f  p r o j e c t i v e  g r a p h s .
One o n l y  h a s  t o  l o o k  a t  t h e  p r o o f s  i n  ( p z j , { ^ l |  and C h a p te r  4 ,  w here  
o n ly  two " f o r b i d d e n "  K u ra to w s k i  g ra p h s  a r e  i n v o l v e d ,  t o  r e a l i s e  w hat 
an  i m p o s s ib l e  t a s k  i t  w ould  b e  t o  d e a l  s i m i l a r l y  w i t h  a  s e t  o f  103 
f o r b i d d e n  s u b g r a p h s .  However, as f a r  as  e d g e - r e c o g n i t i o n  i s  c o n c e rn e d  
t h e  p ro b le m  h e r e ,  as  f o r  t h e  p l a n e ,  i s  much more t r a c t a b l e .  F o r  t h e  
p r o j e c t i v e  p l a n e ,  t h e  r e s u l t  c o r r e s p o n d in g  t o  Theorem  6 .1  can  b e  
f o r m u la t e d  a s  f o l l o w s :
Theorem  8 .1
I f  G i s  n o t  a  s u b d i v i s i o n  o f  any  g ra p h  i n  l ( P ) ,  and  h a s  no i s o l a t e d  
v e r t i c e s ,  t h e n  G i s  p r o j e c t i v e  i f  and o n ly  i f  e a c h  G -  e  i n  D*G i s  
p r o j e c t i v e .
P r o o f
C l e a r l y ,  i f  some G^ i s  n o t  p r o j e c t i v e  t h e n  n e i t h e r  i s  G. F o r  t h e
c o n v e r s e ,  we assum e t h a t  e a ch  G^ i s  p r o j e c t i v e  b u t  t h a t  G i s  n o t .
Then G c o n t a i n s  some s u b d i v i s i o n  H o f  some g ra p h  i n  l ( P ) .  But 
s i n c e  G ^  H, and s i n c e  G h a s  no i s o l a t e d  v e r t i c e s ,  t h e n  t h e r e  e x i s t s  
some edge  e^  e EG -  EH. Hence G -  e^  c o n t a i n s  H, and  i s  t h e r e f o r e  
n o t  p r o j e c t i v e ,  g i v i n g  a c o n t r a d i c t i o n .  □
T h is  r e s u l t  w i l l  b e  u s e d  i n  C h a p te r  10 t o  g iv e  t h e  e d g e - r e c o g n i t i o n
o f  g ra p h s  w h ich  t r i a n g u l a t e  P .  However i n  C h a p te r  9 ,  t o  d e a l  w i t h  
t h e  e d g e - r e c o g n i t i o n  o f  g ra p h s  w i t h  c o n n e c t i v i t y  3 and  w h ic h  
t r i a n g u l a t e  s u r f a c e s  o t h e r  t h a n  t h e  p l a n e  o r  t h e  p r o j e c t i v e  p l a n e ,  we 
h a v e  t o  r e s o r t  t o  t e c h n i q u e s  w h ich  do n o t  u s e  a  K u r a t o w s k i - t y p e  
th e o re m .
We now c o n s i d e r  t h e  q u e s t i o n  o f  u n iq u e n e s s  o f  e m b e d d in g s .  H a v in g  
r e c o g n i z e d  t h e  genus o f  a  g ra p h  G, t h e  m a jo r  p ro b le m  f a c e d  when 
a c t u a l l y  t r y i n g  to  r e c o n s t r u c t  G a r i s e s  when t h e  g r a p h s  i n  t h e
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v e r t e x - d e c k ,  o r  t h e  e d g e - d e c k ,  do n o t  h a v e  a u n iq u e  em bedding  on t h e  
p a r t i c u l a r  s u r f a c e  oh  w h ic h  G i s  em b e d d a b le .  (The d e f i n i t i o n  o f  
e q u iv a l e n c e  o f  n o n p l a n a r  em beddings i s  an o b v io u s  e x t e n s i o n  o f  t h e  
d e f i n i t i o n  o f  e q u i v a l e n c t  p l a n e  em bedd ings  g iv e n  i n  C h a p t e r  2 . )  One 
o f  t h e  c r u c i a l  r e s u l t s  i n  o u r  w ork  and i n  [FT , F2 , FMl] w h ich  made
t '
p o s s i b l e  t h e  r e c o n s t r u c t i o n  o f  c e r t a i n  c l a s s e s  o f  p l a n a r  g r a p h s  was 
t h e  f a c t  t h a t  a  3 - c o n n e c te d  p l a n a r  g r a p h  h a s  a  u n iq u e  p l a n e  r e p r e s e n t ­
a t i o n .  C l e a r l y ,  i t  w ould  b e  v e r y  d e s i r e a b l e  i f  we c o u ld  o b t a i n  an  
a n a lo g u e  o f  t h i s  r e s u l t  f o r  o t h e r  s u r f a c e s .  However, a s  we s h a l l  
s e e ,  i t  seems v e r y  u n l i k e l y  t h a t  s u c h  an a n a lo g u e  can  b e  f o u n d .
I t  i s  im m e d ia te ly  c l e a r  t h a t  3 - c o n n e c te d n e s s  i s  n o t  s u f f i c i e n t  t o  
g u a r a n t e e  u n iq u e n e s s  o f  t h e  em bedd ing , a s  c an  be  s e e n  from  t h e  
f o l l o w i n g  two em beddings o f  i n  t h e  p r o j e c t i v e  p l a n e .  ( i n
F i g u r e  8 . 2 ,  G reek  l e t t e r s  d e n o te  p o i n t s  o f  i d e n t i f i c a t i o n  i n  t h e  
p r o j e c t i v e  p l a n e ;  t h i s  same c o n v e n t i o n  i s  a d h e re d  t o  i n  s i m i l a r  c a s e s  
i n  P a r t  I V . )
F i g u r é  8 .2
As can  be  s e e n  from  exam ples  c o n s i d e r e d  be low , t h i s  i s  n o t  an  i s o l a t e d  
phenomenon, r e s u l t i n g  p o s s i b l y  from  t h e  f a c t  t h a t  h a s  a  s m a l l
number o f  v e r t i c e s .  N e i t h e r  i s  i t  due to  t h e  f a c t  t h a t  P i s  n o t  
o r i e n t a b l e ,  as  s i m i l a r  exam p les  on o r i e n t a b l e  s u r f a c e s  c an  b e  fo u n d
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( s e e  a l s o  t h e  d i s c u s s i o n  o f  F i g u r e  8 .9  b e lo w ) .
One m ig h t  h o p e  t h a t  i f  G t r i a n g u l a t e s  a  s u r f a c e  S , and h a s  
s u f f i c i e n t l y  h i g h  c o n n e c t i v i t y ,  t h e n  any  G -  e  i n  D'G w ou ld  h av e  
s u f f i c i e n t  " r i g i d i t y "  t o  e n s u r e  t h a t  i t  h a s  a  u n iq u e  r e p r e s e n t a t i o n  
on  S .  How ever, t h e  exam ple shown i n  F i g u r e  8 .3  shows t h a t  e v e n  t h i s  
i s  n o t  t r u e .  H e re ,  G i s  a  5 - c o n n e c te d  g ra p h  w h ich  t r i a n g u l a t e s  P .
The f i g u r e  shows a  r e p r e s e n t a t i o n  o f  G -  ah  i n  P .  The o t h e r  r e p r e ­
s e n t a t i o n  i s  o b t a i n e d  by em bedding  t h e  edge  v^Vg i n s i d e  t h e  f a c e  
bounded  by  t h e  c i r c u i t  av ^ b v g a .
F i g u r é  8 .3
H ow ever, i f  we c o n s i d e r  a  g ra p h  G -  e  CG s t i l l  t r i a n g u l a t e s  a  
s u r f a c e  S) su c h  t h a t  e  i s  i n c i d e n t  i n  G t o  a  v e r t e x  v  o f  minimum 
v a l e n c y ,  we do n o t  even  r e q u i r e  ( f o r  t h e  p u r p o s e  o f  r e c o n s t r u c t i o n )  
t h a t  G -  e  h a s  a  u n iq u e  r e p r e s e n t a t i o n  i n  S . F i r s t  o f  a l l  we 
o b s e r v e  t h a t  f o r  r e c o n s t r u c t i o n  we n e e d  o n l y  c o n s i d e r  t h o s e  em beddings  
i n  w h ich  t h e  v e r t e x  v ,  w hich  we can  i d e n t i f y ,  l i e s  on  t h e  c i r c u i t  
b o u n d in g  t h e  u n iq u e  4 - f a c e  o f  t h e  em bedd ing , and t h a t  m o re o v e r ,  i f
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vv^VgVgV i s  su c h  a  c i r c u i t ,  t h e n  y  i s  n o t  a d j a c e n t  t o  b e c a u s e
t h e n  G i s  o b t a i n e d  from  one o f  t h e s e  r e p r e s e n t a t i o n s  by  j o i n i n g  by  
an edge t h e  v e r t e x  v  t o  t h e  u n iq u e  v e r t e x  , i n c i d e n t  t o  t h e  4 - f a c e ,  
t o  \d i ic h  V i s  n o t  a l r e a d y  a d j a c e n t .  A l l  t h a t  we r e q u i r e  i s  t h a t  su ch  
r e p r e s e n t a t i o n s  a r e  e q u i v a l e n t .  However ev en  h e r e  we h a v e  a  c o u n t e r ­
exam ple .  F i g u r e  8 ,4  shows two em beddings o f  G -  i n  P ,  w h e re
G i s  4 - c o n n e c t e d  and  t r i a n g u l a t e s  P .  We o b s e r v e  a l s o  t h a t  i n  
G -  W g ,  t h e  v a l e n c i e s  o f  t h e  two v e r t i c e s  v^ and v^  a r e  t h e  sam e, 
so  t h a t  a l t h o u g h  we do know t h e  v a l e n c i e s  o f  t h e  two v e r t i c e s  t o  w h ich  
e i s  i n c i d e n t  i n  G, t h i s  i s  n o t  s u f f i c i e n t  t o  g i v e  u n iq u e  r e c o n s t r ­
u c t i o n  from  G -  W g  •
ct e
T) 6 a
a  e
4 T| 6 B
Where i s  a s c h e m a t ic  
r e p r e s e n t a t i o n o f :
F i g u r é  8 .4
I t  seems v e r y  u n l i k e l y  t h a t  t h e r e  c o u ld  e x i s t  g r a p h s  G f o r  w h ic h  
t h i s  s h o u ld  h a p p e n  f o r  e v e ry  G -  e  w i t h  e  i n c i d e n t  t o  a  v e r t e x  o f  
minimum v a l e n c y  i n  G, H ow ever, i t  does  n o t  seem a t  a l l  e v i d e n t  how t o
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go a b o u t  p r o v in g  su c h  r e s u l t s ,  ( i f  su c h  g ra p h s  do e x i s t  t h e y  would  
h a v e  a  r ô l e  a n a lo g o u s  to  t h a t  o f  c o l l a p s i b l e  g r a p h s  i n ^ C h a p te r  5 . )
We c o n c lu d e  t h i s  d i s c u s s i o n  by c o n s t r u c t i n g  g ra p h s  w h ich  p r o v id e  
s t r o n g  e v id e n c e  t h a t  i t  i s  e x t r e m e ly  u n l i k e l y  t h a t  any a n a lo g u e  o f  
Theorem  2 .7  c an  be  found  f o r  s u r f a c e s  o t h e r  t h a n  t h e  p l a n e .  These  
w i l l  b e  g r a p h s  w h ich  t r i a n g u l a t e  some s u r f a c e  S and h a v e  h i g h  conne ­
c t i v i t y ,  b u t  w h ich  do n o t  h a v e  a  u n iq u e  em bedding  i n  S .  F o r  a  g iv e n  
s u r f a c e  S t h e  c o n s t r u c t i o n  s t a r t s  w i t h  a  g ra p h  w h ic h ,  a l t h o u g h  i t  
does  h a v e  a  u n iq u e  embedding i n  S , does  n o t  h a v e  a  f a c e  p r e s e r v i n g  
au to m o rp h ism  ( w i th  r e s p e c t  t o  em bedd ings  i n  S ) .  T h u s ,  l e t  u s  c o n s i d e r  
t h e  g r a p h  embedded i n  t h e  p r o j e c t i v e  p l a n e  a s  shown i n  F i g u r e  8 . 5 .
6
€
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F i g u r é  8 .5
The two em beddings shown i n  F i g u r e  8 . 5 ( i )  and  8 . 5 ( i i )  a r e  c l e a r l y  
e q u i v a l e n t  s i n c e  t h e r e  e x i s t s  an  au to m o rp h ism  on t h e  g ra p h  t r a n s p o s i n g  
v e r t i c e s  v^ and v^  and l e a v i n g  e v e r y  o t h e r  v e r t e x  f i x e d .  But now, 
s t a r t i n g  f rom  t h i s  i n i t i a l  " f ram ew o rk ” we s h a l l  c o n s t r u c t  two n o n ­
e q u i v a l e n t  em beddings o f  a  g ra p h  w h ich  t r i a n g u l a t e s  P .  We do t h i s  by 
em bedding  two p l a n e  g ra p h s  i n s i d e  t h e  f a c e s  bounded  r e s p e c t i v e l y  by t h e
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c i r c u i t s  and , i n  su ch  a  way t h a t  t h e  r e s u l t i n g
g rap h  t r i a n g u l a t e s  P and  t h a t  t h e  s i m i l a r i t y  b e tw e en  t h e  v e r t i c e s
Vg and  v^ i s  l o s t .  T h i s  i s  done so  t h a t  t h e  c i r c u i t  v ^ v ^ v ^ v ^ ,
w h ich  bounds  a  f a c e  i n  t h e  f i r s t  r e p r e s e n t a t i o n ,  c a n n o t  b e  r e p l a c e d
i n  t h e  se c o n d  r e p r e s e n t a t i o n  by  any o t h e r  c i r c u i t  b o u n d in g  a f a c e .  By
t h i s  we mean t h a t  t h e r e  i s  no a u tom orph ism  ip on t h e  r e s u l t i n g  g ra p h
such  t h a t  t h e  v e r t e x - s e t  {ipv^,ipv^,ipv^} in d u c e s  a  c i r c u i t  w h ic h
bounds a f a c e  i n  t h e  s e c o n d  r e p r e s e n t a t i o n .  S in c e  t h e  c i r c u i t
v.VpV V, d o e s  bound a  f a c e  i n  t h e  f i r s t  r e p r e s e n t a t i o n ,  t h i s  w ou ld  
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mean t h a t  t h e  two r e p r e s e n t a t i o n s  a r e  n o t  e q u i v a l e n t .  I n  F i g u r e  8 .6
we s e e  t h e  r e s u l t  o f  s u c h  a  c o n s t r u c t i o n .  H e re ,  t h e  g r a p h s  w h ic h
w ere  embedded i n s i d e  t h e  f a c e s  bounded  by  v^VgV^v^v^ and  v ^ v ^ v ^ v ^v ^
w ere  c h o s e n  so  t h a t  t h e  r e s u l t i n g  g r a p h  w ould  h a v e  c o n n e c t i v i t y  4 and
minimum v a l e n c y  5 .  U nder l e s s  s t r i n g e n t  c o n d i t i o n s ,  s i m p l e r  g r a p h s
c o u ld  h a v e  b e e n  c h o s e n .  We now p r o c e e d  t o  show t h a t  i n  f a c t  t h e
c i r c u i t  v.VpV-V, c a n n o t  b e  r e p l a c e d  ( i n  t h e  s e n s e  d e s c r i b e d  a b o v e )4 5 7 4 ,
by a n o t h e r  c i r c u i t  b o u n d in g  a f a c e  i n  R' . The maximum v a l e n c y  o f  t h e
g ra p h  i s  9 ,  and  t h e  o n l y  9 - v e r t e x  i s  v ^ ;  m o re o v e r ,  t h e  o n ly
8 - v e r t i c e s  a r e  v ^ ,  v ^ ,  v ^ .  Now, t h e  v a l e n c i e s  o f  t h e  v e r t i c e s  v ^ ,  
v ^ ,  v^  a r e  9 ,  8 ,  8 r e s p e c t i v e l y ,  so  t h a t  t h e  c i r c u i t  v ^ v ^ v ^ v ^  can
o n ly  b e  mapped on a  c i r c u i t  v ^ x y v ^ ,  .where x , y  e { v ^ ,v ^  , v ^ } . However
none o f  t h e s e  3 - c i r c u i t s  bounds  a  f a c e  i n  R ' .  T h e r e f o r e  R and  R ' 
a r e  n o t  e q u i v a l e n t .
U s in g  t h i s  c o n s t r u c t i o n  o t h e r  exam p les  can  be  fo u n d .  H ow ever we c o u ld  
n o t  f i n d , b y  t h i s  o r  any  o t h e r  m eth o d ,  a  5 - c o n n e c te d  g ra p h  w h ic h  
t r i a n g u l a t e s  P and w h ich  h a s  n o n e q u i v a l e n t  em bedd ings  i n  P ,  
a l t h o u g h  we b e l i e v e  t h a t  su c h  g ra p h s  e x i s t .
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R'
Where i s  a  s c h e m a t i c  b
r e p r e s e n t a t i o n  o f :
F ig u r e  8 .6
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We can  em ploy  a s i m i l a r  c o n s t r u c t i o n  on t h e  t o r u s .  F o r  e x a m p le ,  we 
c o u ld  s t a r t  w i t h  t h e  i n i t i a l  " fram ew ork"  shown i n  F i g u r e  8 . 7 ,  and 
embed p l a n e  g ra p h s  i n s i d e  t h e  f a c e s  bounded by  t h e  c i r c u i t s  
v^v^v^v^VgV^ and  i n  su ch  a  way t h a t  we end  up  w i t h
n o n e q u i v a l e n t  em beddings  as  we d i d  a b o v e .  We n o t e  t h a t  i n  t h i s  c a s e ,  
t h e  c i r c u i t s  v^v^v^v^v^v^  a r e  5 - c i r c u i t s ;
t h e r e f o r e  by  j u d i c i o u s  c h o ic e s  o f  t h e  g ra p h s  w h ich  we embed i n s i d e  t h e
5 - f a c e s  bounded  by  t h e s e  c i r c u i t s ,  we c an  o b t a i n  a  5 - c o n n e c t e d  g ra p h  
w h ich  t r i a n g u l a t e s  t h e  t o r u s  and h a s  n o n e q u i v a l e n t  em bedd ings  on  t h e  
t o r u s .
A
• F i g u r é  8 .7
B e f o re  c o n c lu d i n g  t h i s  d i s c u s s i o n  on Theorem 2 .7  and  on  t h e  l a c k  o f  
an  a n a lo g o u s  r e s u l t  f o r  s u r f a c e s  o t h e r  t h a n  t h e  p l a n e ,  we n o t e  t h a t ,  
when t r y i n g  t o  a p p ly  o u r  p r e v i o u s  m ethods  t o  r e c o n s t r u c t  n o n p l a n a r  
g r a p h s ,  d i f f i c u l t i e s  a r e  n o t  e n c o u n te r e d  s o l e l y  b e c a u s e  o f  n o n ­
u n iq u e n e s s  o f  e m b e d d in g s .  I n  f a c t ,  i n  t h e  w ho le  o f  C h a p t e r  5 and  i n
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m ost o f  C h a p te r  6 we h a d  t o  d e a l  w i t h  p l a n a r  g ra p h s  w h ic h  w ere  n o t
3 - c o n n e c t e d ,  and i n  many c a s e s  we had  t o  c o n s i d e r  n o n e q u i v a l e n t  p l a n e  
r e p r e s e n t a t i o n s .  The m ethods  u s e d  h e r e  c a n n o t  b e  a p p l i e d  t o  n o n p l a n a r  
g ra p h s  b e c a u s e  t h e  t h e o r y  o f  b r i d g e s  i s  n o t  s u f f i c i e n t  t o  d e a l  w i t h  
em beddings on any s u r f a c e  o t h e r  t h a n  t h e  p l a n e .  Hence we c a n  no  l o n g e r  
say  t h a t ,  f o r  e x a m p le ,  one  em bedding  c an  b e  changed  i n t o  a n o t h e r  by a 
se q u en c e  o f  b r i d g e s  t r a n s f e r s ,  a  r e s u l t  w h ich  we s p e c i a l i z e d  t o  
k - r e p r e s e n t a t i o n s  i n  Theorem 5 . 2 ,  t h e  th e o re m  w hich  made p o s s i b l e  a l l  
t h e  s u b s e q u e n t  w ork  o f  C h a p te r  5 .  N e i t h e r  can  we s a y  t h a t  i f  a  
c i r c u i t  bounds  a  f a c e  i n  one  r e p r e s e n t a t i o n  b u t  n o t  i n  a n o t h e r ,  t h e n  
t h e  g ra p h  i s  n o t  3 - c o n n e c t e d .  T h is  i s  why i t  i s  no l o n g e r  t r u e  t h a t  
a 3 - c o n n e c te d  g ra p h  h a s  a  u n iq u e  em bedding  ( s e e  p r o o f  o f  Theorem  2 . 7 ) .  
I n  f a c t  b r i d g e s  a r e  i n v o lv e d  i n  b o t h  t h e  p r o o f  o f  K u r a to w s k i ’ s Theorem  
( s e e  [BNl] o r  [ 0 1 ] )  and  t h a t  o f  Theorem  2 . 7 ,  i n d i c a t i n g  f u r t h e r  t h a t  
t h e  f a i l u r e  o f  t h e  t h e o r y  o f  b r i d g e s  i n  d e a l i n g  w i t h  n o n p l a n a r  embedd­
in g s  can  be  r e g a r d e d  a s  t h e  p r im e  r e a s o n  why many o f  o u r  p r e v i o u s  .- 
t e c h n i q u e s  c a n n o t  b e  e a s i l y  a p p l i e d  t o  n o n p la n a r  g r a p h s .
H ence , m ethods  w hich  we u s e d  i n  C h a p te r  5 and C h a p t e r  6 t o  d e a l  
w i th  p l a n a r  g ra p h s  w i t h  n o n e q u i v a l e n t  r e p r e s e n t a t i o n s  w i l l  n o t  w ork  
now. Thus i n  C h a p te r  10 ,  w h e re  we c o n s i d e r  t h e  e d g e - r e c o n s t r u c t i o n  o f  
g ra p h s  w h ic h  t r i a n g u l a t e  P ,  we h a v e  t o  employ o t h e r  p r o p e r t i e s  o f  t h e  
em beddings w h ich  do n o t  i n v o lv e  b r i d g e s .  I n  C h a p te r  9 ( § § .  9 . 1 ,  9 . 2 )  
we manage t o  s o lv e  b o th  p ro b le m s  o f  e d g e - r e c o g n i t i o n  and e d g e -  
r e c o n s t r u c t i o n  w i t h o u t  c o n s i d e r a t i o n s  o f  e m b edd ings ,  w h e re a s  i n  
S e c t i o n  9 . 3 ,  we make u n iq u e n e s s  o f  em beddings work ev en  f o r  a  
n o n p l a n a r  g rap h  G by  m aking  u s e  o f  s e p a r a t i n g  s e t s  o f  v e r t i c e s  w h ic h  
s e p a r a t e  G i n t o  two c o m p o n e n ts ,  one o f  them  b e in g  p l a n a r ,  an d  t h e n  
in v o k in g  r e s u l t s  on t h e  u n iq u e n e s s  o f  p l a n e  em beddings f o r  t h i s  
com ponen t .
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As a  f i n a l  r e m a rk ,  i t  i s  i n t e r e s t i n g  to  o b s e r v e  t h a t  when s t u d y i n g  
t h e  r e c o n s t r u c t i o n  o f  maximal p l a n a r  g ra p h s  ( a n d  p l a n a r  g ra p h s  i n  
g e n e r a l )  t h e  e a s i e r  r e s u l t s  t o  p ro v e  a r e  t h o s e  f o r  g r a p h s  w i t h  h ig h  
c o n n e c t i v i t y ,  s i n c e  t h e n  one  i s  a s s u r e d  t h a t  a t  l e a s t  some g ra p h s  i n  
t h e  d e c k  h a v e  u n iq u e  p l a n e  r e p r e s e n t a t i o n s .  I n  w h a t  f o l l o w s ,  no such  
c r i t e r i o n  f o r  u n iq u e n e s s  o f  em beddings i s  a v a i l a b l e .  B e in g  th u s  
f o r c e d  t o  s e a r c h  f o r  new t e c h n i q u e s ,  we o b t a i n  i n  t h i s  c a s e  s t r o n g e r  
r e s u l t s  f o r  g r a p h s  w i t h  c o n n e c t i v i t y  3 t h a n  f o r  g r a p h s  w i t h  h i g h e r  
c o n n e c t i v i t y .
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CHAPTER 9 GRAPHS WHICH TRIANGULA!!^ SURFACES AND HAVE
CONNECTIVITY 3
I n  t h i s  c h a p t e r  we s h a l l  b e  p r i m a r i l y  c o n c e rn e d  w i t h  t h e  e d g e -  
r e c o n s t r u c t i o n  o f  g r a p h s  w h ic h  t r i a n g u l a t e  s u r f a c e s  and h a v e  c o n n e c t ­
i v i t y  3 . As we s a i d  i n  t h e  p r e v i o u s  c h a p t e r ,  s i n c e  we a r e  d e a l i n g  
w i t h  g ra p h s  w h ich  a r e  n o t  n e c e s s a r i l y  p l a n a r  o r  p r o j e c t i v e  we h a v e  
t o  s o l v e  t h e  p ro b le m  o f  r e c o g n i t i o n  w i t h o u t  t h e  u s e  o f  a  K u r a to w s k i -  
ty p e  th e o re m .  M o re o v e r ,  a s  we h a v e  s e e n ,  we c a n n o t  u s e  u n iq u e n e s s  
o f  em beddings t o  show r e c o n s t r u c t i o n .  We s h a l l  s o lv e  t h e s e  p ro b le m s  
i n  S e c t i o n s  9 .1  and 9 .2  by  e d g e - r e c o n s t r u c t i n g  two c l a s s e s  o f  
g ra p h s  w h ic h ,  b e tw e e n  them , c o n s t i t u t e  a  c l a s s  w id e r  t h a n  t h e  c l a s s  
o f  g r a p h s  w h ich  we a c t u a l l y  w an t  t o  e d g e - r e c o n s t r u c t .
MAIN THEOREM OF CHAPTER 9
Any g ra p h  w h ich  t r i a n g u l a t e s  a  s u r f a c e  and h a s  c o n n e c t i v i t y  3 i s  
e d g e - r e c o n s t r u c t i b l e .
I n  S e c t i o n  9 .3  we t h e n  show t h a t  g r a p h s  w h ich  t r i a n g u l a t e  t h e  t o r u s  
o r  t h e  p r o j e c t i v e  p l a n e  and h a v e  c o n n e c t i v i t y  3 and minimum v a l e n c y  
a t  l e a s t  4 a r e  w e a k ly  v e r t e x - r e c o n s t r u c t i b l e .
We f i r s t  h a v e  t h e  f o l l o w i n g  r e s u l t .  (We rem in d  t h e  r e a d e r  t h a t  t h e  
number o f  s e p a r a t i n g  r - s e t s  o f  G i s  d e n o te d  by  s ^ G .)
Lemma 9 .1
L e t  G be  a g ra p h  w i t h  c o n n e c t i v i t y  K. Then s^G i s  r e c o n s t r u c t -
i b l e  from  DG, and h e n c e  from  D'G.
P r o o f
( s i n c e  we c a n ,  by  Theorem 3 . 2 ,  r e c o n s t r u c t  Dg f rom  D*G, f o r  a  
g rap h  w i t h  no i s o l a t e d  v e r t i c e s ,  t h e n  we n e e d  o n ly  show t h a t  s^G
can  b e  r e c o n s t r u c t e d  from  DG.) we s h a l l  o n ly  c o n s i d e r  t h o s e  g r a p h s
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G w h ic h  h a v e  c o n n e c t i v i t y  K -  1 .  F o r  any  s u c h  G , t h e  v e r t e x  v
V V
i s  i n  a t  l e a s t  one s e p a r a t i n g  K -s e t  i n  G. I n  f a c t ,  i f  s^_^(G ^)  = i ,
then V  is in exactly i separating K-sets in G. I n  this way,
we c an  r e c o n s t r u c t ,  f o r  e v e ry  i  > 0 , t h e  num ber o f  v e r t i c e s  o f
G w h ic h  a r e  i n  e x a c t l y  i  s e p a r a t i n g  K - s e t s .  A l s o ,  we know k ,
t h e  t o t a l  number o f  v e r t i c e s  w h ich  a r e  i n  a t  l e a s t  one s e p a r a t i n g
K-set of G, since k is equal to the number of graphs G^ which
h a v e  c o n n e c t i v i t y  K -  1 .  But t h e n  we h a v e  t h a t ,
k  = K'(s G) -  % ( i  -  l ) k . ,
i > 2  ^
f rom  w h ic h  s^G c an  be  fo u n d .  □
We s h a l l  a l s o  need  t h e  f o l l o w i n g  d e f i n i t i o n  i n  S e c t i o n  9 . 3 .  L e t  S 
be  a  s u r f a c e  and A c  S . Then i f  t h e r e  i s  a  s e t  D hom eom orphic t o  
t h e  o p e n  d i s k  su c h  t h a t  A c  D c  s we s a y  t h a t  A i s  C o n t r a c t i b l e  
t o  z é r o  i n  S , o r  s im p ly  c o n t r a c t i b l e  i n  S p r o v i d e d  t h e r e  i s  no 
a m b ig u i ty  w i t h  t h e  t e r m  " c o n t r a c t i b l e "  a s  we h a v e  a l r e a d y  d e f i n e d  i t .
SECTION 9 .1  -  MINIMUM VALENCY 3; EDGE-RECONSTRUCTION
L e t  3^ b e  t h e  c l a s s  o f  g ra p h s  w h ich  h a v e  minimum v a l e n c y  3 ,  and 
w h ic h  h a v e  t h e  p r o p e r t y  t h a t  f o r  any  3 - v e r t e x  v , t h e  n e ig h b o u r s  o f  
V  i n d u c e  a  3 - c i r c u i t .  C l e a r l y ,  any  g ra p h  w h ic h  t r i a n g u l a t e s  some 
s u r f a c e  and  h a s  minimum v a le n c y  3 i s  i n c l u d e d  i n  3^. So i t  i s  
s u f f i c i e n t  t o  show t h a t  t h e  c l a s s  3^ i s  e d g e - r e c o n s t r u c t i b l e .
Lemma 9 .2
The c l a s s  3^ i s  v e r t e x - r e c o g n i z a b l e ,  and  h e n c e  e d g e - r e c o g n i z a b l e .  
P r o o f
T h is  i s  t h e  same a s  i n  Theorem 4 .5  w h e r e ,  f o r  a  g r a p h  G^, w i t h  
PgV R 3 ,  we u s e d  K e l l y ' s  Lemma to  d e te r m in e  w h e t h e r  o r  n o t  v  i s  
c o n t a i n e d  i n  a  s u b g ra p h  o f  G i s o m o r p h ic  t o  K ^ . □
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Theorem 9 .1
The c l a s s  3^ i s  e d g e - r e c o n s t r u c t i b l e .
P r o o f
L e t  G b e  a  g ra p h  i n  3^ . We may assum e t h a t  no 3 - v e r t è x  o f  G i s
a d j a c e n t  t o  two 4 - v e r t i c e s ,  a s  o t h e r w i s e  G w ould  c o n t a i n  a
( 3 , 4 , 4 ) - t r i a n g l e ,  and  so  w ou ld  be  e d g e - r e c o n s t r u c t i b l e  by  Theorem  3 . 4 .  
T h e r e f o r e  G h a s  a  3 - v e r t e x  v  w i th  a t  l e a s t  two n e ig h b o u r s  a  and 
b o f  v a l e n c y  g r e a t e r  t h a n  4 .  We now show t h a t  G i s  u n i q u e l y  
r e c o n s t r u c t i b l e  from  G -  a b .  T hus ,  i n  G -  ab t h e  v e r t e x  v  i s  a  
3 - v e r t e x  w hose  n e ig h b o u r s  do n o t  in d u c e  a  3 - c i r c u i t .  B u t  s i n c e  we 
know t h e  v a l e n c i e s  o f  t h e  v e r t i c e s  t o  w h ich  t h e  e d g e  m i s s i n g  from  
G -  ab  i s  i n c i d e n t  i n  G, t h e n  we know t h a t  t h e s e  v a l e n c i e s  a r e  a t  
l e a s t  5 ,  so  t h a t  t h e  m i s s in g  edge  i s  n o t  i n c i d e n t  t o  v .  H en ce ,  i n  
any  r e c o n s t r u c t i o n  from  G -  a b ,  t h e  v e r t e x  v  m u st  r e m a in  a  .
3 - v e r t e x .  But s i n c e  we know t h a t  G i s  i n  3^, t h e n  t h e  o n l y  way 
t o  r e c o n s t r u c t  from  G -  ab i s  by j o i n i n g  a  and b by an  e d g e .  □
SECTION 9 .2  -  MINIMUM VALENCY AT LEAST 4 :  EDGE-RECONSTRUCTION
L e t  be  t h e  c l a s s  o f  g r a p h s  w i t h  c o n n e c t i v i t y  3 ,  w i t h  minimum
v a le n c y  a t  l e a s t  4 ,  and  su ch  t h a t  i f  G c 3^, t h e n  an y  s e p a r a t i n g
3 - s e t  o f  G in d u c e s  a  3 - c i r c u i t  i n  G. By C o r o l l a r y  2 . 2 ,  any  g ra p h  
w h ich  t r i a n g u l a t e s  some s u r f a c e  and h a s  c o n n e c t i v i t y  3 and  minimum 
v a l e n c y  a t  l e a s t  4 i s  i n  t h e  c l a s s  3^. I t  i s  t h e r e f o r e  s u f f i c i e n t
t o  show t h a t  t h e  c l a s s  ^  i s  e d g e - r e c o n s t r u c t i b l e .
Lemma 9 .3
L e t  G G and l e t  { a , b , c }  be  a s e p a r a t i n g  s e t  o f  G su c h  t h a t
G -  { a , b , c }  h a s  a  component H w i t h  a m in im al  num ber o f  v e r t i c e s  
( [m in im a l i ty  b e i n g  h e r e  t a k e n  o v e r  a l l  s e p a r a t i n g  3 - s e t s  o f  G) .
I f  H = < {V H u{a ,b ,c}> , t h e n  H i s  4 - c o n n e c t e d .
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P r o o f
We assum e t h a t  t h e  lemma i s  f a l s e  and d e r i v e  a c o n t r a d i c t i o n .  By 
o u r  a s s u m p t io n  t h e r e  e x i s t s  a  s e p a r a t i n g  3 - s e t  x , y , z  o f  H. (We 
n o t e  t h a t  s i n c e  ÔG > 3 ,  t h e n  VH > 4 . )  O b v io u s ly ,  { x , y , z }  f  { a , b , c } .  
We may t h e r e f o r e  assum e t h a t  x  i  { a , b , c } .
We f i r s t  show t h a t  { x ,y , z }  c a n n o t  be  a s e p a r a t i n g  s e t  f o r  G . L e t  
u s  s u p p o s e ,  f o r  c o n t r a d i c t i o n ,  t h a t  { x , y , z }  i s  a  s e p a r a t i n g  s e t  f o r
G, and  l e t  G^, G^ b e  two d i f f e r e n t  com ponents  o f  G -  { x , y , z } .  Then
by  t h e  m i n i m a l i t y  o f  H, n e i t h e r  G^ n o r  G^ i s  a  s u b g ra p h  o f  H. 
( C l e a r l y ,  n e i t h e r  i s  i t  t r u e  t h a t  f o r  i  = 1 o r  2 ,  G^ = H, s i n c e
X  e  VH and x  i  VG^.) T h e r e f o r e  t h e r e  e x i s t  v  e  VG^, w e  VG^, su c h
t h a t  v ,w  G VG -  VH. Now, t h e r e  a l s o  e x i s t s  a  c h a in  C(v) from  v
t o  X ,  su c h  t h a t  a l l  v e r t i c e s  o f  C(v) e x c e p t  x  a r e  i n  G ^ ,  and
s i m i l a r l y  t h e r e  e x i s t s  a  c h a in  C(w) f ro m  w t o  x  such  t h a t  a l l  
t h e  v e r t i c e s  o f  C(w) e x c e p t  x a r e  i n  G^. S in c e  { a , b , c }  i s  a  
s e p a r a t i n g  s e t  f o r  G, t h e n  e i t h e r  v  g  { a , b , c }  o r  e l s e  v  and  x  
a r e  s e p a r a t e d  i n  G by { a , b , c } .  T h e r e f o r e  i n  any  c a s e ,
V C ( v ) n { a ,b ,c }  ^  0 ;  s i m i l a r l y  V C (w )n { a ,b ,c }  f  0 .
We may t h e r e f o r e  assume a  e VC(v) and b g  VC(w ), s o t h a t  a  g  VG^ 
and b g  VG^* But s i n c e  a  i s  a d j a c e n t  t o  b ,  t h i s  c o n t r a d i c t s  t h e  
f a c t  t h a t  G^ and G^ a r e  d i f f e r e n t  com ponents  o f  G -  { x , y , z } .  We 
t h e r e f o r e  deduce  t h a t  { x ,y , z }  i s  a  s e p a r a t i n g  s e t  f o r  H b u t  n o t
f o r  G.
L e t  Hj^  and H^ be two d i f f e r e n t  com ponents  o f  H -  { x , y , z } ,  and 
and  l e t  h^  g  VH  ^ and h ^  e VH^. S in c e  G -  { x , y , z }  i s  c o n n e c t e d ,  
t h e n  t h e r e  e x i s t s  a c h a in  C = CC h^/hg] = h ^ t ^ - . / t ^ h g  i n  G -  { x , y , z } .  
T h e r e f o r e  t h e r e  m ust be  some v e r t e x  t .  i n  C, su c h  t h a t  t .  VH_ .X 1  1
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L e t  b e  t h e  f i r s t  su c h  v e r t e x  i n  t h e  s e q u e n c e  h ^ , t ^ , . . . , t ^ j h ^ .
Then t ^  ^ € { a , b , c } ,  s a y  t ^ = a .  T h a t  i s ,  a  e VH^. S i m i l a r l y  we 
o b t a i n  t h a t  VH^ c o n t a i n s  one  o f  b o r  c ,  s a y  b .  B u t b i s  
a d j a c e n t  t o  a ,  and  t h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  and  a r e
d i s t i n c t  com ponents  o f  H -  { x , y , z } ,  □
Lemma 9 .4
L e t  KG = 3 ,  and  l e t  { a , b , c }  b e  a  s e p a r a t i n g  s e t  o f  G su c h  t h a t  
G^ i s  a  com ponent o f  G -  ( a , b , c } .  I f  x , y  e { a , b , c } ,  t h e n  t h e r e  i s  
a  c h a i n  C = C [ x , y ] ,  such  t h a t  C i s  n o t  t h e  ed g e  xy and  a l l  t h e  
i n t e r n a l  v e r t i c e s  o f  C a r e  i n  G^.
P r o o f
We s h a l l  p r o v e  t h e  r e s u l t  f o r  { x ,y  }= { a , b } .  L e t  z £• VG^. S in c e
kG = 3 ,  i t  t h e n  f o l lo w s  from  Theorem 2 .2  t h a t  t h e r e  e x i s t  t h r e e
i n t e r n a l l y  d i s j o i n t  c h a in s  z a ^ , . . a ^ a ,  z b ^ . . . b ^ b ,  z c ^ . . . c ^ c ,  su ch
t h a t  a . j b . j C ,  e VG -. The r e q u i r e d  c h a in  i s  t h e n  
1  j  k  1
a a ^ a ^  ^ . . . a ^ z b ^ b ^ . e . b ^ b .  D 
Lemma 9 .5
L e t  G € Og* i G t  Q = { a , b , c }  b e  a  s e p a r a t i n g  s e t  o f  G, and l e t  G^ 
b e  a com ponent o f  G -  Q. Then a t  l e a s t  one  p a i r  { x ,y }  o f - v e r t i c e s ,  
x , y  € Q, i s  j o i n e d  by  two i n t e r n a l l y  d i s j o i n t  c h a in s  , C^, su c h  
t h a t  n e i t h e r  o f  t h e  c h a in s  C^, i s  t h e  e d g e  x y ,  and  a l l  i n t e r n a l
v e r t i c e s  o f  and a r e  i n  VG^.
ProôlÉ
L e t  u s  s u p p o s e  t h a t  t h e r e  a r e  no two su c h  c h a in s  j o i n i n g  a  and b .  
T h is  m eans t h a t  i f  Gj = <VG ^u{a,b,c}> -  E<Q>, t h e n  i n  G | -  c t h e r e  
a r e  no two i n t e r n a l l y  d i s j o i n t  c h a in s  from  a  t o  b . H e n ce -b y  
Theorem  2 . 1 ,  t h e r e  e x i s t s  à  v e r t e x  p e V(G^ -  c )  w h ic h  s e p a r a t e s  
a  and b i n  G^ -  c .  T h e r e f o r e  p i s  a  v e r t e x  i n  VG^, s u c h  t h a t  
any  c h a i n  from  a t o  b o f  t h e  ty p e  r e q u i r e d  b y  t h e  lemma m ust
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c o n t a i n  p .
Now, s i n c e  ÔG ^ 4 ,  t h e n  t h e r e  m u st  b e  a  v e r t e x  q 9  ^ p such  t h a t  
q e VG^. A ls o ,  s i n c e  KG = 3 ,  t h e n  t h e r e  m ust b e  t h r e e  i n t e r n a l l y  
d i s j o i n t  c h a in s  C [ q , a ] ,  C [ q , b ] ,  C [ q , c ] ,  such  t h a t  t h e  i n t e r n a l  
v e r t i c e s  o f  t h e s e  c h a in s  a r e  i n  VG^. Hence one  o f  t h e  c h a in s  
C [ q ,a ]  o r  C [ q ,b ]  m ust c o n t a i n  p .  We may assum e t h a t  C [ q , a ]  
c o n t a i n s  p ,  so  t h a t  C [ q ,b ]  d oes  n o t .  H ence , any  c h a in  from  q t o  
a  w i t h  i n t e r n a l  v e r t i c e s  i n  VG^ m u st  c o n t a i n  t h e  v e r t e x  p .  
T h e r e f o r e  i n  G, t h e  s e t  o f  v e r t i c e s  { p ,b , c }  s e p a r a t e s  q and a .  
Hence < { p ,b ,c } >  -  K^. A lso  i f  G^ i s  t h e  component o f  G -  { p ,b , c }
w h ich  c o n t a i n s  q ,  t h e n  VG^ <= VG^. Now, by  Lemma 9 ,4  t h e r e  e x i s t s
a  c h a in  C [ b , c ]  w h ich  i s  n o t  t h e  e d g e  b e ,  and su c h  t h a t  a l l  t h e
i n t e r n a l  v e r t i c e s  o f  C [ b , c ]  a r e  i n  G ^ . T h u s ,  t h e  two c h a in s
C [ b , c ]  and bpc  a r e  t h e  c h a in s  r e q u i r e d  by  t h e  lemma, w i t h  
{ x ,y }  = { b , c } .  □
Lemma 9 ,6
L e t  G e 3^. Then t h e r e  e x i s t s  a  s e p a r a t i n g  s e t  { a , b , c }  o f  G
su c h  t h a t  Sg(G -  ab )  = Sg(G -  ab -  a c )  = s^G .
P r o o f
L e t  { a , b , c }  b e  a s  i n  Lemma 9 .3  s u c h  t h a t  G -  { a , b , c }  h a s  a
component H w i t h  a m in im a l  number o f  v e r t i c e s ,  and l e t
H = < V H u{a,b ,c}> . A l s o ,  l e t  G^ b e  a n o t h e r  component o f  G -  { à , b , c } .  
Then by Lemma 9 . 5 ,  t h e r e  e x i s t  : x , y  e { a , b , c }  w h ich  a r e  j o i n e d  by
two i n t e r n a l l y  d i s j o i n t  c h a in s  su c h  t h a t  none  o f  i s
t h e  edge x y ,  and a l l  t h e  i n t e r n a l  v e r t i c e s  o f  a r e  i n  VG^.
We may assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  { x ,y }  = { a , c } .
We f i r s t  show t h a t  s^CG -  ab )  = s^G. L e t  u s  su p p o se  f o r  c o n t r a d i c t i o n  
t h a t  Sg(G -  ab )  f  s^G . Then Sg(G -  ab)  > s^G, so  t h a t  t h e r e  i s  a
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s e p a r a t i n g  s e t  { x ,y , z }  o f  G -  a b ,  w h ich  i s  n o t  a s e p a r a t i n g  s e t  
o f  G. C l e a r l y ,  a ,b  /  { x , y , z } ,  and f u r t h e r m o r e  { x ,y , z }  s e p a r a t e s  
a  and b i n  G -  a b ,  s i n c e  { x ,y , z }  i s  n o t  a  s e p a r a t i n g  s e t  i n  
G. However, s i n c e  H i s  4 - c o n n e c t e d ,  t h e n  t h e r e  a r e  i n  H, a t
l e a s t  two o t h e r  i n t e r n a l l y  d i s j o i n t  c h a i n s  C^, from  a t o  b ,
a p a r t  from  t h e  edge  ab and t h e  c h a in  = a c b .  M o re o v e r ,  by 
Lemma 9 . 4 ,  t h e r e  i s  a n o t h e r  c h a in  from  a t o  b i n  G^.
T h e r e f o r e  i n  G -  ab t h e r e  a r e  f o u r  i n t e r n a l l y  d i s j o i n t  c h a in s  ,
C^, C^j from  a t o  b ,  c o n t r a d i c t i n g  t h e  f a c t  t h a t  { x ,y , z }
s e p a r a t e s  a  and b i n  G -  a b .  Hence s^CG -  ab )  = s^G.
We now show t h a t  s^(G  -  ab -  a c )  = s^ (G  -  a b ) . A ga in  we su p p o s e  f o r
c o n t r a d i c t i o n  t h a t  t h i s  i s  n o t  s o .  I t  t h e r e f o r e  f o l l o w s  t h a t  
Sg(G -  ab -  a c )  > s^CG -  a b ) . Hence t h e r e  e x i s t s  a  s e p a r a t i n g  s e t  
{ x ' , y ' , z ' }  o f  G -  ab -  ac  w h ich  i s  n o t  a  s e p a r a t i n g  s e t  i n  G -  a b .  
T hus, a , c  i  { x ' , y ' , z ' } ,  and f u r t h e r m o r e  { x ' , y ' , z ' }  s e p a r a t e s  a  and 
c i n  G -  ab -  a c ,  s i n c e  i t  i s  n o t  a  s e p a r a t i n g  s e t  f o r  G -  a b .  
However, s i n c e  H i s  4 - c o n n e c t e d ,  t h e r e  a r e  i n  H, two i n t e r n a l l y  
d i s j o i n t  c h a in s  from  a t o  c ,  a p a r t  from  t h e  ed g e  ac  and
t h e  c h a i n  a b c .  T h e r e f o r e  i n  G -  ab  -  ac  t h e r e  a r e  f o u r  i n t e r n a l l y
d i s j o i n t  c h a in s  C C ^ ,  f rom  a t o  c ,  c o n t r a d i c t i n g  th e
f a c t  t h a t  { x ' , y ' , z * }  s e p a r a t e s  a  and c i n  G -  ab -  a c .  Hence
Sg(G -  ab  -  a c )  = s ^(G  -  a b ) .  □
Theorem 9 .2
The c l a s s  i s  e d g e - r e c o g n i z a b l e .
P r o o f
We s h a l l  e s t a b l i s h  t h e  th e o re m  by  p r o v in g  t h e  f o l l o w i n g  s t a t e m e n t :
L e t  G h av e  c o n n e c t i v i t y  3 and minimum v a l e n c y  a t  l e a s t  4 
and l e t  s^G = k  (we r e c a l l  t h a t  k  i s  r e c o n s t r u c t i b l e  from
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P 'G  by Lemma 9 . 1 ) .  Then G e 3^ i f  and o n ly  i f
( i )  t h e r e  e x i s t s  some G -  e  i n  P 'G  w i t h  Sg(G -  e )  = k ;
( i i )  i n  e v e r y  su c h  G -  e ,  any  s e p a r a t i n g  3 - s e t  i n d u c e s  e i t h e r
Kg o r  Kg -  e ;  i f  m o re o v e r  { x ,y , z }  i s  a  s e p a r a t i n g  3 3
3 - s e t  o f  G -  e  such  t h a t  x  i s  n o t  a d j a c e n t  t o  y  i n  
G -  e ,  and  i f  { x * ,y * ,z * }  i s  any  o t h e r  s e p a r a t i n g  3 - s e t
o f  G -  e  n o t  i s o m o r p h ic  t o  K^j t h e n  x , y  e { x ' , y ' , z ' } ;
( i l l )  t h e r e  e x i s t s  a t  l e a s t  one  G -  e^ i n  D'G w i t h
Sg(G -  e ^ )  = k ,  su c h  t h a t  G -  h a s  a  s e p a r a t i n g  3 - s e t
{ a , b , c }  w i t h  a  n o t  a d j a c e n t  t o  b ,  and  w i th  
Sg(G -  Oq -  b e )  = k .
I f  G e 3 , t h e n  ( i )  and  ( i i i )  f o l l o w  from  Lemma 9 . 6 ,  w h e re a s  ( i i )
2
f o l l o w s  from  t h e  d e f i n i t i o n  o f  3^ .  We t h e r e f o r e  h a v e  t o  p r o v e  t h e  
c o n v e r s e .  We assum e t h a t  ( i ) ,  ( i i )  and  ( i i i )  h o l d  and  c o n s i d e r  
G -  e g .  I f  we su p p o se  t h a t  G i  3^ ,  t h e n  e^  f  a b .  Now s i n c e
Sg(G -  e^ -  b e )  = k ,  t h e n  s^ (G  -  b e )  = k  ( o t h e r w i s e  i f
s. (G -  b e )  # Sg(G -  Cq -  b e ) ,  t h e n  s^(G  -  b e )  < s^(G -  e^  -  b e )  -  k .
so  t h a t  SgG < Sg(G -  b e )  < k ,  w h ic h  i s  i m p o s s i b l e ) .  But
{ a , b , c }  i s  a  s e p a r a t i n g  s e t  o f  G -  be  such  t h a t  { a , b , c }  d o e s
n o t  in d u c e  K^ o r  K^ -  e i n  G -  b e ,  c o n t r a d i c t i n g  ( i i )  • □
Theorem 9 .3
The c l a s s  3^ i s  e d g e - r e c o n s t r u c t i b l e .
P r o o f
T h is  f o l l o w s  from  t h e  p r o o f  o f  Theorem 9 . 2 ,  s i n c e  i t  i s  e v i d e n t  t h e r e  
t h a t  t h e  o n ly  way t o  r e c o n s t r u c t  f rom  G -  e^ i s  by  j o i n i n g  t h e  two 
v e r t i c e s  a  and  b by  an  e d g e .  □
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SECTION.9 -3  -  MINIMUM VALENCY AT LEAST 4 ;  WEAK VERTEX-RECONSTRUCTION
I n  t h i s  s e c t i o n  we s h a l l  show t h a t  t h e  c l a s s  o f  g r a p h s  w h ich  t r i a n g u ­
l a t e  t h e  t o r u s  o r  t h e  p r o j e c t i v e  p l a n e  and h a v e  c o n n e c t i v i t y  3 and 
minimum v a l e n c y  a t  l e a s t  4 i s  w e a k ly  v e r t e x - r e c o n s t r u c t i b l e .
A l th o u g h  such  a  g ra p h  G i s  n o t  p l a n a r ,  n e v e r t h e l e s s  we s h a l l  be  
a b l e  t o  u s e  u n iq u e n e s s  o f  e m b ed d in g s .  We s h a l l  do t h i s  by  i d e n t i f y i n g  
a  s e p a r a t i n g  3 r -se t  { a , b , c }  o f  v e r t i c e s  o f  G s u c h  t h a t  t h i s  s e t  
s e p a r a t e s  G i n t o  two com ponents  w i t h  < V H ^u{a,b ,c}>  a
4 - c o n n e c t e d  jnaxim al p l a n a r  g r a p h .  F o r  t h i s  m axim al p l a n a r  g r a p h ,  we 
t h e n  in v o k e  r e s u l t s  on t h e  u n iq u e n e s s  o f  p l a n e  r e p r e s e n t a t i o n s .
Towards t h i s  end we f i r s t  h a v e  t o  p ro v e  some r e s u l t s  o f  a  t o p o l o g i c a l  
n a t u r e ,  t h e  m ain  one  b e in g  t h e  f o l l o w i n g  th e o re m .
Theorem 9 ,4
L e t  G b e  a  g ra p h  w hich  t r i a n g u l a t e s  a  s u r f a c e  S, and  l e t  K be  any
t r i a n g u l a t i o n  o f  S such  t h a t  K^, t h e  1 - s k e l e t o n  o f  K, i s  an
em bedding  o f  G i n  S ,  L e t  Q b e  a  s e t  o f  v e r t i c e s  o f  K^ whose
d e l e t i o n  d i s c o n n e c t s  K^ ( t h a t  i s ,  t h e  c o r r e s p o n d in g  v e r t i c e s  o f  G
a l s o  fo rm  a  s e p a r a t i n g  s e t  f o r  G ) , Then <Q> s e p a r a t e s  t h e  s u r f a c e
1S, and  d i s t i n c t  com ponents  o f  K -  Q a r e  c o n t a i n e d  i n  d i s t i n c t  
r e g i o n s  o f  S -  <Q>.
T h is  r e s u l t  i s  i n t u i t i v e l y  o b v i o u s ,  and t o  p ro v e  t h a t  S -  <Q> i s
d i s c o n n e c t e d  one m ig h t  i n f o r m a l l y  p r o c e e d  a s  f o l l o w s .  S in c e  K^ -  Q
1i s  d i s c o n n e c t e d ,  and K -  Q i s  t h e  1 - s k e l e t o n  o f  t h e  com plex  
K -  <Q>, t h e n  K -  <Q> i s  a l s o  d i s c o n n e c t e d ,  and  s i n c e  t h e  t h e  t r i a n g ­
u l a t i o n  K i s  m e r e ly  one way o f  r e p r e s e n t i n g  t h e  s u r f a c e  S, t h e n  
S - <Q> i s  d i s c o n n e c t e d .  H ow ever, t h e  d i f f i c u l t y  l i e s  i n  t h e  f a c t  
t h a t  K -  <Q> i s  n o t  a  com plex . We t h e r e f o r e  h a v e  t o  p r o c e e d  
d i f f e r e n t l y .  We s h a l l  u s e  a t e c h n i q u e  w h ich  i s  v e r y  u s e f u l  when 
d e a l i n g  w i t h  t h e  s e p a r a t i o n  o f  a  s u r f a c e  by  a g ra p h  embedded on  i t ;  
we a r e  r e f e r r i n g  t o  t h e  u s e  o f  t h e  s e co n d  b a r y c e n t r i c  s u b d i v i s i o n  o f
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t h e  t r i a n g u l a t i o n  K, (F o r  t h e  d e f i n i t i o n  o f  b a r y c e n t r i c  s u b d i v i s i o n  
s e e  [ G l ] .  A l s o ,  s e e  [ Y l ,  p p . 3 0 6 -3 0 7 ]  f o r  a s i m i l a r  u s e  o f  t h e  se co n d  
b a r y c e n t r i c  s u b d i v i s i o n  i n  d e a l i n g  w i t h  t h e  s e p a r a t i o n  o f  s u r f a c e s  by  
g r a p h s . )  T h i s  t e c h n i q u e  i n  f a c t  r e p l a c e s  t h e  r e g i o n s  o f  K -  <Q> b y  
sub co m p lex es  o f  t h e  se co n d  b a r y c e n t r i c  s u b d i v i s i o n  o f  K. We f i r s t  
d e f i n e  some n o t a t i o n ,  e s p e c i a l l y  t o  p o i n t  o u t  t h e  few  i n s t a n c e s  w h ere  
o u r  t e r m in o l o g y  d i f f e r s  from  t h a t  o f  [ G l ] .
The i ^ ^  b a r y c e n t r i c  s u b d i v i s i o n  o f  K i s  d e n o te d  b y  B^K. We n o t e  
t h a t  an y  subcom plex  L o f  K i s  a u t o m a t i c a l l y  s u b d iv i d e d  i n t o  B^L 
when K i s  s u b d iv i d e d  i n t o  B^K. We s h a l l  o n l y  r e q u i r e  t h e  f i r s t  
and t h e  se co n d  b a r y c e n t r i c  s u b d i v i s i o n s .  The se co n d  r e g u l a r  n e ig h b o u ­
rhood  o f  L i n  K i s  d e f i n e d  a s  i n  [ G l ,  p .  233] (w here  i t  i s  s im p ly  
c a l l e d  t h e  r e g u l a r  n e ig h b o u rh o o d  o f  L i n  K and  i s  d e n o te d  b y  N ) ,  
and we d e n o te  i t  b y  N^L. I n  g e n e r a l  we d e f i n e  t h e  i ^ ^  r e g u l a r  
n e ig h b o u rh o o d  o f  L i n  K, d e n o te d  by N^L, a s  t h e  s m a l l e s t  s u b -  
com plex o f  B^K w h ich  c o n t a i n s  t h e  s e t  o f  s im p te x e s
{s e B.K: s h a s  a t  l e a s t  one v e r t e x  i n  B .L } .
1  1
We s h a l l  o n ly  n e e d  t h e  f i r s t  and seco n d  r e g u l a r  n e ig h b o u r h o o d s .  The 
subcom plex  o f  B^K i s  t h e  s e t  o f  s im p le x e s
{s  € B^K: s h a s  no v e r t e x  i n  B^L}.
(^L i s  d e n o te d  by  V i n  [ G l ,  p .  2 3 3 ] ) .  F o t ' u s , ^ t h e  m ost  i m p o r t a n t  
f a c t  a b o u t  i s  t h a t  t h e  number o f  r e g i o n s  i n t o  w h ich  L d i v i d e s
• * C •S i s  e q u a l  t o  t h e  number o f  com ponents  o f  L, and i n  f a c t ,  e ach  
r e g i o n  o f  S -  L c o n t a i n s  p r e c i s e l y  one component o f  ^L . I f  Q 
i s  a  s e t  o f  v e r t i c e s  o f  a  g ra p h  G, t h e n  we a l s o  d e n o te  by  Q t h e  
s u b g ra p h  H o f  G w h e re  VH = Q and EH = 0 .
To p ro v e  Theorem  9 .4  we r e q u i r e  some p r e l i m i n a r y  lemmas.
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Lèmmâ '9-.7 •
L e t  G b e  a  g r a p h  w h ic h  t r i a n g u l a t e s  t h e  s u r f a c e  S , and l e t  K be
, 1
a t r i a n g u l a t i o n  o f  S su c h  t h a t  G i s  i s o m o rp h ic  t o  K . L e t  Q
1 1 b e  a s e t  o f  v e r t i c e s  o f  K such  t h a t  Q s e p a r a t e s  u ,w  e VK . Then
2
V(B^<Q>) s e p a r a t e s  u  and  w i n  (B^K) .
P r o o f
We f i r s t  o b s e r v e  t h a t  s i n c e  Q s e p a r a t e s  u  and w, t h e n  u ,w  Q,
and t h e r e f o r e  u ,w  i. V(B^<Q>) .
1
I n  t h e  c o u r s e  o f  t h i s  p r o o f ,  by  a b a r y c e n t r i c  v e r t e x  o f  (B^K) we 
s h a l l  mean a  v e r t e x  i n  V(B^K)^ -  VK^,
We now assum e t h a t  t h e  lemma i s  f a l s e ,  and h e n c e  t h a t  t h e r e  e x i s t s  a
c h a i n  C = C [u ,w ]  i n  (B^K)^ such  t h a t  VC n V(B^<Q>) -  0 .
L e t  R be  t h e  s e t  o f  a l l  t h e  v e r t i c e s  o f  VK^ w hich  c a n  b e  j o i n e d
u
1t o  u i n  K by a  c h a i n  w hich  does  n o t  c o n t a i n  any  v e r t e x  o f  Q.
Then c l e a r l y ,  w i  R^, and  w c a n n o t  b e  a d j a c e n t  i n  t o  a  v e r t e x
o f  R . We n o t e  a l s o  t h a t  i f  v  i s  a  v e r t e x  o f  K^, su c h  t h a t  
u
V R and v  i s  a d j a c e n t  t o  a  v e r t e x  o f  R ^ , t h e n  v  e Q.
L e t  w* be  t h e  v e r t e x  a d j a c e n t  t o  w i n  C. Then w ' c a n n o t  b e  i n
R . I n  f a c t ,  s i n c e  no two v e r t i c e s  o f  c an  b e  a d j a c e n t  i n  (B^K) ,
t h e n  w ' i s  a  b a r y c e n t r i c  v e r t e x .  A l s o ,  no n o n - b a r y c e n t r i c  
n e ig h b o u r  o f  w ' c a n  b e  i n  R^, s i n c e  o t h e r w i s e  t h i s  v e r t e x  o f  R^ 
would b e  a d j a c e n t  t o  w i n  K^. T h e r e f o r e  t h e  c h a i n  C c e r t a i n l y  
does  h a v e  a t  l e a s t  one  v e r t e x  w hich  i s  n e i t h e r  ( i )  a  v e r t e x  o f  R ^ ,  
n o r  ( i i )  a  b a r y c e n t r i c  v e r t e x  a d j a c e n t  i n  (B^K)^ t o  a  v e r t e x  o f  R ^ . 
L e t  p b e  t h e  f i r s t  such  v e r t e x  i n  C ( s t a r t i n g  from  u ) ,  and  l e t  p '  
b e  t h e  v e r t e x  im m e d ia te ly  p r e c e d i n g ^ i n  C ( s e e  F i g u r e  9 . 1 ) ,
C: u P' P w
■ F ig u r é  9 .1
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Then p* i s  e i t h e r  a v e r t e x  i n  o r  a  b a r y c e n t r i c  v e r t e x  w hich
i s  a d j a c e n t  i n  t o  a  v e r t e x  o f  R^.
We f i r s t  o b s e r v e  t h a t  p* c a n n o t  b e  i n  R^; o t h e r w i s e  p w ould  b e
a  n o n - b a r y c e n t r i c  v e r t e x ,  s i n c e  i t  c a n n o t  b e  a b a r y c e n t r i c  v e r t e x
a d j a c e n t  t o  a  v e r t e x  o f  R^. B ut t h e n ,  p and p* w ould  b e  two 
n o n - b a r y c e n t r i c  v e r t i c e s  w hich  a r e  a d j a c e n t  i n  (B^K) , and t h i s  i s  i  
i m p o s s i b l e .  T h e r e f o r e  we may assum e t h a t  p* i s  a  b a r y c e n t r i c  v e r t e x  
a d j a c e n t  i n  (B^K) t o  a t  l e a s t  one  v e r t e x  q o f  R ^ .
We n e x t  o b s e r v e  t h a t  p m ust  b e  a b a r y c e n t r i c  v e r t e x .  I f  we assum e
t h e  c o n t r a r y ,  t h e n  p i s  a v e r t e x  o f  K^, so  t h a t  p and q a r e  two
v e r t i c e s  o f  w hich  a r e  a d j a c e n t  t o  t h e  b a r y c e n t r i c  v e r t e x  p '  i n
1 1 - (B^K) ; i t  f o l l o w s  t h a t  p and  q a r e  a d j a c e n t  i n  K . B u t q i s
i n  R , and t h e r e f o r e  e i t h e r  p e R  o r  p e Q, a  c o n t r a d i c t i o n  (we 
u  u
r e c a l l  t h a t  VCnQ = 0) . We may t h e r e f o r e  assum e t h a t  p i s  a l s o  a 
b a r y c e n t r i c  v e r t e x .
Now, i f  p '  i s  a d j a c e n t  i n  (B^K)^ t o  o n l y  two n o n - b a r y c e n t r i c  
v e r t i c e s ,  t h e n  p* i s  t h e  b a r y c e n t r e  o f  an  edge  o f  K^, and  h e n c e  
q i s  a d j a c e n t  t o  p i n  (B^K) ( s e e  F i g u r e  9 . 2 ( i ) ) ,  a  c o n t r a d i c t i o n .
q
( i )
q
( i i )
V e r t i c e s  d e n o te d  by ■ a r e  b a r y c e n t r i c  v e r t i c e s  o f  (B^K)
F i g u r é  9 .2
We may t h e r e f o r e  assume t h a t  p ' i s  a d j a c e n t  t o  t h r e e  n o n - b a r y c e n t r i c
v e r t i c e s  q ,  b ,  c ,  such  t h a t  p i s  a d j a c e n t  t o  b and c
( F i g u r e  9 , 2 ( i i ) ) ,  so  t h a t  b and  c . a r e  n o t  i n  R^. B ut s i n c e  q
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i s  i n  R and  i s  a d j a c e n t  t o  b and c i n  K^, t h e n  b o t h  b and  u
c m ust  be  i n  Q. B ut t h e n  p i s  t h e  b a r y c e n t r e  o f  t h e  edge  
be £ E<Q>. T h e r e f o r e  p £ V(B^<Q>), w h ich  c o n t r a d i c t s  t h e  f a c t  t h a t  
VC n VB^<Q> = 0 .  T h i s  f i n a l  c o n t r a d i c t i o n  c o n c lu d e s  t h e  p r o o f  o f  
Lemma 9 , 7 .  □
C o r o l l a r y  9 .1
L e t  G, K, Q, u ,  w b e  a s  i n  Lemma 9 . 7 ,  and l e t  N-Q b e  t h e  f i r s t
X
r e g u l a r  n e ig h b o u r h o o d  o f  Q i n  K. Then V(N^Q) s e p a r a t e s  u  and  
w i n  (B^K )^.
P r o o f
F i r s t  o f  a l l  we n o t e  t h a t  s i n c e  u ,w  i  Q, t h e n  u ,w  i  V(N^Q), b e c a u s e  
i f  we assum e t h a t  u  e. V(N^Q), t h e n  e i t h e r  t h e r e  e x i s t s  a  1 - s i m p le x
( a u )  o r  e l s e  a  2 - s im p le x  ( a b u )  i n  B^K su c h  t h a t  a  £ Q. But
‘i ’th e n ,  a  and u  a r e  v e r t i c e s  o f  w h ich  a r e  a d j a c e n t  i n  (B .K )^ ,
and t h i s  i s  i m p o s s i b l e .
Now, V(B^<Q>) £  V(N^Q), so  t h a t  t h e  r e s u l t  f o l l o w s  b y  Lemma 9 . 7 ,  □
Lemma 9 .8
L e t  G, K, Q, u ,  w b e  a s  i n  Lemma 9 . 7 ,  and l e t  N2 ^Q> b e  t h e  se c o n d  
r e g u l a r  n e ig h b o u rh o o d  o f  <Q> i n  K. Then V(N^<Q>) s e p a r a t e s  u  and  
w i n  (B ^ R )^ .
P ro o f
We f i r s t  o b s e r v e  t h a t  s i n c e  u ,w  V Q, t h e n  t h e  se c o n d  r e g u l a r  n e i g h ­
bo u rhoods  o f  u  and  w a r e  d i s j o i n t  from  t h e  s e c o n d  r e g u l a r  n e i g h ­
bou rhood  o f  <Q>, so t h a t  u ,w  k V(N 2 <Q>).
Now, l e t  = V(B^<Q>). Then by  Lemma 9 . 7 ,  s e p a r a t e s  u and  v  
i n  (B ^K )^ . B ut t h e n ,  we c a n  a p p ly  C o r o l l a r y  9 . 1 ,  w i t h  t h e  s e t  Q 
r e p l a c e d  by  Q^, and K r e p l a c e d  b y  B^K. From t h i s  we d e d u c e  t h a t
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i f  N,Q, i s  t h e  f i r s t  r e g u l a r  n e ig h b o u rh o o d  o f  Q. i n  B.K, t h e n  
1 1  J- ^
V (N iQ i) s e p a r a t e s  u and w i n  (B ^K )^ . But V(N^Q^) ç V ( N 2 <Q>) 
( b e c a u s e  V(B^Q^) = £ V(B 2 < Q > )), from  w h ich  t h e  r e s u l t  f o l l o w s ,  □
We a r e  now i n  a p o s i t i o n  t o  g i v e  t h e  p r o o f  o f  Theorem  9 . 4 .
P r o o f  o f  Theorem  9 .4
1L e t  t h e  com ponents  o f  K -  Q b e  K . , K _ , . . . , K  . We n o t e  t h a t  s i n c ei  z r
e a ch  one  o f  t h e  i s  d i s j o i n t  from  <Q>, t h e n  t h e  second  r e g u l a r
n e ig h b o u rh o o d  i n  K o f  e a c h  i s  d i s j o i n t  from  t h e  seco n d
r e g u l a r  n e ig h b o u rh o o d  o f  <Q>, T h e r e f o r e  e a c h  one o f  t h e  N^K^, (and  
so e a c h  s e t  VK^) i s  i n c l u d e d  i n  ^<Q>, and h e n c e  e a ch  one  o f  t h e  
i s  i n  S -  <Q>.
Now, l e t  u s  assum e t h a t  N^K^ and  N^K^, i  f  j ,  a r e  i n  t h e  same
component o f  ^<Q>. I f  u  e V K ., w £ V K ., t h e n  t h e  v e r t i c e s  u  and
 ^ ■ J
w a r e  s e p a r a t e d  by Q i n  K , b u t  a r e  n o t  s e p a r a t e d  i n  (B^K) by
N^<Q>, a c o n t r a d i c t i o n  t o  Lemma 9 . 8 .  T h e r e f o r e  t h e  d i f f e r e n t  NgK.^ 
a r e  i n  d i f f e r e n t  com ponents  o f  ^<Q>. B u t  e a c h  r e g i o n  o f  S -  <Q> 
c o n t a i n s  p r e c i s e l y  one component o f  ^<Q>, so t h a t  d i s t i n c t  N^K^ a r e  
i n  d i s t i n c t  r e g i o n s  o f  S -  <Q>, B ut N^ K^ j^  i s  o b t a i n e d  from  t h e  
g ra p h  K^ . by  s u b d iv i d i n g  e a c h  e d g e  o f  K^ t w i c e ,  so t h a t  t h e  
d i s t i n c t  K^ l i e  i n  d i s t i n c t  r e g i o n s  o f  S -  <Q>. □
REMARK, A l th o u g h  we do n o t  h a v e  u n i q u e n e s s  o f  em b ed d in g s ,  we h a v e
s t i l l  managed t o  i d e n t i f y ,  i n  Theorem  9 . 4 ,  a  p r o p e r t y  o f  s e p a r a t i n g  
s e t s  w h ich  i s  in d e p e n d e n t  o f  t h e  em bedd ing . We s h a l l  now u s e  t h i s  
p r o p e r t y  f o r  r e c o n s t r u c t i o n .
T h ro u g h o u t  t h e  r e s t  o f  t h i s  c h a p t e r ,  S w i l l  d e n o te  t h e  t o r u s  o r
t h e  p r o j e c t i v e  p l a n e .  L e t  G h a v e  c o n n e c t i v i t y  3 and minimum
v a le n c y  a t  l e a s t  4 ,  and assum e t h a t  G t r i a n g u l a t e s  S . L e t
{ a , b , c } b e  a s e p a r a t i n g  s e t  o f  v e r t i c e s  o f  G . Then by  C o r o l l a r y  2 , 2 ,
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C = < { a ,b , c } >  i s  a  3 - c i r c u i t ,  and  by Theorem 9 . 4 ,  C s e p a r a t e s  t h e  
s u r f a c e  S i n  any  embedding o f  G i n  S ,  However, s i n c e  S i s  
t h e  t o r u s  o r  t h e  p r o j e c t i v e  p l a n e ,  i t  f o l l o w s  t h a t ,  i n  any  su c h  
em bedding o f  G, t h e  c i r c u i t  C i s  c o n t r a c t i b l e  i n  S; a l s o ,
G -  { a , b , c } has ' two com ponents  G^ and G^, such  t h a t  
G^ = < V G ^u{a,b ,c}>  i s  maximal p l a n a r  and  Gg = <VG2 U { a ,b ,c } >  t r i a n g u ­
l a t e s  S .  The component G^ w i l l  b e  c a l l e d  and  G^ w i l l  b e
c a l l e d  C ;o u t
Theorem  9 .5
L e t  3 h e  t h e  c l a s s  o f  g r a p h s  w h ich  t r i a n g u l a t e  S , h a v e  c o n n e c t i v i t y  
3 and  w hose  minimum v a le n c y  i s  a t  l e a s t  4 ,  Then 3 i s  w e a k ly  
v e r t e x - r e c o n s t r u c t i b l e ,
(REMARK., We a r e  o n ly  p ro v in g  weak v e r t  e x - r e c o n s t r u c t i o n ,  t h a t  i s  we 
a r e  a s su m in g  t h a t  a p a r t  from  t h e  v e r t e x - d e c k  we a r e  g i v e n  t h e  e x t r a  
i n f o r m a t i o n  t h a t  t h e  g ra p h  t o  b e  r e c o n s t r u c t e d  t r i a n g u l a t e s  S , )
P r o o f
L e t  G b e  a  g ra p h  i n  3, and l e t  C b e  a  s e p a r a t i n g  3 - c i r c u i t  o f
G s u c h  t h a t  t h e  number o f  v e r t i c e s  o f  C. i s  m in im a l  among a l l
s e p a r a t i n g  t r i a n g l e s  o f  G. Then = <VCuVC^^> i s  4 - c o n n e c t e d .  t
L e t  V e  C. . We s h a l l  show t h a t  G i s  u n i q u e l y  r e c o n s t r u c t i b l e  from  i n  •'
G . L e t  R b e  any  embedding o f  G i n  S , and  l e t  w e C. , w v  
V V i n
( s u c h  a  v e r t e x  w e x i s t s  s i n c e  t h e  minimum v a l e n c y  o f  G i s  a t  l e a s t  
4 ) .  S i n c e  i s  4 - c o n n e c t e d ,  t h e r e  a r e  t h r e e  i n t e r n a l l y  d i s j o i n t
c h a i n s  C (a )  = C [ w ,a ] ,  C (b)  = C [ w ,b ] ,  and  C (c )  = C [w ,c ]  i n  -  v .
t  The p r o o f  o f  t h i s  i s  v e r y  s i m i l a r  t o  t h a t  o f  Lemma 9 . 3 .  A l t e r n a t ­
i v e l y  o n e  c a n  p ro v e  t h i s  m ore e a s i l y  by  n o t i n g  t h a t  i s  a
maximal p l a n a r  g ra p h  w i t h  no s e p a r a t i n g  t r i a n g l e  (b y  t h e  m i n i m a l i t y
o f  C. ) and  t h a t  v (C . ) > 4 ,  s i n c e  6 G > 3 .  i n .  i n
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L e t  R* be  o b t a i n e d  from  R by  d e l e t i n g  a l l  v e r t i c e s  o f  -  v
e x c e p t  t h o s e  o f  C ( a ) ,  C ( b ) ,  C ( c ) ,  and t h e n  c o n t r a c t i n g  t h e s e  t h r e e  
c h a in s  t o  s i n g l e  e d g e s  a w , .b w  and  cw r e s p e c t i v e l y .  L e t  G' be  
t h e  g ra p h  o b t a i n e d  from  G by  rem ov ing  and a d d in g  a v e r t e x  y
a d j a c e n t  t o  a ,  b ,  c .  Then c l e a r l y  G* t r i a n g u l a t e s  S , and R* i s  
a n  em bedding o f  G ' i n  S; m o re o v e r ,  t h e  two com ponents  o f
G* -  { a , b , c }  a r e  ( t h e  same one a s  i n  G) and  t h e  s i n g l e  v e r t e x
y (w hich  i s  t h e  v e r t e x  w i n  R * ) .  T h e r e f o r e  by  Theorem  9 .4
a p p l i e d  t o  G ' ,  i t  f o l l o w s  t h a t  w and a r e  i n  d i f f e r e n t
r e g i o n s  o f  S -  C i n  t h e  em bedding  R ' .  T h a t  i s ,  w i s  i n  t h e  r e g i o n
o f  S -  C hom eom orphic t o  t h e  open  d i s k .  Hence i n  R, -  v  i s
t h e  o n ly  s u b g ra p h  o f  G^ w h ic h  l i e s  i n  t h i s  r e g i o n  o f  S -  C. But 
s i n c e  -  v  i s  3 - c o n n e c t e d ,  i t  h a s  a  u n iq u e  em bedding i n  t h e
p l a n e  (w h ich  i s  a p v - r e p r e s e n t a t i o n ) .  S in c e  we h a v e  s t a r t e d  w i t h  a n
a r b i t r a r y  em bedding R, t h e n  t h i s  a rg u m e n t  a p p l i e s  t o  any  em bedding  
o f  G i n  S .  T h e r e f o r e  i f  we r e c o n s t r u c t  from  G by t a k i n g  a n y
V V
em bedding  i n  S and j o i n i n g  v  t o  t h e  v e r t i c e s  i n c i d e n t  t o  t h e
P v - f a c e ,  we h a v e  u n iq u e  r e c o n s t r u c t i o n  due  t o  t h e  u n iq u e  p l a n e
embedding o f  C. -  v ,  □ i n
The v e r t e x - r e c o n s t r u c t i o n  o f  t h e  c l a s s  3 o f  Theorem  9 .5  i s  s t i l l  
i n c o m p le t e  b e c a u s e  v e r t e x - r e c o g n i t i o n  h a s  n o t  b e e n  p r o v e d  . The 
c o n j e c t u r e  g iv e n  i n  C h a p te r  8 , i f  t r u e ,  w ould  s o lv e  t h e  p ro b le m .  
However, w i t h  t h e  a i d  o f  Theorem  9 . 4 ,  we c a n ,  i n  t h e  p a r t i c u l a r  c a s e  
u n d e r  d i s c u s s i o n ,  make a n o t h e r  c o n j e c t u r e  w hich  we b e l i e v e  i s  m ore 
l i k e l y  t o  b e  t r u e  t h a n  t h a t  o f  C h a p te r  8 , (We n o t e  t h a t  t h e  n e c e s s i t y  
o f  t h e  c o n d i t i o n s  i n  t h e  c o n j e c t u r e  i s  c l e a r l y  t r u e ,  s i n c e ,  a s  we h a v e  
s e e n  i n  t h e  p r o o f  o f  Theorem 9 , 5 ,  G h a s  a  s e p a r a t i n g  3 - c i r c u i t  C
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s u c h  t h a t  t h e  maximal p l a n a r  g ra p h  C. i s  4 - c o n n e c t e d . )i n
I n  t h e  f o l l o w i n g  c o n j e c t u r e ,  i f  C i s  a  s e p a r a t i n g  t r i a n g l e  o f  a  
g ra p h  F ,  and  F ^ ,  F^  a r e  t h e  com ponents  o f  F -  VC, we t h e n  
w r i t e  F = F^uF ^ .
C o n j e c t u r e
L e t  G b e  a  g r a p h  w i th  6 G > 4 and  KG = 3 .  Then G t r i a n g u l a t e s
S i f  and  o n l y  i f  DG c an  b e  p a r t i t i o n e d  i n t o  t h r e e  p a i r w i s e  d i s j o i n t
s u b f a m i l i e s  D^_G, D^G, and t h e r e  e x i s t  g r a p h s  H and K
s u c h  t h a t  ( i )  H t r i a n g u l a t e s  S and K i s  a  4 - c o n n e c t e d .  m aximal
p l a n a r  g ra p h ;
( i i )  f o r  a l l  G^ e Z?^G, G^ = HuK^; ,
( i i i )  f o r  a l l  G £ D_G, G = H uK w z w w
( i v )  IB3 GI = 3 .  -
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CHAPTER 10 GRAPHS WHICH TRIANGULATE THE PROJECTIVE PLANE\
EDGE-RECONSTRUCTION
I n  t h i s  c h a p t e r ,  by l i m i t i n g  o u r s e l v e s  t o  g ra p h s  w h ich  t r i a n g u l a t e  
t h e  p r o j e c t i v e  p l a n e  P we c o m p le te  t h e  m ain  r e s u l t  o f  C h a p te r  9 .
MAIN THEOREM OF CHAPTER 10
G raphs w h ich  t r i a n g u l a t e  t h e  p r o j e c t i v e  p l a n e  a r e  e d g e - r e c o n s t r u c t i b l e
I n  v ie w  o f  C h a p te r  9 we o n ly  h a v e  t o  c o n s i d e r  4 - c o n n e c t e d  g r a p h s  
w hich  t r i a n g u l a t e  P .  W hereas  i n  C h a p te r 9 ( § § .  9 . 1 ,  9 .2 )  we w e re  a b l e  
t o  a v o id  c o n s i d e r a t i o n s  o f  em beddings by  w o rk in g  w i t h  t h e  c l a s s e s  
3 ^ and 3 2 » i n  t h i s  c h a p t e r  h e a v y  u s e  w i l l  be  made o f  em bedding  
p r o p e r t i e s  o f  t h e  g r a p h s  u n d e r  c o n s i d e r a t i o n .
The f o l l o w i n g  th e o re m , w h ich  f o l l o w s  from  Theorem 8 . 1 ,  s o l v e s  t h e  
p ro b lem  o f  e d g e - r e c o g n i t i o n .  We may assum e t h a t  t h e  g r a p h  t o  be  
r e c o n s t r u c t e d  d oes  n o t  h a v e  a p a i r  o f  a d j a c e n t  v e r t i c e s  w i t h  minimum 
v a l e n c y ,  a s  o t h e r w i s e  i t  w ould  be  t r i v i a l l y  e d g e - r e c o n s t r u c t i b l e .
Theorem  1 0 .1
L e t  G be  a  g r a p h  w i t h  minimum v a l e n c y  a t  l e a s t  3 and  su c h  t h a t  no 
two v e r t i c e s  o f  minimum v a l e n c y  a r e  a d j a c e n t ,  and l e t  eG = 3*vG -  3 .  
Then G t r i a n g u l a t e s  P i f  and  o n l y  i f  e v e r y  G -  e  i s  p r o j e c t i v e .
P r o o f
I f  G t r i a n g u l a t e s  P , t h e n  c l e a r l y  e v e r y  G -  e  i s  p r o j e c t i v e .
We t h e r e f o r e  h a v e  t o  p ro v e  t h e  c o n v e r s e .  The o n ly  g r a p h  H i n  l ( P )  
f o r  w h ich  eH = 3*VH -  3 h a s  minimum v a l e n c y  5 and d o e s  h a v e  a 
p a i r  o f  a d j a c e n t  5 - v e r t i c e s  ( t h i s  g ra p h  i s  l a b e l l e d  A2  i n  t h e  l i s t  
i n  [GHWl]) . T h i s  t o g e t h e r  w i t h  t h e  f a c t  t h a t  t h e  minimum v a l e n c y  o f  
G i s  a t  l e a s t  3 i m p l i e s  t h a t  G i s  n o t  a  s u b d i v i s i o n  o f  an y  g r a p h  
i n  I ( P ) .  T h e r e f o r e  by  Theorem 8 . 1 ,  G i s  p r o j e c t i v e ,  and  s i n c e
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EG = 3*VG -  3 ,  t h e n  G t r i a n g u l a t e s  P .  □
We now h a v e  two s e c t i o n s ,  d e p e n d in g  on t h e  minimum v a l e n c y  o f  t h e  
g ra p h  t o  be  r e c o n s t r u c t e d .  We r e c a l l  t h a t  by  E u l e r ' s  i n e q u a l i t y ,  t h e  
minimum v a l e n c y  o f  any  p r o j e c t i v e  g r a p h  i s  a t  m ost  5 .
SECTION 1 0 .1  -  MINIMUM VALENCY 4
I n  t h i s  s e c t i o n  we s h a l l  assum e t h a t  G i s  a  4 - c o n n e c t e d  g ra p h  w h ich  
t r i a n g u l a t e s  P and  h a s  minimum v a l e n c y  4 ,  and su c h  t h a t  no two
4 - v e r t i c e s  o f  G a r e  a d j a c e n t .
Lemma 1 0 .1
L e t  V be  a  4 - v e r t e x  o f  G su c h  t h a t  <Nv> = K^, and l e t  w v  be  
su c h  t h a t  Nv g Nw. Then w i s  a 4 - v e r t e x .
P r o o f
I n  any  em bedding o f  G i n  P ,  t h e  s u b g ra p h  in d u c e d  by  v  and i t s  
n e ig h b o u r s  m ust  be  embedded a s  shown i n  F i g u r e  l O . l ( i ) ,  s i n c e  v  
i s  a  4 - v e r t e x  and i s  i n c i d e n t  o n ly  t o  3 - f a c e s .  Then we may assum e 
t h a t  w i s  i n s i d e  t h e  r e g i o n  .
6 / ^
/  ^
R2
\ y /
V ^
Ri
( i ) ( i i )
F i g u r é  1 0 .1
I f  we assum e t h a t  pw > 4 ,  t h e n  w m u st  h a v e  a n e ig h b o u r  i n s i d e  one 
o f  t h e  r e g i o n s  bounded by t h e  c i r c u i t s  adwa, acw a, cbwc, bdwb ( s e e
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F i g u r e  1 0 , l ( i i ) ) .  T h is  c o n t r a d i c t s  t h e  f a c t  t h a t  G i s  4 - c o n n e c t e d ,  
and shows t h a t  w i s  a  4 - v e r t e x .  □
Theorem 1 0 .2
L e t  G h a v e  a  4 - v e r t e x  v  such  t h a t  <Nv> = K^. Then G i s  e d g e -  
r e c o n s t r u c t i b l e .
P r o o f
F i r s t  we o b s e r v e  t h a t  t h e  c o n d i t i o n  on <Nv> i s  r e c o g n i z a b l e  from  
D 'G . I n  f a c t ,  g i v e n  any  G -  e ,  we c a n  d e te r m in e  f rom  K e l l y ' s  Lemma 
w h e th e r  o r  n o t  t h e  edge  e i s  c o n ta i n e d  i n  some s u b g ra p h  o f  G 
i so m o rp h ic  t o  K^. H ence , g iv e n  any  G -  e ,  e i n c i d e n t  t o  a  4 - v e r t e x
w, we h a v e  t h a t  <Nw> = i f  and o n ly  i f  e  i s  c o n t a i n e d  i n  some
s u b g ra p h  o f  G is o m o rp h ic  t o  K^.
Now, we may assum e t h a t  v  h a s  a t  m ost one  n e ig h b o u r  o f  v a l e n c y  5 ,  
a s  o t h e r w i s e  G would c o n t a i n  a ( 5 , 5 , 4 ) - t r i a n g l e  and so  w ou ld  be  
e d g e - r e c o n s t r u c t i b l e  b y  Theorem 3 , 4 .  T h e r e f o r e  we may assum e t h a t  
i f  Nv = { a , b , c , d } ,  t h e n  p a ,p b ,p c  > 6 .
Now l e t  u s  c o n s i d e r  G -  v a .  S in c e  we know t h a t  <Nv> = K^, and  t h a t  
pa  > 6  i n  G, t h e n  i n  o r d e r  t o  h a v e  a m b ig u i ty  i n  r e c o n s t r u c t i n g  G 
from  G -  v a  t h e r e  m ust b e  a n o th e r  v e r t e x  a* ^  a ,  su c h  t h a t  a* i s  
a d j a c e n t  t o  b ,  c ,  d ,  and such  t h a t  i n  G -  v a ,  t h e  v a l e n c y  o f  a  ' i s
i s  e q u a l  t o  p^a  -  1 > 5 ,  T h e r e f o r e  p ^ a '  ^  5 ,  so  t h a t  a ' c a n n o t
b e  a d j a c e n t  t o  a ;  o t h e r w i s e  , by  Lemma 1 0 , 1 ,  a* w ou ld  h a v e  v a l e n c y  
4 i n  G,
S i m i l a r l y ,  by  c o n s i d e r i n g  G -  v b ,  we d ed u ce  t h a t ,  i n  o r d e r  t o  h a v e  
a m b ig u i ty  i n  r e c o n s t r u c t i n g  G t h e r e  m ust  be  a v e r t e x  b '  f  b ,  su c h  
t h a t  b ' i s  a d j a c e n t  t o  a ,  c ,  d and n o t  t o  b .  H e n c e ,  b ' f  a * ,  
s i n c e  b ' i s  a d j a c e n t  to  a ,  w h e re as  a  ' i s  n o t .  S i m i l a r l y  we may 
assum e t h a t  t h e r e  i s  a  v e r t e x  c '  ^ c ,  a d j a c e n t  t o  a ,  b ,  d and  n o t
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t o  c ,  so t h a t  a '  ^ c '  ^  b ' .
I f  we now c o n s i d e r  G -  v d ,  and  assum e t h a t  G i s  n o t  e d g e -  
r e c o n s t r u c t i b l e ,  t h e n  t h e r e  i s  a  v e r t e x  d ' f  d ,  a d j a c e n t  t o  a , b , c  
(d* may o r  may n o t  be  a d j a c e n t  t o  d ) . We o b s e r v e  t h a t  d* i s  n o t  
e q u a l  t o  e i t h e r  one  o f  a ' ,  b * ,  c ' ,  s i n c e  a* i s  n o t  a d j a c e n t  t o  a  
b* i s  n o t  a d j a c e n t  t o  b ,  and c ' i s  n o t  a d j a c e n t  t o  c .
F i g u r e  1 0 .2
a‘
But t h e n  G c o n t a i n s  t h e  s u b g ra p h  shown i n  F i g u r e  1 0 . 2 ,  and  t h i s  
g r a p h  i s  n o t  p r o j e c t i v e  ( s i n c e  t h i s  i s  g r a p h  i n  t h e  l i s t  o f
g r a p h s  o f  l ( P )  i n  [GHW l]). T h is  c o n t r a d i c t i o n  shows t h a t  G i s  
e d g e - r e c o n s t r u c t i b l e .  □
i n  t h e  f o l l o w i n g  we may assum e th r o u g h o u t  t h a t  G c o n t a i n s  no
4 - v e r t e x  v  w i th  <Nv> = K^.
Lemma 1 0 .2
I f  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  t h e n  e v e r y  4 - v e r t e x  o f  G i s  
a d j a c e n t  t o  two 5 - v e r t i c e s .
P r o o f
L e t  V be  a  4 - v e r t e x  o f  G. We now c o n s i d e r  two c a s e s .
Case  1 <Nv> i s  a  4 - c i r c u i t
Let Nv = {a,b,c,d} be such that E(N v ) = {ab,bc,cd,da}, Let us
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c o n s i d e r  G -  a b .  The su b g ra p h  o f  G -  ab in d u c e d  by  t h e  n e ig h b o u r s  
o f  t h e  4 - v e r t e x  v  does  n o t  c o n t a i n  a  4 - c i r c u i t .  S in c e  we know t h a t  
G and  an y  e d g e - r e c o n s t r u c t i o n  o f  G t r i a n g u l a t e s  P (and  so f o r  
e v e ry  v e r t e x  w, <Nw> i s  H a m i l t o n i a n ) , we c a n  r e c o n s t r u c t  from  
G -  ab  e i t h e r  a s  G o r  ^ a s  G -  ab + v p ,  f o r  some v e r t e x  p f  a .
B ut f o r  G -  ab  + vp  t o  b e  an  e d g e - r e c o n s t r u c t i o n  o f  G, we m ust  h a v e
t h a t  i n  G, pa o r  pb i s  5 ( s i n c e  p^b}} = {{pjjV,p^^p}}, w here
H = G -  ab  + v p ) .  R e p e a t in g  t h i s  a rgum en t f o r  e a c h  o f  t h e  e d g e s  b e ,
c d ,  da  we o b t a i n  t h a t  a t  l e a s t  two o f  a ,  b ,  c ,  d h a v e  v a l e n c y  5
i n  G. (We n o t e  t h a t  i n  f a c t  n o t  m ore t h a n  two v e r t i c e s  from  a ,  b ,  
c ,  d c a n  h a v e  v a le n c y  5 i n  G, a s  o t h e r w i s e  G w ou ld  h a v e  a
( 5 , 5 , 4 ) - t r i a n g l e  and so would b e  e d g e - r e c o n s t r u c t i b l e . )
Case 2 <Nv> -  K, -  e 4
L e t  t h e  s u b g ra p h  o f  G in d u ce d  by  v  and i t s  n e ig h b o u r s  b e  as  shown 
i n  F i g u r e  1 0 , 3 ( i ) ,  and l e t  u s  assum e t h a t  t h e  lemma i s  n o t  t r u e  f o r  
V, t h a t  i s ,  V h a s  a t  m ost one 5 - v e r t e x  a s  n e i g h b o u r .  We now c o n s i d e r  
two s u b c a s e s ,  o b t a i n i n g  a  c o n t r a d i c t i o n  i n  e a c h  c a s e .
a
( i )
b
( i i )
b
( i i i )
F i g u r e  1 0 .3
C a se  2 .1  No n e ig h b o u r  o f  v  i s  a  5 - v e r t e x
L e t  u s  c o n s i d e r  r e c o n s t r u c t i o n  from  G -  a d .  S in c e  p a ,p d  > 6  i n  G, 
t h e n  f o r  no p c VG can  we r e c o n s t r u c t  a s  G -  ad  + v p .  H e n c e ,  v  
m ust  r e m a in  a 4 - v e r t e x  i n  any  e d g e - r e c o n s t r u c t i o n  o f  G a r i s i n g  from
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G -  a d .  The o n l y  way t h a t  <Nv> c an  t h e n  c o n t a i n  a 4 - c i r c u i t  i s  
e i t h e r  by  a d d in g  t h e  e d g e  ad  o r  t h e  edge  db t o  G -  a d ;  t h a t  i s ,
f rom  G -  ad  we c a n  o n l y  r e c o n s t r u c t  a s  G o r  a s  G^:= G -  ad  + d b .
But t h e n  G h a s  o n ly  on e  e d g e - r e c o n s t r u c t i o n  H n o t  i s o m o r p h ic  t o  
i t ,  and H -  G^.
We now h a v e  a s i t u a t i o n  s i m i l a r  t o  t h o s e  a r i s i n g  i n  Theorem  3 .3  
and Lemmas 7 .3  and  7 . 4 .  We s h a l l  u s e  t h e  same t e c h n i q u e  w h ich  we 
employed i n  t h e s e  c a s e s ,  t h a t  i s ,  we s h a l l  f i n d  s u c c e s s i v e  s u b g ra p h s  
and p a i r s  o f  e d g e s  w i t h  r e s p e c t  t o  w h ich  G and H a r e  a s s o c i a t e s ,
u n t i l  we o b t a i n  t h e  c o n t r a d i c t i o n  t h a t  G -  H,
The s u b g ra p h  o f  G^ in d u c e d  by v  and i t s  n e ig h b o u r s  i s  shown i n  
F i g u r e  1 0 . 3 ( i i ) .  We now r e p e a t  t h e  same a rgum en t on G^ -  d c ,  and  
c o n c lu d e  t h a t  G and  H a r e  a s s o c i a t e s  w i t h  r e s p e c t  t o
{G^ -  d c , d c , d a } ,  t h a t  i s ,  i f  G^ :=  G^ -  dc + d a ,  t h e n  G = Gg. The
s u b g ra p h  o f  in d u c e d  by v  and i t s  n e ig h b o u r s  i s  shown i n
F i g u r e  1 0 . 3 ( i i i ) .  We f i n a l l y  a p p ly  t h e  same a rgum en t t o  G^ " d b ,  and
we d e d u c e  t h a t  i f  G^ :=  G^ “ db + d c ,  t h e n  H -  G ^ . B u t  G^ = G,
t h e r e f o r e  H -  G, w h ich  i s  t h e  r e q u i r e d  c o n t r a d i c t i o n .
C ase  2 .2  The v e r t e x  v  h a s  e x a c t l y  one 5 - v e r t e x  a s  n e ig h b o u r
We may assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  e i t h e r  b o r  c i s  a  
5 - v e r t e x  i n  G. I f  we l e t  b be  t h e  5 - v e r t e x ,  t h e n  t h e  same a rg u m e n t  
u se d  i n  C ase  2 .1  i s  s t i l l  v a l i d .  We may t h e r e f o r e  assum e t h a t  c 
i s  t h e  5 - v e r t e x .
By c o n s i d e r i n g  G -  a d ,  we o b t a i n  a s  b e f o r e  t h a t  i f  G^ :=  G -  ad  + d b ,
t h e n  H = G^ i s  t h e  o n ly  e d g e - r e c o n s t r u c t i o n  o f  G n o t  i s o m o r p h ic  t o  G,
N o te  t h a t  i n  G^, t h e  v a l e n c y  o f  a  i s  g r e a t e r  t h a n  5 ,  b e c a u s e  
o t h e r w i s e  G^ w ould  c o n t a i n  a  ( 5 , 5 , 4 ) - t r i a n g l e ,  and  h e n c e  w ou ld  b e
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e d g e - r e c o n s t r u c t i b l e .  We now c o n s i d e r  -  b a .  By t h e  same a rg u m e n t ,
G and  H a r e  a s s o c i a t e s  w i t h  r e s p e c t  t o  {G£ -  b a , b a , a d } ,  t h a t  i s ,  i f
G^ :=  G^ -  ba  + a d ,  t h e n  G -  (The s u b g ra p h  o f  G^ in d u ce d  by
V and  i t s  n e ig h b o u r s  i s  shown i n  F i g u r e  1 0 . 4 . )
d
F i g u r e  1 0 .4
I f  we now c o n s i d e r  G^ “ db ,  we s i m i l a r l y  o b t a i n  t h a t  i f  
G* :=  Gg -  db + b a ,  t h e n  H = G^. But G^ = G, so  t h a t  H = C 
c o n t r a d i c t i o n .  T h is  f i n a l  c o n t r a d i c t i o n  p r o v e s  t h e  lemma. □
Theorem  1 0 .3
I f  G c o n t a i n s  no 4 - v e r t e x  v  such  t h a t  <Nv> -  K^, t h e n  G i s  
e d g e - r e c o n s t r u c t i b l e .
P r o o f
L e t  V be  a  4 - v e r t e x  o f  G» Then b y  Lemma 1 0 .2 ,  i f  Nv = { a , b , c , d } ,  
we may assum e t h a t  pa  = pc = 5 i n  G. We may t h e r e f o r e  assum e t h a t  
a  i s  n o t  a d j a c e n t  t o  c i n  G, a s  o t h e r w i s e  G w ou ld  c o n t a i n  a
( 5 , 5 , 4 ) - t r i a n g l e .  S in c e  <Nv> m ust  c o n t a i n  a  4 - c i r c u i t ,  t h e n  a  i s  
a d j a c e n t  t o  b and d; s i m i l a r l y  c m ust  b e  a d j a c e n t  t o  b and  d 
( s e e  F i g u r e  1 0 . 5 ) .
b
F ig u r e  1 0 .5
165
Now, s i n c e  pa  = 5 ,  t h e n  Na = { b , v , d , x , y }  f o r  some v e r t i c e s  
x , y  ^ { b , v , d , c } .  But <Na> c o n t a i n s  a  5 - c i r c u i t ,  and  s i n c e  v  h a s  
v a l e n c y  2 i n  <Na>, t h e n  x  i s  a d j a c e n t  t o  y . We may t h e r e f o r e  
assum e t h a t  a t  m o s t  one  o f  x o r  y i s  a  5 - v e r t e x ;  o t h e r w i s e  G 
would c o n t a i n  t h e  v a l e n c y - c o n f i g u r a t i o n  o f  Theorem  3 . 4 ,  w i t h
6  = 4 ,  A l s o ,  we may assum e t h a t  p x ,p y  > 4  i n  G, a s  o t h e r w i s e  t h e  
5 - v e r t e x  a  w ould  b e  a d j a c e n t  t o  two 4 - v e r t i c e s  ( v  and  on e  o f  x  o r  
y ) ,  and so G w ould  c o n t a i n  t h e  v a le n c y  c o n f i g u r a t i o n  o f
Theorem 3 , 3 ,  w i t h  6 = 4 .
We now c l a i m  t h a t  G i s  e d g e - r e c o n s t r u c t i b l e .  F o r  a  c o n t r a d i c t i o n  
we su p p o se  t h a t  i t  i s  n o t  and  we c o n s i d e r  t h e  p o s s i b l e  e d g e -  
r e c o n s t r u c t i o n s  from  G -  v a .  S in c e  t h e  minimum v a l e n c y  o f  G and  
o f  any  e d g e - r e c o n s t r u c t i o n  H o f  G i s  4 ,  We d e d u c e  t h a t  i f
H i s  n o t  i s o m o rp h ic  t o  G, t h e n  H = G -  v a  + v p ,  f o r  some v e r t e x
p ^  a .  B u t i n  G -  va  + v p ,  t h e  v e r t e x  a i s  a  4 - v e r t e x  w i t h  a t  m o st  
one n e ig h b o u r  o f  v a l e n c y  5 .  I t  f o l lo w s  from  Lemma 1 0 .2  t h a t  H 
i s  e d g e - r e c o n s t r u c t i b l e .  But G i s  an  e d g e - r e c o n s t r u c t i o n  o f  H,
G ^ H. We h a v e  t h e r e f o r e  o b t a i n e d  t h e  r e q u i r e d  c o n t r a d i c t i o n ,  □
SECTION 1 0 ,2  -  MINIMUM VALENCY 5
I n  t h i s  s e c t i o n  we s h a l l  a ssum e t h a t  G i s  a  4 - c o n n e c t e d  g r a p h  w h ic h  
t r i a n g u l a t e s  P ,  h a s  minimum v a l e n c y  5 ,  and such  t h a t  no two
5 - v e r t i c e s  o f  G a r e  a d j a c e n t .  We s h a l l  n eed  t h e  f o l l o w i n g  lemma on
p l a n a r  g r a p h s  and i t s  c o r o l l a r y .
Lemma 1 0 ,3
L e t  H b e  a g ra p h  vdiich h a s  a  k - r e p r e s e n t a t i o n  R, and  l e t  C be  
t h e  k - c i r c u i t  b o u n d in g  t h e  k - f a c e  i n  R , F o r  any  v e r t e x  v  e VH -  VC, 
l e t  pv  ^  5 ,  and  l e t  t h e r e  be  a t  m ost  f i v e  v e r t i c e s  o f  C w i t h  
v a l e n c y  3 ,  I f  t h e r e  a r e  no c h o rd s  o f  C i n  EH, t h e n  a t  l e a s t  one  
v e r t e x  i n  VH -  VC h a s  v a l e n c y  5 .
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P r o o f
S in c e  t h e r e  a r e  no c h o rd s  o f  C, t h e n  no v e r t e x  o f  C h a s  v a l e n c y  2: 
o t h e r w i s e ,  i f  v^  c VC h a s  v a l e n c y  2 ,  and  v ^ ,  v ^  ^ a r e  t h e  two 
v e r t i c e s  o f  C a d j a c e n t  t o  v ^ ,  t h e n  v^ i s  a d j a c e n t  t o  v ^
T h e r e f o r e  any v e r t e x  o f  C h a s  v a l e n c y  a t  l e a s t  3 .
Now, we may assume t h a t  t h e  k - f a c e  F o f  R i s  n o t  t h e  unbounded f a c e .  
I n s i d e  t h e  f a c e  F we c a n  embed a n o t h e r  copy o f  R, t h i s  t im e  w i th  
k - f a c e  a s  t h e  unbounded f a c e ,  so t h a t  i f  we i d e n t i f y  t h e  c o r r e s p o n d in g  
e d g e s  o f  C, we o b t a i n  a  m axim al p l a n a r  g ra p h  H ' .  (We n o t e  t h a t  
t h e r e  c a n  b e  no m u l t i p l e  e d g e s  i n  H ' s i n c e  H c o n t a i n s  no c h o rd  
o f  C . )
C l e a r l y ,  i f  v  e VC, t h e n  p ^ .v  = 2p^v -  2 ,  and i f  w e VH -  VC, t h e n  
Pg,w = p^w. T h e r e f o r e  H' h a s  a t  m o st  f i v e  4 - v e r t i c e s ,  a l l  t h e  
o t h e r  v e r t i c e s  h a v in g  v a l e n c y  a t  l e a s t  5 ,  M o re o v e r ,  i f  i s  t h e
number o f  k - v e r t i c e s  o f  H ' ,  t h e n  = 2x , xdiere x  i s  t h e  num ber o f
5 - v e r t i c e s  o f  H i n  VH -  VC, But E u l e r ' s  i n e q u a l i t y  f o r  H ' g i v e s
> 12 ,
and s i n c e  < 5, t h e n  > 2 , so t h a t  x  > 1 ,  a s  r e q u i r e d .  0  
C o r o l l a r y  10 .1
L e t  H h a v e  a 6 - r e p r e s e n t a t i o n  R , and l e t  C b e  t h e  6 - c i r c u i t  
b o u n d in g  t h e  6 - f a c e  i n  R . Assume t h a t  f o r  any  v  e VH -  VC, p v ^  5 ,
and t h a t  t h e r e  a r e  no c h o rd s  o f  C i n  EH, I f  t h e  o r d e r  o f  H i s
a t  l e a s t  8 , t h e n  a t  l e a s t  one  v e r t e x  i n  VH -  VC h a s  v a l e n c y  5 .
P r o o f
A g a in ,  s i n c e  t h e r e  a r e  no c h o r d s  o f  C, any v e r t e x  o f  C h a s  v a l e n c y  
a t  l e a s t  3 ,  T h e r e f o r e  t o  a p p ly  Lemma 1 0 .3  t o  H, a l l  we n e e d  t o  do
i s  t o  show t h a t  n o t  a l l  t h e  v e r t i c e s  o f  C c a n  h a v e  v a l e n c y  3 .  To
s e e  t h i s ,  we assume f o r  c o n t r a d i c t i o n  t h a t  a l l  t h e  v e r t i c e s  o f  C do
167
i n  f a c t  h a v e  v a l e n c y  3 ,  L e t  VC = { v ^ /v ^ /V g ^ v ^ /v ^ iV ^ }  be  su c h  t h a t
v^  i s  a d j a c e n t  t o  v^^^ (modulo 6 ) ,  and l e t  v^ b e  t h e  o t h e r  
n e ig h b o u r  o f  Vq i n  H. Then v^ i s  a d j a c e n t  t o  v^ and v ^ .
T h e r e f o r e  v ^  i s  a l s o  t h e  o t h e r  n e ig h b o u r  o f  v^  i n  H, and  a g a i n  we 
o b t a i n  t h a t  v^  i s  a d j a c e n t  t o  Vg. C o n t in u in g  i n  t h i s  w ay , we o b t a i n  
t h a t  a l l  t h e  v e r t i c e s  o f  C a r e  a d j a c e n t  t o  v ^ . Now H h a s  a t  
l e a s t  8  v e r t i c e s ,  so  t h a t  t h e r e  m u st  b e  a t  l e a s t  on e  v e r t e x  i n s i d e  
t h e  r e g i o n  bounded  b y  t h e  c i r c u i t  VgV^g^v^^^v^, f o r  some 0  ^ i  ^ 4 ,
I t  f o l l o w s  t h a t  v^  and v^^^  h a v e  v a l e n c y  g r e a t e r  t h a n  3 i n  H. □
A p r o o f  o f  Lemma 1 0 ,4  c a n  b e  found  i n  [GHWl].
Lemma 1 0 .4
The p r o j e c t i v e  p l a n e  c o n t a i n s  no p a i r  o f  d i s j o i n t  n o n - c o n t r a c t i b l e  
c i r c u i t s .  □
Lemma 1 0 .5
L e t  G b e  a  4 - c o n n e c t e d  g ra p h  w i t h  minimum v a l e n c y  5 and  s u c h  t h a t  
G t r i a n g u l a t e s  P .  I f  G h a s  a 5 - v e r t e x  w, s u c h  t h a t  <Nw> i s  a
5 - c i r c u i t ,  t h e n  G i s  e d g e - r e c o n s t r u c t i b l e .
P r o o f
L e t  Nw = {Wq,w^,W2 »W2 ,w^} be  such  t h a t  w^ i s  a d j a c e n t  t o  
(m odulo  5 ) .  Then i n  G -  w^w^, t h e  v e r t e x  w i s  a  5 - v e r t e x  such  
t h a t  i t s  n e ig h b o u r s  do n o t  in d u ce  a H a m i l to n i a n  g r a p h .  I f  we assum e 
t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  and l e t  H b e  an  e d g e -  
r e c o n s t r u c t i o n  o f  G n o t  iso m o rp h ic  t o  G, t h e n  H -  G -  w^w^ + x y ,  
w h ere  x y  ^  w^w . By Theorem 1 0 .1 ,  H t r i a n g u l a t e s  P ,  so t h a t  i n  H,
<Nw> m u s t  c o n t a i n  a  p ^ w - c i r c u i t .  H ence , s i n c e  xy  w^w^, we d e d u c e  
t h a t  w £ '{ x ,y } ;  s a y  w = x .  But s i n c e
^^Vo'^G^l^^ = { { P j jX ,p j jy } }  =  { { P % w , P y y } } ,
and s i n c e  p^w = 6 , we o b t a i n  t h a t  one o f  w ^, w^ h a s  v a l e n c y  6  i n  G,
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s i m i l a r l y  we o b t a i n  t h a t  f o r  a l l  0 < i  < 4 ,  one o f  w . , w \^^  h a s  
v a le n c y  6 i n  G. But t h e n ,  G h a s  a  ( 6 , 6 , 5 ) - t r i a n g l e ,  f rom  w hich  
i t  f o l l o w s  t h a t  G i s  e d g e - r e c o n s t r u c t i b l e ,  by  Theorem 3 . 4 ,  □
C o r o l l a r y  1 0 .2
L e t  G b e  a 4 - c o n n e c t e d  g r a p h  w i t h  minimum v a l e n c y  5 and w h ich  
t r i a n g u l a t e s  P ,  and  l e t  G b e  n o t  e d g e - r e c o n s t r u c t i b l e .  T hen , i n  a  
any embedding o f  G i n  P ,  e v e r y  5 - v e r t e x  i s  o n  a  3 - c i r c u i t  w h ic h  i s  
n o n - c o n t r a c t i b l e  i n  P .
P r o o f
L e t  R be  an  em bedding o f  G i n  P ,  and l e t  v  be  a 5 - v e r t e x  o f  G. 
I n  R, V i s  i n c i d e n t  t o  f i v e  3 - f a c e s  bounded b y  t h e  c i r c u i t s  
w ^ v ^ ^ ^ v ,  0 < i  < 4 (modulo 5 ) .  By Lemma 1 0 ,5 ,  and s i n c e  G i s  n o t  
e d g e - r e c o n s t r u c t i b l e ,  EG m ust  c o n t a i n  a  c h o rd  o f  t h e  c i r c u i t  
VqV^v^v^v^Vq, We may t h e r e f o r e  a ssum e , w i t h  no l o s s  o f  g e n e r a l i t y ,  
t h a t  Vq i s  a d j a c e n t  t o  But t h e n ,  t h e  c i r c u i t  w ^-y^v  c a n n o t
be  c o n t r a c t i b l e  i n  P ,  b e c a u s e  o t h e r w i s e  t h e  v e r t i c e s  v ,  Vq , v^ w ou ld  
c o n s t i t u t e  a  s e p a r a t i n g  3 - s e t  f o r  G, c o n t r a d i c t i n g  t h e  f a c t  t h a t  G 
i s  4 - c o n n e c t e d ,  0
Theorem 1 0 .4
L e t  G b e  a  4 - c o n n e c te d  g r a p h  w i t h  minimum v a l e n c y  5 and w h ic h  
t r i a n g u l a t e s  P ,  Then G i s  e d g e - r e c o n s t r u c t i b l e .
P r o o f
We assum e t h a t  G i s  n o t  e d g e - r e c o n s t r u c t i b l e  and o b t a i n  a  c o n t r a ­
d i c t i o n ,  S in c e  G i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  t h e n  no two 5 - v e r t i c e s  
o f  G a r e  a d j a c e n t ,  and m o re o v e r ,  G s a t i s f i e s  t h e  c o n c l u s i o n  o f
C o r o l l a r y  1 0 .2 .  L e t  R b e  a n  em bedding  o f  G i n  P ,  and  l e t  v  b e
a  5^ - v e r t e x  o f  G. Then t h e r e  i s  a  3 - c i r c u i t  C (v) = avba  o f  R 
w hich  i s  n o n - c o n t r a c t i b l e  i n  P .  H ence , i f  w i s  another 5 - v e r t e x  o f
G, su c h  t h a t  i n  R, w i s  o n  a  3 - c i r c u i t  C(w) w h ich  i s
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n o n - c o n t r a c t i b l e  i n  P , i t  f o l l o w s  from  Lemma 1 0 .4  t h a t  
C(w )nC(v) 7  ^ 0 .  We now c o n s i d e r  two c a s e s .
Case  1 T h e re  e x i s t s  a  5 - v e r t e x  w v )  such  t h a t  w i s  a d j a c e n t  
t o  a  and b ,  and t h e  c i r c u i t  àwbà o f  R i s  n o n -  
c o n t r a c t i b l e  i n  P 
L e t  W = {\J e VG: w i s  a  5 - v e r t e x  i n  G and t h e  c i r c u i t  awba i s  
n o n - c o n t r a c t i b l e  i n  P } .
We c o n s i d e r  an y  \r e W and  n o t e  t h a t ,  s i n c e  awba and  avba  a r e  
b o th  n o n - c o n t r a c t i b l e  c i r c u i t s ,  t h e n  t h e  c i r c u i t  avbwa i s  
c o n t r a c t i b l e  ( s e e  F i g u r e  1 0 . 6 ) .  T h is  a s s e r t i o n  i s  e a s i l y  p ro v e d  
( s e e  b e lo w )  by  c o n s i d e r i n g  I I ^ ( P ,a ) ,  t h e  f u n d a m e n ta l  g ro u p  o f  P a t  
a ,  and  u s i n g  t h e  f a c t  t h a t  11^( P , a )  i s  a  c y c l i c  g ro u p  o f  o r d e r  2 ,
a
F i g u r e  1 0 .6
Thus t h e  c i r c u i t  avbwa s e p a r a t e s  P i n t o  two d i s j o i n t  r e g i o n s  
and R^j s u c h  t h a t  R^ i s  homeomorphic t o  a n  open  d i s k .  L e t  E(R^) 
b e  t h e  s e t  o f  e d g e s  o f  R w hich  a r e  embedded i n  R ^ , and  l e t  
H(w ) = <E(R^) u{av, v b ,b w ,w a } > . Then H(w) h a s  a  4 - r e p r e s e n t a t i o n  i n  
t h e  p l a n e .  L e t  e f/ be  su c h  t h a t  VH(wq) < VH(w), f o r  a l l
w e We c a n  a p p ly  Lemma 1 0 .3  t o  H(Wq ) , w i t h  t h e  c i r c u i t  avbw^a 
b o u n d in g  t h e  4 - f a c e  o f  t h e  4 - r e p r e s e n t a t i o n  o f  H(wq) . S i n c e  H(Wq ) 
c l e a r l y  c o n t a i n s  no c h o rd s  o f  t h e  c i r c u i t  avbw ^a, we d e d u c e  t h a t
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t h e r e  i s  a  v e r t e x  w ' e VHCw^) -  { a ,v ,b ,W g }  w hich  h a s  v a l e n c y  5 i n  
G, Hence any  n o n - c o h t r a c t i b l e  c i r c u i t  xw 'yx  m ust be  a w 'b a  
( s i n c e  w ' c a n n o t  b e  a d j a c e n t  t o  w^ o r  v ) , We c o n c lu d e  t h a t  
wV e W, and  VH(w*) < VH(Wq), a  c o n t r a d i c t i o n .  ,
Case  2 T h e re  e x i s t s  no  5 - v e r t e x  w v )  such  t h a t  w i s  a d j a c e n t
t o  a  and b ,  and  t h e  c i r c u i t  awba o f  R i s  n o n -  
c o n t r a c t i b l e  i n  P 
We may assum e t h a t  i f  w v  i s  a  5 - v e r t e x ,  t h e n  f o r  some v e r t e x
c ^  b ,  t h e  c i r c u i t  cwac i s  n o n - c o n t r a c t i b l e  i n  P .  (We may a l s o  
assum e t h a t  i f  v  i s  a d j a c e n t  t o  c ,  t h e n  t h e  c i r c u i t  a v c a  i s  
c o n t r a c t i b l e ,  b e c a u s e  o t h e r w i s e  we r e v e r t  t o  Case 1 ,  w i th  t h e  c i r c u i t  
a v c a  r e p l a c i n g  t h e  c i r c u i t  a v b a . )
We f i r s t  show t h a t  i t  i s  n o t  p o s s i b l e  t h a t  e v e ry  5 - v e r t e x  o f  G i s
a d j a c e n t  t o  t h e  v e r t e x  a .  L e t  u s  s u p p o se  t h e  c o n t r a r y .  S in c e  G
i s  n o t  e d g e - r e c o n s t r u c t i b l e ,  we t h e n  h a v e  by  t h e  r e c o n s t r u c t o r  
s e q u e n c e  o f  Theorem 3 .3  t h a t  t h e  v a l e n c y  o f  a  i n  G i s  a t  l e a s t
5 + Hence t h e  maximum v a le n c y  A o f  G i s  a t  l e a s t  5 + ,
But E u l e r ’ s i n e q u a l i t y  (w h ich  i s  an  e q u a l i t y  i n  t h i s  c a s e ,  s i n c e  G 
t r i a n g u l a t e s  P)  t h e n  g i v e s ,
A
V = 6 + % ( k  -  6 ) v  > V ,
^ ‘ k=7
a c o n t r a d i c t i o n .
Now, l e t  u  be  a 5 - v e r t e x  o f  G such  t h a t  u i s  n o t  a d j a c e n t  t o  a ,  
and l e t  xuyx b e  a n o n - c o n t r a c t i b l e  3 - c i r c u i t .  Then b y  Lemma 1 0 .4 ,  
and  s i n c e  no two 5 - v e r t i c e s  o f  G a r e  a d j a c e n t ,  we h a v e  t h a t  
{ x ,y }  n { b ,a }  0 ^ { x ,y }  n { c , a } .
But s i n c e  u i s  n o t  a d j a c e n t  t o  a ,  t h e n  we m ust h a v e  t h a t
{ x ,y }  = { c , b } .
We n o t e  now t h a t  one  o f  t h e  c i r c u i t s  bvawcub o r  bvawcb i s  
c o n t r a c t i b l e  i n  P ( s e e  F i g u r e  1 0 , 7 ) .  T h is  a s s e r t i o n  i s  a g a i n  e a s i l y
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p ro v e d  ( s e e  be low ) by  c o n s i d e r i n g  t h e  f u n d a m e n ta l  g ro u p  o f  P a t  b
a
a
bvawcb i s  c o n t r a c t i b l e
( i )
bvawcub i s  c o n t r a c t i b l e
( i i )
F i g u r e  1 0 .7  
We a c c o r d i n g l y  c o n s i d e r  two c a s e s .
C ase  2 ,1  The c i r c u i t  bvawcb i s  c o n t r a c t i b l e .
I n  t h i s  c a s e ,  t h e  c i r c u i t  bvawcb s e p a r a t e s  P i n t o  two d i s j o i n t  
r e g i o n s  R^, w here  R^  ^ i s  hom eom orphic t o  an  open  d i s k .  L e t
E(R^) be  t h e  s e t  o f  edges  o f  R w h ich  a r e  embedded i n  R ^ , and  l e t  
H = < E (R ^ )u { b v ,v a ,a w ,w c ,c b } > .  Then H h a s  a  5 - r e p r e s e n t a t i o n  i n  t h e  
p l a n e .  We c a n  t h e r e f o r e  a p p ly  Lemma 1 0 .3  t o  H, w i t h  t h e  c i r c u i t  
bvawcb b o u n d in g  t h e  5 - f a c e  o f  H ( c l e a r l y  H h a s  no c h o rd s  o f  t h e  
c i r c u i t  b v a w c b ) .  T h i s  i m p l i e s  t h a t  t h e r e  i s  a  v e r t e x  
w* e VH -  { b , v , a , w , c }  w hich  h a s  v a l e n c y  5 i n  G. L e t  pw 'qp  b e  
a  n o n - c o n t r a c t i b l e  3 - c i r c u i t .  Then c l e a r l y ,  { p ,q }  = { a , c } ,  s i n c e  
{ p jq }  { a j b } . But t h e n  we r e v e r t  t o  C ase  1 ,  w i t h  t h e  c i r c u i t  avba  
r e p l a c e d  b y  t h e  c i r c u i t  awea.
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Case 2 ,2  ' The c i r c u i t  bvawciib i s  c o n t r a c t i b l e
A g a in ,  t h e  c i r c u i t  bvawcub s e p a r a t e s  P i n t o  two r e g i o n s ,  and
R^, w i t h  R^ hom eom orphic  t o  an  open  d i s k .  L e t  E (R^) b e  t h e  s e t  o f
edges  o f  R w h ic h  a r e  embedded i n  R^, and l e t
H = < E ( R ^ )u { b v ,v a ,a w ,w c ,c u ,u b } > ,  We may assum e t h a t  VH > 8 ,  b e c a u s e  . 
o t h e r w i s e  H w ould  h a v e  a  6 - v e r t e x  z a d j a c e n t  t o  t h e  v e r t i c e s  a ,  
b ,  c ,  u ,  V, w, and  t h e r e f o r e  z w ould  be a  6 - v e r t e x  o f  C, a d j a c e n t  
t o  t h r e e  5 - v e r t i c e s ,  f rom  w h ich  we deduce  t h a t  C i s  e d g e -  
r e c o n s t r u c t i b l e  by  Theorem  3 . 3 .  I t  i s  a l s o  c l e a r  t h a t  H h a s  no
c h o rd s  o f  t h e  c i r c u i t  bvaw cub . We may t h e r e f o r e  a p p ly  C o r o l l a r y  1 0 .1
t o  H, w i t h  t h e  c i r c u i t  bvaw cub b o u n d in g  t h e  6 - f a c e  o f  H , We t h u s
i n f e r  t h a t  t h e r e  i s  a  v e r t e x  w ' e VH -  { a , b , c , u , v , w }  w h ich  h a s
v a l e n c y  5 i n  C . L e t  pw 'q p  b e  a  n o n - c o n t r a c t i b l e  3 - c i r c u i t ,  Then
s i n c e  { p ,q }  # { a , b } ,  o n e  o f  t h e  f o l l o w i n g  m ust h o l d :  e i t h e r  
{ p ,q }  = { a , c }  o r  { p ,q }  = { c , b } ;  we may assum e w i t h  no  l o s s  o f  
g e n e r a l i t y  t h a t  { p ,q }  = { a , c } .  But t h e n  we r e v e r t  t o  C ase  1 ,  w i t h  
t h e  c i r c u i t  avba  r e p l a c e d  b y  t h e  c i r c u i t  aw ca, □
V e r i f i c a t i o n  o f  a s s e r t i o n s  i n  t h e  p r o o f  o f  Theorem 1 0 l4  
We r e q u i r e  a  few p r e l i m i n a r y  r e s u l t s .  A l l  t h e s e  a r e  o f  a n  e l e m e n t a r y
n a t u r e  and c a n  b e  found  i n  [ P T ] .  The d e f i n i t i o n s  o f  p a t h s ,  t h e i r
p r o d u c t s ,  hom otopy and  fu n d a m e n ta l  g roup  can  l i k e w i s e  b e  fo u n d  i n  [ P I ] .
The sym bol d e n o te s  " h o m o to p ic  t o "  ( s e e  [ P T ] ) .
A. I f  a ,  3, Y a r e  p a t h s  s u c h  t h a t  3 Y and i f  a 3 e x i s t s ,  t h e n
aY e x i s t s  and  a 3  OY. (Theorem  4 . 5  o f  [ P I ] ,  w i th  Y = ^ )
B . I f  a  i s  any  p a t h ,  t h e n  a a “  ^ and a “^a a r e  h o m o to p ic  t o
n u l l  p a t h s ,  (Theorem  4 . 9  o f  [ P l ] . )
C. I f  cx i s  any p a t h ,  and 3 i s  a  n u l l  p a th  su ch  t h a t  ex3 e x i s t s ,
t h e n  (x3 ^  a . (Theorem  4 . 7  o f  [ P I ] )
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A s s e r t i o n  i n  C asé  1
I f  i n  P ,  avba  and awba a r e  n o n - c o n t r a c t i b l e  c i r c u i t s ,  t h e n  t h e  
c i r c u i t  avbwa i s  c o n t r a c t i b l e .
P r o o f
L e t  t h e  p a t h s  a ,  g, y  be t h e  c h a in s  a v b ,  b a ,  bwa r e s p e c t i v e l y ,  as  
shown i n  F i g u r e  1 0 .8 .  Then t h e  c i r c u i t  avbwa i s  a 3.
V
a
F i g u r e  1 0 .8
We c o n s i d e r  11^( P , a ) ,  t h e  fu n d a m e n ta l  g ro u p  o f  P a t  a ,  and r e c a l l  
t h a t  n ^ ( P , a )  h a s  two e le m e n ts  e ,  x  su c h  t h a t  x ^  = e ,  t h e  i d e n t i t y  
e l e m e n t .
Now, i n  n ^ ( P , a ) ,  [ o 3 ]  = x = [ 3 " ^ Y ] , s i n c e  t h e  c l o s e d  p a th s  a 3  and
3**^ Y a r e  n o t  c o n t r a c t i b l e ,  t h a t  i s ,  t h e y  a r e  n o t  h o m o to p ic  t o  a  n u l l  
p a th  i n  P ( h e r e  homotopy i s  a lw ay s  t a k e n  r e l a t i v e  t o  t h e  p o i n t  a ) .
T h e r e f o r e  [a3]C3*"^Y3 = x ^  ■= e ,  t h a t  i s  Ca33” ^Y3 -  e .
Now, 33  ^ ^  ü g ,  w here  i s  t h e  n u l l  p a t h  a t  a  (b y  B a b o v e ) ,
so t h a t  « 3 3  ««Q, by A.
Hence « 3 3  ^ o ,  by C (and  s i n c e  i s  an  e q u i v a l e n c e  r e l a t i o n ) .
We d e d u c e  t h a t  «33  ^ Y c t y  by A, so t h a t  [ « 3 3  ^ y1 = [0Y] = e .
I t  f o l l o w s  t h a t  «Y i s  c o n t r a c t i b l e  i n  P ,  a s  r e q u i r e d .  □
A s s e r t i o n  i n  C ase  2
I f  a v b a ,  awe a ,  bucb  a r e  n o n - c o n t r a c t i b l e  c i r c u i t s  i n  P ,  t h e n  e i t h e r  
bvawcub o r  bvawcb i s  c o n t r a c t i b l e .
174
P ro o f
L e t  t h e  p a t h s  a ,  B, Ÿ, 6, e , ç be a s  shown i n  F i g u r e  1 0 . 9 ,  and  l e t  
u s  c o n s i d e r  I I ^ ( P ,b ) .
Ç
F i g ü r é  1 0 .9
I f  we s u p p o s e  t h a t  bvawcub i s  n o n - c o n t r a c t i b l e ,  t h a t  i s ,  i f  i n  
IIj^ (P ,b ) ,  Ccx3y3 “  X ,  t h e n  C6(X = e ,  s i n c e  ôa  ^ i s  n o n -
c o n t r a c t i b l e .  Hence Cda^^agY] = e .  But a s  a b o v e ,  6a“ ^a3Y ^  <S3Yj 
so  t h a t  [ 6 a " l a 3 Y ]  = [<S$Y] = e .  I t  f o l l o w s  t h a t  63Y i s  c o n t r a c t i b l e  
i n  P , a s  r e q u i r e d .  □
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APPENDIX CUTVERTEX-REC0N5TRUCTI0N OF TREES
D u r in g  t h e  P ro b lem  S e s s io n  o f  t h e  S e v e n th  B r i t i s h  C o m b in a to r i a l  
C o n f e re n c e  h e l d  i n  Cam bridge i n  1979 , H a r a r y  c o n j e c t u r e d  t h a t  a  t r e e  
i s  r e c o n s t r u c t i b l e  from  i t s  s u b g ra p h s  o b t a i n e d  by  d e l e t i n g  one  c u t v e r t e x  
a t  a  t im e .  The aim  o f  t h i s  A ppend ix  i s  t o  show t h a t  t h i s  c o n j e c t u r e  
i s  t r u e .  A l th o u g h  t h i s  i s  a  v a r i a n t  o f  t h e  V e r t e x - r e c o n s t r u c t i o n  
P ro b le m , i n  S e c t i o n  A .2 we employ t h e  same t e c h n i q u e  i n v o l v i n g  
a s s o c i a t e s  w h ich  we u s e d  i n  Theorem 3 .3  and  i n  C h a p te r s  7 and 10 
w here  we w e re  c o n s i d e r i n g  e d g e - r e c o n s t r u c t i o n .
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One o f  t h e  f i r s t  r e s u l t s  i n  g ra p h  r e c o n s t r u c t i o n  was t h e  p r o o f  by 
K e l l y  [kf] t h a t  t r e e s  a r e  v e r t e x - r e c o n s t r u c t i b l e . T h is  r e s u l t  was 
s u b s e q u e n t ly  p ro v ed  u n d e r  more s t r i n g e n t  c o n d i t i o n s  by v a r i o u s  a u t h o r s  
[ b 1 ,  H P l,  I n  t h e s e  c a s e s  o n ly  t h o s e  g ra p h s  i n  t h e  v e r t e x - d e c k
r e s u l t i n g  from  t h e  d e l e t i o n  o f  1 - v e r t i c e s  w e re  u s e d .  D u r in g  t h e  
P rob lem  S e s s io n  o f  t h e  S e v e n th  B r i t i s h  C o m b in a to r i a l  C o n fe re n c e  h e l d  
i n  Cam bridge i n  1979 , H a ra ry  c o n j e c t u r e d  t h a t " t h e  r e m a in in g  g r a p h s  i n  
t h e  v e r t e x - d e c k  a l s o  s u f f i c e  t o  r e c o n s t r u c t  a  t r e e .  The aim  o f  t h i s  
a p p e n d ix  i s  to  show t h a t  t h i s  c o n j e c t u r e  i s  t r u e .
We r e c a l l  t h a t  a  c u t v e r t e x  o f  a  g ra p h  T i s  a v e r t e x  whose rem o v a l  
i n c r e a s e s  t h e  number o f  com ponents  o f  T. We s a y  t h a t  T i s  
c u t v e r t e x - r e c o n s t r ü c t i b l e  ( c v - r e c o n s t r ü c t i b l e ) i f  i t  i s  u n i q u e l y  
d e te r m in e d ,  up t o  iso m o rp h ism , from  t h e  c ü t v e r t é x - d é c k
CDT := {{T^: v  c u t v e r t e x  o f  T}}.
The d e f i n i t i o n  o f  a  c ü tv é r t é x - ^ r é c ô g r i i z a b le  c l a s s  o f  g r a p h s  i s  a n a lo g o u s  
t o  t h a t  o f  a  v e r t e x - r e c o g n i z a b l e  c l a s s .
MAIN THEOREM
E v e ry  t r e e  w i t h  a t  l e a s t  t h r e e  c u t v e r t i c e s  i s  c v - r e c o n s t r u c t i b l e .
The c o n d i t i o n  t h a t  t h e  t r e e  m ust  h a v e  a t  l e a s t  t h r e e  c u t v e r t i c e s  i s  
e s s e n t i a l  a s  can  be  s e e n  from  t h e  g ra p h s  i n  F i g u r e s  A. 1 and A .2 ; 
t h e  two g ra p h s  i n  F i g u r e  A . l  h a v e  t h e  same c u t v e r t e x - d e c k  a s  do t h e  
t h r e e  g ra p h s  i n  F i g u r e  A .2 .
REMARK. I f  how ever, we w ere  t o  be  g i v e n ,  a p a r t  from  C2?T, t h e  e x t r a  
i n f o r m a t i o n  t h a t  T i s  a  t r e e ,  th e n  t h e  t r e e s  i n  F i g u r e  A . l  and A .2 
would i n  f a c t  be  c v - r e c o n s t r u c t i b l e .  I n  f a c t ,  i t  i s  e a s i l y  s e e n  t h a t
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w i th  t h i s  e x t r a  i n f o r m a t i o n ,  t r e e s  w i t h  one o r  two c u t v e r t i c e s  w ou ld  
be  c v - r e c o n s t r u c t i b l e ,  and so  i n  t h i s  c a s e  t h e  r e s t r i c t i o n  on t h e  number 
o f  c u t v e r t i c e s  c o u ld  b e  d ro p p ed  from t h e  Main Theorem . ( T h i s  th e o re m  
would t h e n  r e a d :  T re e s  w i t h  a t  l e a s t  t h r e e  v e r t i c e s  a r e  w e a k ly  
c v - r e c o n s t r u c t i b l e . )
Ti:
F i g u r e  A . l
Ti: ^2 =
F i g u r é  A .2
3
SECTION A . l  -  RECOGNITION
The f i r s t  p ro b le m  i s  t o  show t h a t  we can  a c t u a l l y  r e c o g n i z e  f rom  
CDT w h e th e r  o r  n o t  T i s  a  t r e e .  We f i r s t  g i v e  a few d e f i n i t i o n s .
We r e c a l l  t h a t  a  f o r e s t  i s  a  g ra p h  i n  w hich  e v e ry  p a i r  o f  v e r t i c e s  i s  
j o i n e d  by  a t  m ost  one c h a i n ,  and t h a t  a  t r e e  i s  a  c o n n e c t e d  f o r e s t .  A
1 - v e r t e x  w i l l  a l s o  be  c a l l e d  an  e i i d v e r t e x . Ah é h d - c ü t v é r t e x  o f  a  t r e e  
i s  a c u t v e r t e x  a l l  o f  whose n e ig h b o u r s  e x c e p t  one  a r e  e n d v e r t i c e s .
I f  F i s  a  f o r e s t ,  t h e n  à n o n t r i v i a l  component o f  F i s  a  com ponent 
w hich  h a s  a t  l e a s t  one c u t v e r t e x ;  à  t r i v i a l  com ponent o f  F i s  one  
w h ich  h a s  no c u t v e r t i c e s .  F o r  any  g rap h  T, t h e  num ber o f  c u t v e r t i c e s
o f  T i s  d e n o te d  by V^T. C l e a r l y ,  b o th  VT and  V^T a r e
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r e c o n s t r u c t i b l e  from  t h e  c u t v e r t e x - d e c k  o f  T. We now p r o c e e d  t o  
show t h a t  we can  d e te r m in e  from  CDT w h e th e r  o r  n o t  T i s  a  t r e e .
We o b s e rv e  f i r s t  t h a t  i f  T i s  d i s c o n n e c t e d  and  h a s  a component K
su ch  t h a t  K h a s  m ore t h a n  one  v e r t e x  b u t  does n o t  h a v e  a c u t v e r t e x ,
t h e n  we c a n  e a s i l y  d e te r m in e  from  CÜT t h a t  T i s  n o t  a  t r e e .  T h is
f o l lo w s  b e c a u s e  t h e  com ponent K a p p e a r s  i n  e v e ry  T^ e C2?T, w h e re a s
we know t h a t  i f  T i s  a  t r e e  w i t h  a t  l e a s t  t h r e e  c u t v e r t i c e s ,  t h e n
CDT m ust  c o n t a i n  a t  l e a s t  two f o r e s t s  T , T ( c o r r e s p o n d i n g  t o  v ,V w
w e n d - c u t v e r t i c e s )  su c h  t h a t  T and  T h a v e  e x a c t l y  one n o n t r i v i a l
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com ponen t, a l l  t h e  o t h e r  com ponen ts  b e in g  i s o l a t e d  v e r t i c e s .  We may 
t h e r e f o r e  assum e t h a t  any  com ponent o f  T w i t h  no c u t v e r t i c e s  i s  
s im p ly  an i s o l a t e d  v e r t e x .
Now, i t  i s  c l e a r  t h a t  i f  some g r a p h  i n  GDT c o n t a i n s  a  c i r c u i t ,  t h e n  
T i s  n o t  a  t r e e .  We may t h e r e f o r e  assum e t h a t  e v e r y  g ra p h  i n  t h e  
c u t v e r t e x - d e c k  o f  T i s  a  f o r e s t .  H ence , i f  T i s  n o t  a  f o r e s t  
( t h a t  i s  i t  c o n t a i n s  a c i r c u i t  C ) , t h e n  e v e ry  c u t v e r t e x  o f  T m u st  b e  
a . v e r t e x  o f  C. T h e r e f o r e  a l l  c u t v e r t i c e s  o f  T m ust  be  i n  one 
component H o f  T ( s o  t h a t  by  t h e  comments i n  t h e  p r e v i o u s  p a r a g r a p h  
we may assum e t h a t  any  com ponent o f  T n o t  c o n t a i n i n g  C i s  an  
i s o l a t e d  v e r t e x ) ,  and t h i s  com ponent H m ust  b e  a  u n i c y c l i c  g r a p h  
s u c h  t h a t  e a ch  b l o c k  o f  H d i f f e r e n t  from  C i s  t h e  t r i v i a l  t r e e  on 
two v e r t i c e s  ( s e e  [H2] f o r  d e f i n i t i o n s  o f  t h e  te rm s  " u n i c y c l i c "  and  
" b l o c k " ) .  An exam ple  o f  such  a g ra p h  i s  shown i n  F i g u r e  A .3 .  We s h a l l  
c a l l  su ch  g ra p h s  c i r c u i t - c r i t i c a l .
F ig u r é  A . 3
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Lemma A .l
L e t  T b e  a g rap h  w i t h  a t  l e a s t  t h r e e  c u t v e r t i c e s .  Then T i s  a 
c i r c u i t - c r i t i c a l  g r a p h  i f  and  o n l y  i f  e a ch  T^ i n  CÜT i s  a f o r e s t  
w i t h  e x a c t l y  one n o n t r i v i a l  com ponen t ,  and such  t h a t  e v e ry  o t h e r  
component o f  T^ i s  an i s o l a t e d  v e r t e x .
P r o o f
The n e c e s s i t y  i s  c l e a r , .  To p ro v e  t h e  c o n v e r s e ,  l e t  e v e r y  T^ i n  CDU 
s a t i s f y  t h e  c o n d i t i o n s  o f  t h e  lemma, and l e t  u s  s u p p o se  t h a t  T i s  n o t  
c i r c u i t - c r i t i c a l .  Then , by t h e  comments p r e c e d in g  t h e  lemma, T i s  a 
f o r e s t .  I f  T h a s  a  component w i t h  a t  l e a s t  t h r e e  c u t v e r t i c e s ,  t h e n  
C27T c o n t a i n s  a g ra p h  T^, such  t h a t  T^ e i t h e r  h a s  more t h a n  one 
n o n t r i v i a l  com ponent, o r  e l s e  c o n t a i n s  a  t r i v i a l  component w h ich  i s  n o t  
an i s o l a t e d  v e r t e x .  We may t h e r e f o r e  assum e t h a t  e v e r y  n o n t r i v i a l  
component o f  T c o n t a i n s  a t  m o st  two c u t v e r t i c e s .  B u t s i n c e  T h a s  
a t  l e a s t  t h r e e  c u t v e r t i c e s ,  t h e n  i t  m ust  h a v e  a t  l e a s t  two n o n t r i v i a l  
com ponents  (and  a t  l e a s t  t h r e e  su c h  com ponents  i f  each  n o n t r i v i a l  
component o f  T h a s  o n ly  one c u t v e r t e x ) , and  we a g a in  deduce  t h a t  t h e r e  
i s  a  g r a p h  i n  CZ?T w h ich  e i t h e r  h a s  more t h a n  one  n o n t r i v i a l  com ponent 
o r  e l s e  c o n t a i n s  a  t r i v i a l  com ponent w h ich  i s  n o t  an  i s o l a t e d  v e r t e x ,  
a  c o n t r a d i c t i o n .  □
We can  t h e r e f o r e  r e c o g n i z e  from  CDT w h e th e r  o r  n o t  T i s  a  f o r e s t .  
Hence we a r e  j u s t  l e f t  w i t h  t h e  p ro b le m  o f  d e te r m in in g  from  t h e  
c u t v e r t e x - d e c k  w h e th e r  T i s  a  t r e e  o r  a  d i s c o n n e c t e d  f o r e s t . We 
r e c a l l  t h a t  i f  T i s  a  f o r e s t ,  we may t h e n  assum e t h a t  any  t r i v i a l  
com ponent o f  T i s  an  i s o l a t e d  v e r t e x .  A l s o ,  i f  T h a s  m ore t h a n  one  
n o n t r i v i a l  com ponent, t h e n  ( s i n c e  T h a s  a t  l e a s t  t h r e e  c u t v e r t i c e s )  
i t  i s  e a s i l y  d e te rm in e d  from  CDT t h a t  T i s  n o t  a  t r e e ,  b e c a u s e  CDT 
w ould  c o n t a i n  a t  m ost one g ra p h  T^ h a v in g  o n ly  one  n o n t r i v i a l  
component and  such  t h a t  a l l  t h e  o t h e r  com ponents  o f  T a r e  i s o l a t e d  
v e r t i c e s ,  w h e re as  we know t h a t  i f  T i s  a t r e e ,  t h e n  CDT m u st  c o n t a i n
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a t  l e a s t  two su c h  f o r e s t s  ( c o r r e s p o n d i n g  t o  d e l e t i o n s  o f  e n d -  
c u t v e r t i c e s )  . We may t h e r e f o r e  assume t h a t  i f  T i s  a  d i s c o n n e c te d  
f o r e s t ,  t h e n  T h a s  e x a c t l y  one  n o n t r i v i a l  com ponen t ,  a l l  t h e  o t h e r  
com ponents  b e i n g  i s o l a t e d  v e r t i c e s .
T h e r e f o r e  we o n ly  h a v e  to  d e te r m in e  w h e th e r  o r  n o t  T h a s  any  i s o l a t e d  
v e r t i c e s .  I f  some T i n  CVT h a s  no i s o l a t e d  v e r t i c e s ,  t h e n  n e i t h e r
V *
does T . We may t h e r e f o r e  assum e t h a t  f o r  e v e r y  T^ i n  CDT,
'’o ^ V  > 0-
We ch o o se  T -  v^ i n  CDT such  t h a t  i t  h a s  e x a c t l y  one n o n t r i v i a l
component H, t h e  o t h e r  com ponents  b e in g  i s o l a t e d  v e r t i c e s .  L e t
p = w here  t h e  summ ation i s  t a k e n  o v e r  a l l  c u t v e r t i c e s  w o f
T, w f  v ^ .  Now, i f  V H = V T -  2 , t h e n  v_ i s  a d j a c e n t  i n  T t o  Ü c c 0
a n  e n d v e r t e x  u o f  H. H ence , T w ould  n o t  be  a  t r e e ,  b e c a u s e  i f  T
w ere  a t r e e  t h e n  ^^(T ^)  = 0 .  We may t h e r e f o r e  assum e t h a t
V H = V T -  1 .  Thus, v^ i s  a d j a c e n t  i n  T to  a  c u t v e r t e x  o f  H, andc c 0
s o ,  i f  q i s  t h e  number o f  e n d v e r t i c e s  o f  T n o t  a d j a c e n t  t o  v^ i n  
T, we ded u ce  t h a t  q = V^H. I t  i s  t h e n  c l e a r  t h a t  v^T = 0  i f  and  o n ly  
i f  p = q .  T h is  c o m p le te s  t h e  p r o o f  t h a t  f o r  any  g ra p h  T w i t h  a t
l e a s t  t h r e e  c u t v e r t i c e s  we can  r e c o g n i z e  from  C!DT w h e th e r  o r  n o t  T
i s  a  t r e e .  We s t a t e  t h i s  as  a  th e o re m .
Theorem A . l
T re e s  w i t h  a t  l e a s t  t h r e e  c u t v e r t i c e s  a r e  c u t v e r t e x - r e c o g n i z a b l e . □
T hus ,  we may h e n c e f o r t h  assume t h a t  T i s  a  t r e e  w i t h  a t  l e a s t  t h r e e  
c u t v e r t i c e s .
B e fo re  p r o c e e d in g  w i th  th e  p r o o f  o f  t h e  Main Theorem we h a v e  some more 
d e f i n i t i o n s ,  A c u t v e r t e x  o f  T w i l l  b e  c a l l e d  h e a v y  i f  i t  i s  a d j a c e n t  
t o  a t  l e a s t  t h r e e  o t h e r  c u t v e r t i c e s .  The d i s t a n c e  d ( u , v )  b e tw e e n  two 
v e r t i c e s  u and v  i n  T i s  t h e  l e n g t h  o f  a  s h o r t e s t  c h a i n  j o i n i n g
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them . The d i a m e te r  dT o f  T i s  t h e  l e n g t h  o f  a  l o n g e s t  c h a in  o f  T. 
The c e n t r e  o f  T i s  t h e  s e t  o f  a l l  c e n t r a l  v e r t i c e s  o f  T ( s e e  [ H 2 ] ) .  
We s h a l l  u s e  t h e  w e l l-k n o w n  r e s u l t  t h a t  a  t r e e  i s  e i t h e r  c e n t r a l  o r
o r  b i c e n t r a l . . I f  T i s  b i c e n t r a l ,  t h e n  t h e  e d g e  a d j a c e n t  t o  b o t h
-  ,
c e n t r a l  v e r t i c e s  i s  c a l l e d  t h e  c e n t r a l  e d g e . A r a d i a l  v e r t e x  o f  a  t r e e  
i s  one w h ich  i s  a t  a  maximum d i s t a n c e  from  t h e  c e n t r e .
G iven  a  g ra p h  T^ i n  CDT, t h e  v a l e n c y  o f  v  i n  T i s  e q u a l  t o  t h e  
number o f  com ponents  o f  T^. We t h e r e f o r e  know t h e  v a l e n c i e s  o f  a l l  
t h e  v e r t i c e s  o f  T, and  h e n c e ,  g i v e n  T^, we can  a l s o  d e te r m in e  t h e  
n e ig h b o u rh o o d  v a l e n c y  l i s t  o f  v  i n  T.
F o r  an y  T i n  CDU, dT d e n o te s  t h e  maximum o f  t h e  d i a m e te r s  o f
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t h e  com ponents  o f  T^. I f  T^ h a s  o n ly  one component w i t h  maximum 
d i a m e t e r ,  t h e n  t h e  c e n t r e  o f .  T^ i s  t h e  c e n t r e  o f  t h a t  c o m ponen t .
A r a d i a l  c u t v e r t e x  i s  an e n d - c u t v e r t e x  a d j a c e n t  t o  a t  l e a s t  one r a d i a l  
v e r t e x .  A c u t v e r t e x  v  i s  c a l l e d  an  e s s e n t i a l  c u t v e r t e x  i f  dT^ < dT; 
o t h e r w i s e  i t  i s  c a l l e d  a  n o n - e s s e n t i a l  ( n . e . )  c u t v e r t e x . We n o t e  t h a t  
i f  an  e s s e n t i a l  c u t v e r t e x  i s  an  e n d - c u t v e r t e x ,  t h e n  i t  i s  a  r a d i a l  
c u t v e r t e x .  I n  g e n e r a l ,  a  t r e e  can  h a v e  a t  m ost two e s s e n t i a l  e n d -  
c u t v e r t i c e s  .
A b r a n c h  a t  a  v e r t e x  v  o f  a  t r e e  T i s  a  maximal s u b t r e e  c o n t a i n i n g  
V a s  an  e n d v e r t e x ,  and r o o t e d  a t  v .  The c e n t r a l  b r a n c h e s  o f  a  
c e n t r a l  t r e e  a r e  t h e  b r a n c h e s  o f  i t s  c e n t r a l  v e r t e x ,  and t h e  c e n t r a l  
b r a n c h e s  o f  a  b i c e n t r a l  t r e e  a r e  t h o s e  b r a n c h e s  o f  e i t h e r  o f  i t s  
c e n t r a l  v e r t i c e s  w h ich  do n o t  c o n t a i n  t h e  c e n t r a l  e d g e .  A r a d i a l  b r a n c h  
i s  one  c o n t a i n i n g  a r a d i a l  v e r t e x .  When we u s e  t h e  te rm  b r a n c h  we 
g e n e r a l l y  mean a c e n t r a l  b r a n c h ,  u n l e s s  o t h e r w i s e  s p e c i f i e d .  I f  T i s  
b i c e n t r a l ,  t h e n  t h e  two com ponents  ( r o o t e d  a t  t h e  c e n t r a l  v e r t i c e s )  
w hich  r e s u l t  when t h e  c e n t r a l  edge  i s  rem oved , w i l l  b e  c a l l e d  h a l v e s  
o f  T. I f  T^ h a s  o n l y  one com ponent T ' w i t h  d i a m e te r  e q u a l  t o
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dT , t h e n  by a b ra n c h  ( o r  r a d i a l  b r a n c h  o r  h a l f  o f  T we mean a
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b r a n c h  ( o r  r a d i a l  b r a n c h  o r  h a l f )  o f .  T ' .
A c a t e r p i l l a r  i s  a  t r e e  such  t h a t  t h e  rem ova l  o f  a l l  i t s  e n d v e r t i c e s  
r e s u l t s  i n  a  c h a i n .  C l e a r l y ,  i f  e v e r y  c u t v e r t e x  o f  T i s  e s s e n t i a l ,  
t h e n  T i s  a  c a t e r p i l l a r .  C a t e r p i l l a r s  w e re  f i r s t  s t u d i e d  i n  [ H S l ] .
F i g u r é :A.4 An exam ple  o f  a  c a t e r p i l l a r .
I n  [H S l]  i t  i s  shown t h a t  T i s  a  c a t e r p i l l a r  i f  and o n ly  i f  i t  d oes  
n o t  c o n t a i n  S(K^ ^) a s  a  s u b g ra p h ,  w h ere  S(K^ ^ )  i s  t h e  g ra p h  
o b t a i n e d  from  ^ by s u b d i v i d i n g  once  e a c h  edge o f  K_ Hence
i , j  1 j
T i s  a  c a t e r p i l l a r  i f  and o n ly  i f  i t  h a s  o n l y  two e n d - c u t v e r t i c e s ,  and 
s i n c e  we c a n  d e te r m in e  from  CDT t h e  num ber o f  e n d - c u t v e r t i c e s ,  we 
deduce  t h a t  we can  r e c o g n i z e  from  T w h e th e r  o r  n o t  T i s  a  
c a t e r p i l l a r .  I f  T i s  n o t  a  c a t e r p i l l a r ,  t h e n  we can  ch o o se  a T^ i n  
CDT such  t h a t  dT i s  m ax im al .  Then dT = dT . We c a n  t h e r e f o r e
V V
d e te r m in e  w h e th e r  T i s  c e n t r a l  o r  b i c e n t r a l ,  and a l s o ,  g iv e n  an y  T^, 
we c a n  d e te r m in e  w h e th e r  v  i s  a  n . e .  c u t v e r t e x ;  T w i l l  b e  c a l l e d
V
n o n - e s s e n t i a l  ( e s s e n t i a l )  i f  v  i s  n o n - e s s e n t i a l  ( e s s e n t i a l ) .  We 
n o t e  t h a t  f o r  a  n . e .  T , t h e  c e n t r e  o f  T i s  t h e  same a s  t h e  c e n t r e
V V
o f  T .
We s h a l l  now p ro c e e d  t o  p ro v e  t h a t  T i s  c v - r e c o n s t r u c t i b l e .  T h i s  i s  
c a r r i e d  o u t  i n  t h r e e  s e c t i o n s ,  a c c o r d in g  a s  T i s  a  c a t e r p i l l a r ,  T 
i s  n o t  a  c a t e r p i l l a r  and i s  b i c e n t r a l ,  and  T i s  n o t  a  c a t e r p i l l a r  and
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i s  c e n t r a l .
SECTION A .2 -  CATERPILLARS
I n  t h i s  s e c t i o n  we s h a l l  assum e t h a t  T i s  a c a t e r p i l l a r .  L e t  t h e
c u t v e r t i c e s  o f  T b e  v  , v _ , i . . ,  v  such  t h a t  v_ and v  a r e  t h eX ^ p X p
e n d - c u t v e r t i c e s  and  v .  i s  a d j a c e n t  t o  v .  , and v .  . f o r
J J - 1  J + 1
j  ~ 2 ,  3 , . . . ,  p - 1 .  We n o t e  t h a t  T i s  u n i q u e l y  d e te r m in e d  by  t h e  
o r d e r e d  p - t u p l e  (p ^ V j^ .p ^ v ^ , . . .  .p ^ v ^ )  o r  (p ^ v  p^v  , . . . , p . ^ v ^ )  w h ich  
we s h a l l  c a l l  t h e  v e c t o r  o f  T. F o r  exam ple  t h e  t r e e  i n  F i g u r e  A .4 i s  
u n i q u e l y  d e te r m in e d  from  e i t h e r  ( 4 , 4 , 2 , 3 , 5 , 2 )  o r  ( 2 , 5 , 3 , 2 , 4 , 4 )  . ( i n  
CZl] t h e  v e c t o r  o f  T i s  d e f i n e d  as
( P t V i  -  -  1 ) . )
We o b s e rv e  t h a t  s i n c e  we c a n  d e te r m in e  from  T -  v^ t h e  v a l e n c y  o f
v ^ ,  t h e  v a l e n c i e s  o f  t h e  n e ig h b o u r s  o f  v^ i n  T, and  w h e th e r  o r  n o t
V. i s  an  e n d - c u t v e r t e x ,  we t h e n  know p v  , p v . ,  p v  - ,  p v  . L e t
i  i  1 z T p —1 T p
a  = P^v^ and b = p ^ v ^ .
C a s e .2 .1  P^v^ a n d .  P^v . a r e  b o th  a t  l e a s t  3
L e t  u s  assume t h a t  T i s  n o t  c v - r e c o n s t r u c t i b l e  and l e t  T '  b e  a n o t h e r  
c v - r e c o n s t r u c t i o n  o f  T, T ^ T '  ( t h a t  i s ,  CDT = C D T ') . We n o t e  t h a t  
T ' m ust  b e  a c a t e r p i l l a r  and  t h a t  i t s  e n d - c u t v e r t i c e s  m u st  h a v e  
v a l e n c i e s  a  and b .
Now, we can  r e c o n s t r u c t  from  T -  v^ as  T o r  a s  T. :=  T -  v , v „  + v - v
1 1 1 2  1 P
s i n c e  we know t h a t  t h e  g ra p h  t o  be  r e c o n s t r u c t e d  i s  a  c a t e r p i l l a r ,  and  
s i n c e  we know t h e  v a l e n c i e s  o f  t h e  n e ig h b o u r s  o f  v^ i n  T . T h e r e f o r e  
T ' i s  t h e  o n ly  c v - r e c o n s t r u c t i o n  o f  T, a p a r t  from  T i t s e l f ,  and
T* .= Ti .
1
We a r e  th u s  f a c e d  w i t h  t h e  same s i t u a t i o n  as  i n  Theorem 3 .3  and  Lemmas 
7 . 3 ,  7 ,4  and 1 0 .2 ,  nam ely  t h a t  i f  T i s  n o t  c v - r e c o n s t r u c t i b l e ,  t h e n  
i t  h a s  o n ly  one o t h e r  c v - r e c o n s t r u c t i o n  a p a r t  from  i t s e l f .  I n  f a c t .
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a l t h o u g h  i n  t h e  c a s e  u n d e r  c o n s i d e r a t i o n  we a r e  n o t  d e a l i n g  w i t h  t h e  
e d g e -d e c k  o f  T, we can  s t i l l  s a y  t h a t  T and T* a r e  a s s o c i a t e s  w i th  
r e s p e c t  t o  {T -  ''^]^^2’^ 1 ^ 2 * ^ l^ p ^  * o n l y  d i f f e r e n c e  i s  t h a t  h e r e  t h e
g ra p h  T -  i s  n o t  a  g ra p h  w hich  i s  p r e s e n t  i n  t h e  deck  u n d e r
c o n s i d e r a t i o n .  We c an  t h e r e f o r e  u s e  t h e  same t e c h n i q u e  as  we d i d  i n  
Theorem 3 ,3  and  Lemmas 7 , 3 ,  7 .4  and 1 0 . 2 ,  t h a t  i s ,  we f i n d  s u c c e s s i v e  
s u b g ra p h s  and  p a i r s  o f  edges  w i t h  r e s p e c t  t o  w h ic h  T and  T* a r e  
a s s o c i a t e s  u n t i l  we o b t a i n  t h e  u s u a l  c o n t r a d i c t i o n  t h a t  T = T*.
We f i r s t  n o t e  t h a t  s i n c e  T^ = T ' ,  and s i n c e  t h e  v a l e n c i e s  o f  t h e  e n d -  
c u t v e r t i c e s  o f  T* m ust be  a  and  b ,  t h e n  t h e  v a l e n c y  o f  v^  i n  T^
i s  b ,  t h e r e f o r e  t h e  v a l e n c y  o f  v^ i n  T i s  b+ 1 . We now r e p e a t
t h e  same a rg u m en t on T ^ . From T^ -  v^ we c an  r e c o n s t r u c t  a s  T^ o r  
a s  T^ T^ -  v^v^ + T h e r e f o r e  T and  T* a r e  a s s o c i a t e s  w i th
r e s p e c t  t o  {T^ -  , v ^ v ^ , v ^ v ^ }, t h a t  i s ,  T -  T^s so  t h a t  t h e  v a le n c y
o f  v^  i n  T^ i s  a ,  g i v in g  t h a t  t h e  v a l e n c y  o f  v^  i n  T i s  a + 1 .
C o n t in u in g  i n  t h i s  way we o b t a i n  t h a t  f o r  j  > 1 ,  p^v^^ = b + 1 and
= * + 1-
S i m i l a r l y ,  by  c a r r y i n g  o u t  t h e  same p r o c e s s ,  t h i s  t im e  s t a r t i n g  from
T -  V i n s t e a d  o f  T -  v _ ,  we deduce  t h a t  f o r  i > 1 ,  p ( v  _ . )  = b+1 
P 1 '  T p - 2 j
=*4 p T ^ ^ p -Z j+ l )  = * + 1-
H ence , i f  p i s  odd , t h e n  a  = b ,  and T h a s  v e c t o r  ( a , a + l , . . .  , a + l , a ) ,
w h e re a s  i f  p i s  e v e n ,  t h e n  T h a s  v e c t o r  ( a , b + l , a + l , b + l , . . . , a + l , b ) ,
w h ere  a  m ig h t  o r  m ig h t  n o t  b e  e q u a l  t o  b .  B u t t h e n  i n  e i t h e r  c a s e  we
o b t a i n  t h a t  T = T^, t h a t  i s ,  T -  T ' , a  c o n t r a d i c t i o n .
C ase  2 . 2  V 2  °  ^
A g a in  l e t  u s  assum e t h a t  T i s  n o t  c v - r e c o n s t r u c t i b l e ,  and  l e t  T ' be  
a n o t h e r  c v - r e c o n s t r u c t i o n  o f  T, T ^ T ' .  We a rg u e  a s  a b o v e .  T h is  t im e  
we o b t a i n  t h a t  i f  T^ i s  o b t a i n e d  from  T -  v^ by j o i n i n g  v^  t o  an
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e n d v e r t e x  a d j a c e n t  t o  v ^ ,  and  t o  t h e  i s o l a t e d  v e r t i c e s  o f  T -  v ^ ,  t h e n  
= T ' ,  T h e r e f o r e  t h e  v a l e n c y  i n  T^ o f  v^  i s  e q u a l  t o  b w h i l e  
t h e  v a le n c y  o f  v^ i s  2 ,  s i n c e  i n  T* t h e  e n d - c u t v e r t i c e s  h a v e  
v a l e n c i e s  a  a n d  b ,  and b o th  a r e  a d j a c e n t  t o  2 - v e r t i c e s .  T h e r e f o r e  
P t ^ 3  = b and  p^v^ = 2 .
C o n t in u in g  i n  t h i s  way we o b t a i n  ( i n  a  m anner s i m i l a r  t o  Case  2 ,1 )  t h a t
f o r  j  > 2 ,  PT(-V2 j _ 2  ^ = 2 , p ^ (v ^ ^ _ 3 ) = a  and = b .
S i m i l a r l y ,  i f  we s t a r t  t h e  above  a rg u m en t from  T -  v^  i n s t e a d  o f
T -  V3 . we o b t a i n  t h a t  f o r  j  > 1 ,  P fC V p .g j+ i )  = 2 , pT (V p. 4 j + 2 ) = =
and P f C V p . t j )  = b .
T h is  i m p l i e s  t h a t  i f  p = 4q + 3 ,  f o r  some i n t e g e r  q ,  t h e n  T h a s  
v e c t o r  ( a , 2 , b , 2 , a , . . . , 2 , a , 2 , b ) , i f  p = 4q + 1 ,  t h e n  a  = b ,  and  T 
h a s  v e c t o r  ( a , 2 , a , . . . , a , 2 , a ) , o t h e r w i s e  a = b = 2 and T h a s  v e c t o r  
( 2 , 2 , 2 , . . . , 2 , 2 ) .  But i n  any  c a s e ,  T = T^, t h a t  i s ,  T = T ' ,  a  
c o n t r a d i c t i o n .
Case  2 .3  p^V 2  = 2 .  and  p^v^_^  > 3
We a rg u e  a s  a b o v e ,  a s su m in g  t h a t  T i s  n o t  c v - r e c o n s t r u c t i b l e  and  t h a t  
T* i s  a n o t h e r  c v - r e c o n s t r u c t i o n  o f  T, T ^ T*. S t a r t i n g  t h e  u s u a l  
a rgum en t from  T -  v ^ ,  we o b t a i n  t h a t  f o r  j  > 1 ,  P^iCv^j_^) = 2 ,
P^v^ j = b and  = a + 1 .  S i m i l a r l y ,  u s in g  t h e  same a rg u m e n t
t h i s  t im e  s t a r t i n g  from  T -  v ^ ,  we o b t a i n  t h a t  f o r  j  > 1 ,
PT<^p-3j+2) = * + 1 '  ^ p T ( ^ p - 3 j )  “
T h is  i m p l i e s  t h a t  i f  p = 3q f o r  some i n t e g e r  q ,  t h e n  a + 1 = 2 ,
t h a t  i s  a  = 1 ,  w h ic h  i s  i m p o s s i b l e .  I f  p = 3q + 1 ,  t h e n  b = a  + 1 ,
and T h a s  v e c t o r  ( a , 2 , a + l , a + l , 2 , a + l , a + l , . . . , 2 , a + l , a + l ) . I f
p = 3q + 2 ,  t h e n  b = 2 , and  T h a s  v e c t o r
( a , 2 , 2 , a + l , 2 , 2 , a + I , . . . , 2 , 2 , a + l , 2 ) .
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But i f  i s  t h e  g rap h  o b t a i n e d  from  T -  by  j o i n i n g  t o  an
e n d v e r t e x  a d j a c e n t  t o  v^  and t o  t h e  i s o l a t e d  v e r t i c e s  o f  T -  v ^ ,  we 
o b t a i n  t h a t  T ' -  . However, s i n c e  T h a s  one o f  t h e  above two
v e c t o r s ,  i t  t h e n  fo l lo w s  t h a t  T -  T^; t h e r e f o r e  T = T ' ,  a 
c o n t r a d i c t i o n .
SECTION A. 3 -  BICENTRAL TREES
T h ro u g h o u t  t h i s  s e c t i o n  we s h a l l  assum e t h a t  T i s  n o t  a  c a t e r p i l l a r  
and  t h a t  i t  i s  b i c e n t r a l .
C ase  3 .1  T h a s  o n ly  one  n . e .  c u t v e r t e x
B e t  T -  v^ be  n o n - e s s e n t i a l .  S in c e  v^ i s  t h e  o n ly  n . e .  c u t v e r t e x ,
i t  i s  an  e n d - c u t v e r t e x .  A ls o ,  i f  t  i s  t h e  o t h e r  c u t v e r t e x  a d j a c e n t
t o  v^ i n  T, t h e n  t  i s  t h e  o n ly  h e a v y  v e r t e x  o f  T, and t h e  o n ly
n o n t r i v i a l  component o f  T -  v^ i s  a  c a t e r p i l l a r .  We o b s e r v e  a l s o
t h a t  t h e r e  a r e  o n ly  two o t h e r  T , T e CDT w i t h  v  and  w e n d -
V w
c u t v e r t i c e s .  A ls o ,  s i n c e  v^ i s  t h e  o n l y  n . e .  e n d - c u t v e r t e x ,  th e n  
d ( t , v )  ^ 2 and d ( t ,w )  > 2 i n  T ( s e e  F i g u r e  A .5 ) .
t
^ ------------------------------------------ — ) k ____________ ^
->2 > 2 -----
F i g u r e  : A.5
L e t  u s  assum e f i r s t  t h a t  t  i s  h e a v y  i n  b o t h  T and  T . I f  i n  b o t h
w V
s^ d  T ^ , t  i s  a d j a c e n t  t o  o n l y  one e n d - c u t v e r t e x ,  we t h e n  ch o o se
t h a t  one  o f  T and T i n  w hich  t h e  d i s t a n c e  f rom  t  t o  t h e  n e a r e s tw V
n o n - a d j a c e n t  e n d - c u t v e r t e x  i s  a  minimum. We may assum e t h a t  t h i s  i s
T • L e t  X be  t h e  e n d - c u t v e r t e x  o f  T n e a r e s t  t o  t  and n o t  a d i a c e n t  w w
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t o  t .  We t h e n  r e c o n s t r u c t  T from  by j o i n i n g  w t o  t h e  i s o l a t e d
v e r t i c e s  o f  T and  t o  x ,  i f  w h a s  a  n e ig h b o u r  w i t h  v a l e n c y  g r e a t e r  w
t h a n  2 ,  o r  t o  an  e n d v e r t e x  a d j a c e n t  t o  x i f  w h a s  a  2 - v e r t e x  as  
n e ig h b o u r .  (We r e c a l l  t h a t  t h e  v a l e n c i e s  o f  t h e  n e ig h b o u r s  o f  w i n  
T a r e  know n,)
I f  i n  one  o f  T o r  T , s a y  i n  T , t  i s  a d i a c e n t  t o  two e n d -  
V w  w
c u t v e r t i c e s  x * ,  y  ' s a y ,  t h e n  v^ i s  one  o f  x ' , y '  ( s i n c e  v^  i s  
t h e  o n ly  n . e .  c u t v e r t e x  o f  T ) . I f  i n  T^, x '  and y* h a v e  h a v e  
d i f f e r e n t  v a l e n c i e s ,  t h e n  knowing we can  d i s t i n g u i s h  w h ic h  one
o f  x ' ,  y '  i s  v ^ ,  ( s a y  y ' i s ) ,  and we can  t h e n  c o n t i n u e  a s  above 
w i t h  x '  now t a k i n g  t h e  p l a c e  o f  x .  I f  x '  and y* h a v e  t h e  same 
v a l e n c i e s  i n  T^, t h e n  we c a n  a l s o  c o n t i n u e  a s  a b o v e ,  c h o o s in g  e i t h e r  
one o f  X * ,  y* as  v ^ ,  i n  e i t h e r  c a s e  g i v i n g  i s o m o r p h ic  r e c o n s t r u c t  
t i o n s .
We may t h e r e f o r e  assum e t h a t  T^, s a y ,  h a s  no h e a v y  v e r t e x .  H e n c e ,  
we know t h a t  d ( t , w )  = 2 , w i t h  b o th  t  and w h a v in g  a  2 - v e r t e x  a s  a 
common n e ig h b o u r  i n  T ( s e e  F i g u r e  A . 6 ) .
4
F i g u r é  A .6
T h e r e f o r e ,  i n  o r d e r  t h a t  t h e r e  may be  any  a m b ig u i ty  i n  r e c o n s t r u c t i n g
T from  T “ v ^ ,  t h e  v e r t e x  v  m ust  b e  a d j a c e n t  t o  a  2 - v e r t e x  y . B ut
th e n  we c an  r e c o n s t r u c t  u n i q u e l y  from  T^, f o r  t h é  f o l l o w i n g  two
r é a s o n s :  ( a )  we know t h a t  w i s  a d j a c e n t  to  t h e  i s o l a t e d  v e r t i c e s  o f
T and  t o  an  e n d v e r t e x  w h ich  i s  a t  a  d i s t a n c e  2 from  an  e n d -  w
c u t v e r t e x ,  and  (b )  i n  T , t h e  v e r t e x  t  i s  t h e  o n ly  c u t v e r t e xw
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w h ich  h a s  su c h  an  e n d v e r t e x  as  n e ig h b o u r ,  s i n c e  y i s  a 2 - v e r t e x .
Case 3 .2  T h a s  o n ly  two n . e .  c u t v e r t i c e s  .
L e t  T -  y^ and T -  Vg be  n o n - e s s e n t i a l .
3 . 2 . 1  L e t  u s  assum e f i r s t  t h a t  b o t h  v^ and v^ a r e  e n d - c u t v e r t i c e s ,  
T h e r e f o r e  t h e y  a r e  n o t  a d j a c e n t  i n  T.
3 . 2 .1 a  We assum e f i r s t  t h a t  T -  v ^ ,  s a y ,  i s  a  c a t e r p i l l a r .  T hen ,
s i n c e  T h a s  two n . e .  c u t v e r t i c e s ,  v^ m ust  b e  a d j a c e n t  to  one 
o f  t h e  two c u t v e r t i c e s  o f  T -  v^ w h ich  a r e  n e ig h b o u r s  o f  t h e  e n d -  
c u t v e r t i c e s  o f  T -  v ^ .  T h e r e f o r e  T -  v^  i s  a l s o  a  c a t e r p i l l a r ,  and 
dCv^/Vg) = 2 ,  t h a t  i s ,  v^ and v^ h a v e  a  common n e ig h b o u r  t  w h ich  
i s  h e a v y  i n  T . We o b s e rv e  a l s o  t h a t  t  i s  t h e  o n ly  h e a v y  v e r t e x  o f
T, t h a t  p ^ t  i s  known and t h a t  t h e r e  e x i s t s  o n l y  one  o t h e r  T^, w
e n d - c u t v e r t e x ,  a p a r t  from T -  v^ and T -  v^  ( s e e  F i g u r e  A .7 ) .
F i g u r é  A .7
H en ce ,  i f  dT > 7 ,  t h e n  T i s  r e c o n s t r u c t i b l e  from  T . S in c e  f o rw
b i c e n t r a l  t r e e s  t h e  d i a m e te r  i s  n e c e s s a r i l y  o d d ,  t h e  o n ly  o t h e r  c a s e  
we n eed  c o n s i d e r  i s  dT = 5 .  I n  t h i s  c a s e  we c o n s i d e r  T -  v ^ .  We 
know t h a t  t  i s  one o f  t h e  two c e n t r a l  v e r t i c e s  o f  T -  v ^ ,  and s i n c e  
we know t h e  v a l e n c y  o f  t  i n  T, we c a n  t h e n  assum e t h a t  b o th  c e n t r a l  
v e r t i c e s  h a v e  t h e  same v a le n c y  i n  T -  v ^ .  A ls o ,  s i n c e  we know th e  
v a l e n c y  o f  v^  i n  T, we can  t h e n  assum e t h a t  t h e  two e n d - c u t v e r t i c e s  
b o t h  h a v e  t h e  same v a le n c y  p^v^ i n  T -  v^ ( o t h e r w i s e  t h e r e  i s  no 
a m b ig u i ty  i n  d e c i d i n g  w hich  o f  t h e  two c e n t r a l  v e r t i c e s  i s  t ) . B u t 
now, we c an  t a k e  t  t o  be  any one  o f  t h e  c e n t r a l  v e r t i c e s ,  s i n c e  we
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o b t a i n  i s o m o r p h ic  r e c o n s t r u c t i o n s  i n  e i t h e r  c a s e .
3 .2 .1 b  We may t h e r e f o r e  assum e t h a t  no T -  v ^ ,  i  = 1 ,  2 ,  i s  a
c a t e r p i l l a r .  Each  T -  t h e r e f o r e  h a s  a  u n iq u e  h e a v y  v e r t e x  t ^ .
We n o t e  t h a t  i f  { i , j }  = { 1 ,2 } ,  t h e n  t ^  i s  t h e  n e ig h b o u r  o f  Vj i n
T. I n  f a c t ,  V .  i s  t h e  n . e .  c u t v e r t e x  o f  T -  v . .
J 1
L e t  X .  b e  t h e  d i s t a n c e  b e tw e e n  t .  and th e  n e a r e s t  r a d i a l  v e r t e x  i n  
1 1
T -  V . . Now, i f  we can  d e te r m in e  w h e th e r  o r  n o t  t -  and  t_  a r e  i n
1 1 z
t h e  same h a l f  o f  T, we c o u ld  r e c o n s t r u c t  from  e i t h e r  T -  v^  o r  
T -  v ^ ,  s i n c e  we know x^ and  x ^ .  So we now p r o c e e d  t o  d e t e r m i n e  
w h e th e r  o r  n o t  t ^  and  t ^  a r e  i n  t h e  same h a l f  o f  T.
F i r s t  we n o t e  t h a t  i f  x^ = x ^ ,  t h e n  t ^  and  t ^  a r e  i n  t h e  same h a l f
o f  T ( t h a t  i s  t ^  = t ^ )  i f  and  o n ly  i f  T h a s  a  v e r t e x  a d j a c e n t  t o
f o u r  c u t v e r t i c e s  ( s o m e th in g  w h ich  we can d e t e r m i n e ) .  We may t h e r e f o r e  
assume t h a t  x^  ^ > x ^ .
Now, i f  t ^  and  t ^  a r e  i n  t h e  same h a l f ,  t h e n  d ( t ^ , t 2 ) “  “ ^ 2 ’
w h e re as  i f  t h e y  a r e  n o t ,  t h e n  d ( t ^ , t ^ )  = dT -  x^ -  x ^ .  S in c e  dT i s
odd , t h e n  x^ -  Xg f  dT -  x^ -  x ^ . Hence i f  we c an  d e t e r m i n e  ^ ( t ^ a t g )
we w ould  know w h e th e r  o r  n o t  t -  and t „  a r e  i n  t h e  same h a l f  o f  T.1 Z . . -
L e t  T and  T b e  t h e  o t h e r  two f o r e s t s  i n  CDT w i t h  v ,  w e n d -
V w
c u t v e r t i c e s .  I f  a t  l e a s t  one o f  them  h a s  two h e a v y  v e r t i c e s ,  t h e n  we
can  d e te r m i n e  B u t t h i s  i s  a lw ays  so  b e c a u s e  i f  we assum e
t h a t  e a c h  o f  T^, T^ h a s  o n ly  one  h e a v y  v e r t e x ,  t h e n  v  i s  a d j a c e n t  
t o  a  2 - v e r t e x  w h ich  i s  a  n e ig h b o u r  o f  t ^ ,  and w i s  a d j a c e n t  t o  a
2 - v e r t e x  w h ich  i s  a  n e ig h b o u r  o f  t ^  ( s e e  F i g u r e  A .8 ) ,  and  t h i s  i s  
i m p o s s i b l e ,  s i n c e  t h e n  we w ou ld  h a v e  t h a t  x^ = 2 = x ^ .
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3 . 2 . 2  We now assume t h a t  n o t  b o t h  and a r e  e n d - c u t v e r t i c e s .
T h e r e f o r e  t h e y  a r e  a d j a c e n t  and one  o f  them , s a y  v ^ , i s  an e n d -  
c u t v e r t e x .  Then , i f  p^v^ > 2 ,  we c a n  e a s i l y  i d e n t i f y  v^  i n  T -  v ^ ,  
and h e n c e  r e c o n s t r u c t  T. We t h e r e f o r e  assume t h a t  p^Vg = 2 .
Now, T h a s  a  u n iq u e  h e a v y  v e r t e x  t ,  w h ich  i s  a  n e ig h b o u r  o f  v ^ .
A ls o ,  CDT h a s  two o t h e r  f o r e s t s  T , T w i t h  v ,  w e n d - c u t v e r t i c e s .
» V* w *
M oreover ,  s i n c e  v^ and v^ a r e  t h e  o n ly  n . e .  c u t v e r t i c e s ,  t h e n
d ( t , v )  > 3 and d ( t ,w )  > 3  i n  T.
T h e r e f o r e  t  i s  h e a v y  i n  b o t h  T^ and  T^, and we c an  p r o c e e d  t o  
r e c o n s t r u c t  i n  a  m anner s i m i l a r  to  Case 3 . 1 .  (T h a t  i s ,  i f  i n  b o t h  T
’ V
and T^, t  i s  a d j a c e n t  t o  o n ly  one 2 - v e r t e x  q w hich  i s  a  n e ig h b o u r
o f  an e n d - c u t v e r t e x ,  t h e n  we c h o o se  t h a t  g ra p h  from  {T ,T  } i n
V w
w hich  t h e  c h a i n ,  n o t  p a s s i n g  th ro u g h  q ,  from  t  t o  t h e  n e a r e s t  e n d -  
c u t v e r t e x  i s  t h e  s h o r t e s t ,  and  we p r o c e e d  a s  i n  Case 3 . 1 .  I f  i n  T^, 
s a y ,  t  i s  a d j a c e n t  t o  two 2 - v e r t i c e s  w h ich  a r e  n e ig h b o u r s  o f  e n d -  
c u t v e r t i c e s  x '  and y ' ,  t h e n  one o f  x ' ,  y* i s  v ^ , and  we a g a i n  
p ro c e e d  t o  d i s t i n g u i s h  w hich  one  i s  v^ as  we d id  i n  Case 3 .1  ( u s i n g  
p^v^ w hich  we know) . )
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Casé 3 ,3  ■ T ■ h a s  • â t  l é â s t  ■ t î i f é é  h ^ é .‘ c ü t v ë f t i c e s
We s h a l l  f i r s t  d e te r m in e  w h e th e r  o r  n o t  a l l  t h e  n . e .  c u t v e r t i c e s  a r e  
i n  t h e  same h a l f  o f  T. Towards t h i s  end we d e f i n e  t h e  f o l l o w i n g  n i n e  
ty p e s  o f  t r e e  (shown i n  F i g u r e  A .9 ) .
1 B:
9 u .
C: V v ,
D:
^2
F:
G: H
I:
• f i g u r é  AiS
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I n  e ach  o f  t h e s e  t y p e s ,  t h e r e  a r e  e x a c t l y  two h e a v y  v e r t i c e s  t ^  and
t ^ .  The o n ly  n . e .  c u t v e r t i c e s  a r e  t h o s e  l a b e l l e d  u ^ ,  v^ and r ^ .
Those l a b e l l e d  a r e  2 - v e r t i c e s  and a r e  n o t  e n d - c u t v e r t i c e s ,  t h o s e
l a b e l l e d  v^ a r e  e n d - c u t v e r t i c e s  b u t  a r e  n o t  r a d i a l ,  w h e re as  t h o s e
l a b e l l e d  r .  a r e  r a d i a l .1
We s h a l l  s e e  l a t e r  t h a t  i t  i s  e a s y  t o  r e c o g n i z e  when T i s  one  o f  t h e  
n i n e  ty p e s  o f  F i g u r e  A .9 ,  and  t o  r e c o n s t r u c t  i t  i n  su c h  a  c a s e .  We 
s h a l l  t h e r e f o r e  assum e f o r  t h e  t im e  b e in g  t h a t  T i s  n o t  one  o f  t h e s e  
n i n e  ty p e s  o f  t r e e .
Lemma A .2
L e t  G b e  a b i c e n t r a l  t r e e ,  and  l e t  and be  t h e  h a l v e s  o f  G.
L e t  V b e  a n . e .  e n d - c u t v e r t e x  o f  G, v  e VH, . Then G c o n t a i n s1 V
no o t h e r  n . e .  c u t v e r t e x  i n  VH^— {v} i f  and o n ly  i f  v  i s  as  i n  one  o f  
t h e  c o n f i g u r a t i o n s  o f  F i g u r e  A. 1 0 ,  w here  t  i s  t h e  o n ly  h e a v y  v e r t e x  
o f  G i n  H^, w i s  a  2 - v e r t e x ,  and i n  F i g u r e  A . l O ( i i )  and 
F i g u r e  A . l O ( i v ) ,  v  and v '  a r e  r a d i a l .
t
' T '
( i ) C i i )
w
( i i i ) ( i v )
F i g u r é  AilO
P r o o f
I f  V i s  i n  one  o f  t h e  above c o n f i g u r a t i o n s ,  t h e n  c l e a r l y  G^ h a s  no 
n . e .  c u t v e r t e x  i n  VH^— {v} F o r  t h e  c o n v e r s e ,  l e t  u s  assum e t h a t  G^ 
h a s  no n . e .  c u t v e r t e x  i n V H ^ —{ v } .  We n o t e  t h a t  VH^ m ust c o n t a i n  a
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h e a v y  v e r t e x  o f  G ( s i n c e  i t  c o n t a i n s  t h e  n . e .  c u t v e r t e x  v)  and  t h a t
VH,-{v} does  n o t  c o n t a i n  a  h e a v y  v e r t e x  o f  G . T h e r e f o r e  VH, c o n t a i n s  i  •' V 1
o n ly  one  h e a v y  v e r t e x  t  o f  G. We n o t e  a l s o  t h a t  t  c a n n o t  be
a d j a c e n t  t o  more t h a n  t h r e e  c u t v e r t i c e s  i n  G, b e c a u s e  o t h e r w i s e  i t
w ould  s t i l l  b e  h e a v y  i n  G^. T h e r e f o r e  t  i s  a d j a c e n t  t o  e x a c t l y
t h r e e  c u t v e r t i c e s  i n  G,
I f  V i s  a d j a c e n t  t o  t ,  t h e n  i t  i s  i n  c o n f i g u r a t i o n  ( i )  o r  ( i i )  
o f  F i g u r e  A .1 0 .  T h e r e f o r e  we may assum e t h a t  v  i s  n o t  a d j a c e n t  t o  
t .  Then s i n c e  t  i s  n o t  h e a v y  i n  G^, v  i s  a d j a c e n t  t o  a  2 - v e r t e x  
w w h ich  i s  a  n e ig h b o u r  o f  t .  But t h e n  v  i s  i n  c o n f i g u r a t i o n  ( i i i )  
o r  ( i v )  o f  F i g u r e  A .10 . 0
Lemma A .3
L e t  T b e  n o t  one  o f  t h e  n i n e  t y p e s  o f  t r e e  shown i n  F i g u r e  A .9 .  Then 
a l l  t h e  n . e .  c u t v e r t i c e s  o f  T a r e  i n  one  h a l f  i f  and o n ly  i f  e i t h e r  
i n  e a c h  T , v  a  n . e .  e n d - c u t v e r t e x ,  a l l  t h e  n . e .  c u t v e r t i c e s  a r e  i nV
one h a l f ;  o r  e l s e  T^ c o n t a i n s  no n . e .  c u t v e r t i c e s ,  f o r  some v 
n . e .  e n d - c u t v e r t i c e s .
P r o o f
The n e c e s s i t y  i s  o b v io u s .  To p ro v e  t h e  c o n v e r s e  we n o t e  f i r s t  t h a t  i f  
a  T^, V a  n . e .  e n d - c u t v e r t e x ,  h a s  no n . e .  c u t v e r t i c e s ,  t h e n  a l l  t h e  
n . e .  c u t v e r t i c e s  o f  T a r e  i n  one h a l f ;  s i m i l a r l y  i f  T h a s  o n ly  one 
s u b f o r e s t  T w i t h  v  a  n . e .  e n d - c u t v e r t e x .  T h e r e f o r e  we assum e t h a t
V
t h e r e  a r e  a t  l e a s t  two such  T , and e a c h  one o f  them  c o n t a i n s  a t  l e a s tV
one n . e .  c u t v e r t e x .
Now, l e t  u s  assume t h a t  t h e  lemma i s  f a l s e .  Then t h e r e  e x i s t s  a  T -  v ^ ,  
v^ a n . e .  c u t v e r t e x ,  w i th  two h a l v e s  Hj^, H^, w here  H^ c o n t a i n s  a l l  
t h e  n . e .  c u t v e r t i c e s  o f  T -  v ^ ,  and  su c h  t h a t  v^ i s  a d j a c e n t  t o  a  
v e r t e x  o f  H^ i n  T . L e t  H^ be  t h e  h a l f  o f  T c o n t a i n i n g  v ^ , t h a t  
i s ,  H^ = H^ -  V. Then i n  H^, t h e  v e r t e x  v^ i s  as  i n  one  o f  t h e
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c o n f i g u r a t i o n s  o f  F i g u r e  A .10 ( w i th  = v ) . M o re o v e r ,  i f  v^ i s  as  
i n  F i g u r e  A . l O ( i v ) ,  t h e n  w* m ust be  a 2 - v e r t e x ,  o t h e r w i s e  T -  v '  
would  c o n t a i n  n . e .  c u t v e r t i c e s  i n  b o th  h a l v e s .
Now, we l e t  v^  b e  a n . e .  e n d - c u t v e r t e x  i n  and  c o n s i d e r  T -  v^*
By t h e  h y p o t h e s i s  o f  t h e  lemma, and  s i n c e  v^ i s  a n . e .  e n d - c u t v e r t e x  
o f  T -  v^  i n  VH^, t h e n  VH^ -{Vg} c o n t a i n s  no n . e .  c u t v e r t e x  o f  T -v^ -  
T h e r e f o r e  v^  i s  a l s o  as  i n  one o f  t h e  c o n f i g u r a t i o n s  o f  F i g u r e  A .10 
i n  ( an d  a g a i n ,  i f  v^ i s  a s  i n  F i g u r e  A .1 0 ( i v ) , t h e n  w* m u s t  b e  
a 2 - v e r t e x ) .  B u t t h e n ,  s i n c e  we know t h a t  T ’ m ust h a v e  a t  l e a s t  t h r e e  
n . e .  c u t v e r t i c e s ,  we ded u ce  t h a t  T i s  one  o f  t h e  n i n e  t y p e s  o f  t r e e  
o f  F i g u r e  A .9 ,  a  c o n t r a d i c t i o n .  □
Now, l e t  u s  c o n s i d e r  f i r s t  t h e  c a s e  when n o t  a l l  t h e  n . e .  c u t v e r t i c e s  
o f  T a r e  i n  one h a l f .  ( T h is  f a c t  i s  r e c o g n i z a b l e  by  Lemma A. 3 ,  s i n c e  
we a r e  a ssu m in g  t h a t  T i s  n o t  one  o f  t h e  n i n e  t y p e s  o f  t r e e  o f  
F i g u r e  A . 9 . )
We p i c k  a  T -  v ^ ,  v^ a n . e .  c u t v e r t e x ,  su c h  t h a t  T -  v^  h a s  a  h a l f  
w hich  h a s  a  maximum num ber o f  n . e .  c u t v e r t i c e s  among a l l  h a l v e s  o f  a l l  
n . e .  f o r e s t s  i n  CDT, Then t h i s  h a l f  i s  a  h a l f  o f  T.
We how p i c k  a l l  t h o s e  T^^. v  n o n - e s s e n t i a l ,  w h ich  h a v e  no h a l f  
i s o m o rp h ic  t o  H_. ( i f  no su c h  T can  b e  fo u n d ,  t h e n  b o t h  h a l v e s  o f  
T a r e  H ^ ) .  L e t  t h e s e  b e  T -  v ^ ,  T -  v ^ » . . . , T  -  v ^ . (We n o t e  t h a t  
s ,  w hich  i s  t h e  number o f  n . e .  c u t v e r t i c e s  o f  T i n  i s  a t  l e a s t
2 ,  s i n c e  T h a s  a t  l e a s t  t h r e e  n . e .  c u t v e r t i c e s  and  h a s  a  m axim al
number o f  n . e .  c u t v e r t i c e s . )
L e t  t h e  two h a l v e s  o f  T -  v^  b e  ^ . T here  s h o u ld  b e  a  h a l f
w hich  a p p e a r s  i n  e ach  o f  T -  v ^ .  L e t  t h i s  h a l f  ‘ be  t h e  one  w h ich
we h a v e  c a l l e d  . .  T h e r e f o r e  e a c h  T -  v .  h a s  two h a l v e s  H, .
2 , 1  1 1 , 1
and Hg.
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Now, i f  t h e r e  e x i s t s  an  i  ^ j  such  t h a t  H . ^ H. . ,  t h e n  we know
1»^ 1)1
t h a t  i s  t h e  o t h e r  h a l f  o f  T . T h e r e f o r e  we can  assum e t h a t  f o r
a l l  i  = 1 ,  2 , . .  . , s ,  ^ -  K, s a y .  I f  K -  t h e n  a g a i n  we c o n c lu d e
t h a t  Hg i s  t h e  o t h e r  h a l f  o f  T , and so we assume t h a t  K .
T h is  s i t u a t i o n  c an  o n ly  a r i s e  i f  -  v  = -  w, f o r  e v e r y  v ,  w
n . e .  c u t v e r t i c e s  o f  T i n  . But we do know -  v ,  f o r  e v e ry
n . e .  c u t v e r t e x  i n  s i n c e  we know , L e t  t h i s  -  v  b e  H.
Hence we c a n  d e te r m in e  w h ich  o f  K o r  i s  t h e  o t h e r  h a l f  o f  T by
c h o o s in g  t h a t  one w h ich  i s  n o t  i s o m o rp h ic  t o  H.
We now h a v e  t o  c o n s i d e r  t h e  c a s e  when a l l  t h e  n . e .  c u t v e r t i c e s  o f  T
a r e  i n  one  h a l f .  We t h e r e f o r e  h a v e  t h a t  e i t h e r  t h e r e  e x i s t s  a  T^, 
w i th  V a  n . e .  e n d - c u t v e r t e x ,  such  t h a t  i n  T one h a l f  c o n t a i n s  a t
V
l e a s t  one  n . e .  c u t v e r t e x ,  o r  e l s e  t h e r e  does  n o t  e x i s t  s u c h  a  T ^ . We 
c o n s i d e r  t h e s e  c a s e s  s e p a r a t e l y .
3 .3 a  Each  T , w i t h  v  a  n . e .  e n d - c u t v e r t e x ,  c o n t a i n s  no    v______________________________________________________
n . e .  c u t v e r t i c e s
L e t  u s  d e n o te  t h e  two h a l v e s  o f  T by H and H ' , w h e re  H* i s  t h e
one w h ic h  c o n t a i n s  t h e  n . e .  c u t v e r t i c e s  o f  T. L e t  u s  c o n s i d e r  any
n * ë .  T , w i t h  v  an  e n d - c u t v e r t e x .  S in c e  T c o n t a i n s  no n . e .  c u t -
V V
v e r t i c e s ,  t h e n  v  m u s t  b e  i n  one  o f  t h e  c o n f i g u r a t i o n s  o f  F i g u r e  A. 10 
i n  H’ , w i t h  t  a s  t h e  o n ly  h e a v y  v e r t e x  o f  T i n  H ' ,  H ence  ' t  i s  
t h e  o n ly  h e a v y  v e r t e x  o f  T, s i n c e  H does  n o t  c o n t a i n  any  n . e .  c u t ­
v e r t e x  o f  T . B u t t h e n ,  s i n c e  T c o n t a i n s  a t  l e a s t  t h r e e  n . e .  c u t ­
v e r t i c e s ,  V  m ust b e  a s  i n  F i g u r e  A . l O ( i v ) ,  and w' o f  F i g u r e  A. l O ( i v )
m ust b e  a  2 - v e r t e x :  o t h e r w i s e  T , would  c o n t a i n  w' a s  a  n . e .  c u t -V
v e r t e x .  T h e r e f o r e  dT i s  a t  l e a s t  7.
Now, l e t  T b e  t h e  e s s e n t i a l  f o r e s t  i n  CZ>T w i t h  z an  end- z
c u t v e r t e x .  Then z i s  t h e  e n d - c u t v e r t e x  o f  T w h ic h  i s  i n  H. I f  t h e
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d ia m e te r  o f  T i s  a t  l e a s t  9 ,  t h e n  i t  i s  e a s y  t o  r e c o n s t r u c t  from  T^.
We f i r s t  o b s e rv e  t h a t  t  i s  h e a v y  a l s o  i n  T^. We th e n  l e t  B ( t )  be
th e  l o n g e s t  b ra n c h  o f  a t  t .  I f  z i s  a d j a c e n t  t o  a  v e r t e x  w i th
v a l e n c y  g r e a t e r  t h a n  2 i n  T , we j o i n  z t o  t h e  e n d - c u t v e r t e x  o f
B ( t )  n o t  a d j a c e n t  t o  t ,  w h e re a s  i f  z i s  a d j a c e n t  t o  a  2 - v e r t e x  we
j o i n  i t  t o  t h e  e n d v e r t e x  o f  BCt) d i f f e r e n t  from  T. We c an  t h e r e f o r e
assum e t h a t  t h e  d i a m e te r  o f  T i s  7 .  Now we n o t e  t h a t  i f  p^z  i s
d i f f e r e n t  from  P^v, t h e n  T would  be  r e c o n s t r u c t i b l e  from  , so
t h a t  p^z = p^v . S i m i l a r l y ,  p^z  = p ^ v ' . CWe a r e  t a k i n g  v '  t o  b e  t h e
o t h e r  n . e .  e n d - c u t v e r t e x  o f  T . )  B ut now l e t  u s  c o n s i d e r  T^. A ga in
t  i s  h e a v y  i n  T and two o f  t h e  b r a n c h e s  o f  T a t  t  a r e  c a t e r -  z z
p i l l a r s  w i t h  v e c t o r  ( P ^ t , 2 , p ^ v ) .  I f  t h e  o t h e r  b r a n c h  i s  n o t  o f  t h i s  
ty p e  we know t h a t  z b e lo n g s  t o  i t ,  and we can  c o n t i n u e  as  a b o v e .  I f  
t h e  o t h e r  b r a n c h  a l s o  h a s  t h i s  v e c t o r ,  t h e n  we can  a l s o  c o n t i n u e  a s  
ab o v e ,  p u t t i n g  z i n  e i t h e r  one  o f  t h e s e  t h r e e  b r a n c h e s ,  s i n c e  we o b t a i n  
i so m o rp h ic  r e c o n s t r u c t i o n s  i n  an y  c a s e .
3 .3 b  T h e re  i s . a .  T , . v . . a . n . e . . e n d - c u t v e r t e x ,  w h i c h . c o n t a i n s . a t
l e a s t  one n . e .  c u t v e r t e x  
We assum e f i r s t  t h a t  t h e r e  a l s o  e x i s t s  a  n . e .  T , v  an  e n d - c u t v e r t e x ,V
w hich  c o n t a i n s  no n . e .  c u t v e r t i c e s .  . Then as  above we c o n c lu d e  t h a t  
V  i s  a s  i n  F i g u r e  A . l O ( i v )  w i t h  t  t h e  o n ly  h e a v y  v e r t e x  o f  T. B ut 
t h e n ,  i n  t h i s  c a s e ,  we m ust h a v e  t h a t  t h e  v a le n c y  i n  T o f  t h e  v e r t e x  
w* i s  a t  l e a s t  3 .  I t  i s  now e a s y  t o  s e e  t h a t  T i s  r e c o n s t r u c t i b l e  
from  T^, . We may t h e r e f o r e  assum e t h a t  f o r  any n . e .  T^, v  e n d -  
c u t v e r t e x ,  t h e r e  i s  e x a c t l y  one  h a l f  n o t  c o n t a i n i n g  any  n . e .  c u t v e r t i ­
c e s  o f  T . T h is  h a l f  H i s  one  o f  t h e  two h a lv e s  o f  T. We n o t e  t h a t
V
a l l  t h e  h e a v y  v e r t i c e s  o f  T a r e  i n  t h e  o t h e r  h a l f ,  and s i n c e  T h a s  
a t  l e a s t  t h r e e  n . e .  c u t v e r t i c e s ,  t h e n  e a c h  h eav y  v e r t e x  o f  T i s  h e a v y  
i n  a t  l e a s t  one n . e .  T . We c h o o se  a n . e .  T w i t h  a  h e a v y  v e r t e x  a t
V  V
a  minimum d i s t a n c e  from  i t s  c e n t r e .  L e t  t h i s  minimum d i s t a n c e  b e tw e e n
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h e a v y  v e r t e x  and t h e  c e n t r e  be  h ,  ( i f  one  o f  t h e  c e n t r a l  v e r t i c e s  o f  
T i s  h e a v y ,  t h e n  h  = 0 . )
L e t  a  be  t h e  e n d - c u t v e r t e x  o f  T w h ich  i s  i n  H and  l e t  ot ' b e  t h e
c u t v e r t e x  w h ich  i s  a d j a c e n t  t o  ex. I f  a  and  b ,  s a y ,  a r e  t h e  c e n t r a l
v e r t i c e s  o f  T , w i t h  a  e VH, we l e t  H* b e  t h e  g r a p h  H w i t h  t h e  edge
ab a d d e d ,  and  r o o t e d  a t  b .  We now c o n s i d e r :
( i )  . The v a l e n c y  o f  a ' i n  T i s  g r e a t e r  t h a n  2
Then T^ h a s  d i a m e te r  e q u a l  t o  dT -  1 ,  and  i s  t h e r e f o r e  c e n t r a l .  I f
h = 0 ,  we ch o o se  a  T , z an  e s s e n t i a l  e n d - c u t v e r t e x ,  su c h  t h a t
dT^ = dT -  1 ,  and  such  t h a t  i t s  c e n t r a l  v e r t e x  i s  h e a v y .  I f  h  > 0 ,  we
c h o o se  T su c h  t h a t  z i s  an  e s s e n t i a l  e n d - c u t v e r t e x  w i t h  z
dT = dT -  1 ,  and su c h  t h a t  t h e  h e a v y  v e r t e x  n e a r e s t  t o  t h e  c e n t r a l  
v e r t e x  i s  a t  a  d i s t a n c e  o f  h  -  1 from  i t .  Then i n  e i t h e r  c a s e ,  T 
i s  , and  we can  r e c o n s t r u c t  from  T^ by  c h o o s in g  a  b r a n c h  o f  T^, 
i s o m o r p h ic  t o  H* -  a ,  and  j o i n i n g  z t o  t h e  i s o l a t e d  v e r t i c e s  and t o  
t h e  e n d - c u t v e r t e x  o f  t h i s  b r a n c h .
( i i )  The v a l e n c y  o f  o '  i n  T i s  e q u a l  t o  2
Then a g a i n  we c h o o se  an  e s s e n t i a l  T^, z a n  e n d - c u t v e r t e x ,  s u c h  t h a t  
t h e  h e a v y  v e r t e x  o f  T^ i s  as  n e a r  as  p o s s i b l e  t o  t h e  c e n t r e .  Then 
t h i s  g r a p h  i s  T^. We now c o n s i d e r  two s u b c e s e s .
( 1 1 .1 )  h  > 1
Then T^ h a s  d i a m e te r  e q u a l  t o  dT -  2 ,  t h a t  i s ,  i t  i s  b i c e n t r a l .  B u t
t h e n  we c h o o se  t h e  h a l f  o f  T^ w hich  c o n t a i n s  no h e a v y  v e r t i c e s ,  and
we i o i n  tx t o  t h e  i s o l a t e d  v e r t i c e s  o f  T and  t o  a  r a d i a l  e n d v e r t e xa
i n  t h i s  h a l f .
( 1 1 .2 )  h  = 0
Then T^ c a n  b e  c e n t r a l  ( t h a t  i s ,  dT^= dT -  1 ) .  T h is  c a n  o n l y  a r i s e
i f  t h e  c e n t r a l  v e r t e x  o f  T w hich  i s  h e a v y  h a s  a t  l e a s t  two r a d i a l
198
b r a n c h e s .  B u t i n  t h i s  c a s e  we ch o o se  a b ra n c h  o f  T w h ich  i sa
i so m o rp h ic  t o  H ' -  a ,  and  we j o i n  ot t o  t h e  i s o l a t e d  v e r t i c e s  and 
to  a  r a d i a l  e n d v e r t e x  o f  t h i s  b r a n c h .  We may t h e r e f o r e  assum e t h a t  
i s  b i c e n t r a l ,  w i t h  dT^ = dT -  2 .
L e t  u and  u '  b e  t h e  two c e n t r a l  v e r t i c e s  o f  T ^ . One o f  them , a t  
l e a s t ,  m u s t  b e  h e a v y  ( s i n c e  h  = 0) . I f  o n ly  one  o f  them  i s  h e a v y ,
sa y  u i s ,  t h e n  we c h o o s e  a b r a n c h  a t  u ,  i s o m o rp h ic  t o  H* -  ot, and
j o i n  ot t o  t h e  i s o l a t e d  v e r t i c e s  o f  T^ and to  a  r a d i a l  e n d v e r t e x  
o f  t h i s  b r a n c h .  We t h e r e f o r e  assum e t h a t  b o th  u and  u* a r e  h e a v y .
Now, a t  l e a s t  one  o f  u  o r  u '  m ust h a v e  a  b r a n c h  i s o m o r p h ic  t o  
H* -  ot. I f  o n l y  one  o f  u  o r  u '  h a s  such  a b r a n c h ,  t h e n  we p r o c e e d
a s  ab o v e .  T h e r e f o r e  we assum e t h a t  b o th  u  and u* h a v e  s u c h  a
b r a n c h .  Now, l e t  A b e  t h e  f a m i ly  o f  b ra n c h e s  o f  T^ a t  u ,  and
s i m i l a r l y  l e t  B b e  t h e  f a m i ly  o f  b ra n c h e s  a t  u* . Then i f  A -
t h e r e  i s  no a m b ig u i ty  i n  c h o o s in g  t h e  b r a n c h  H* -  a  a t  e i t h e r  u  o r
u* (since we w ould  o b t a i n  i s o m o r p h ic  r e c o n s t r u c t i o n s ) .  Then l e t  u s  
assume t h a t  A ^ B ,
L e t  us  r e t u r n  f o r  a  moment t o  some c o n s i d e r a t i o n s  on T , L e t  dT = 2 r + l
and l e t  x ,  y  b e  t h e  c e n t r a l  v e r t i c e s  o f  T. We know t h a t  e x a c t l y  one
o f  . X ,  y ,  s a y  y ,  i s  h e a v y  (we know t h a t  y e  { u ,u * } ,  b u t  we h a v e  t o  
d e te r m in e  w h e th e r  y  = u o r  y  = u ' ) .  A l s o ,  i n  T, y  c an  h a v e  o n l y  
one  r a d i a l  b r a n c h ,  b e c a u s e  o t h e r w i s e  d l ^  = dT -  1 .  Now, l e t
{Xjp} = { u , u ' } .  I f  X i s  y ,  t h e n  y i s  i n  t h e  r a d i a l  b r a n c h  o f  y  (=X)
i n  T. We now p r o c e e d  a s  f o l l o w s .
L e t  T^ b e  n o n - e s s e n t i a l ,  w i t h  one  o f  t h e  c e n t r a l  v e r t i c e s  h e a v y
( t h e r e f o r e  t h i s  v e r t e x  i s  y )  . L e t  be  th e  f a m i ly  o f  n o n - r a d i a l
b r a n c h e s  o f  T^ a t  y . We ch o o se  a  n . e .  T -  v ^ , su c h  t h a t  t h e  t o t a l
number o f  a l l  t h e  b r a n c h e s  o f  C g i v e s  a  m aximal v a l u e .  T hen , C
^0 0
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i s  t h e  f a m i ly  o f  a l l  n o n - r a d i a l  b r a n c h e s  o f  T a t  y .  (T h is  i s  so 
b e c a u s e  we know t h a t  i f  {X,y} = { u ,u * } ,  and  X = y ,  t h e n  y i s  i n  t h e
r a d i a l  b r a n c h  o f  y ,  and s i n c e  y i s  h e a v y ,  t h e n  t h e r e  i s  a t  l e a s t
one  n . e .  c u t v e r t e x  y* a d j a c e n t  t o  y ,  so  t h a t  would  c e r t a i n l y
g i v e  u s  t h e  r e q u i r e d  C . )
But now l e t  C = C u {H' -  ot}. Then e i t h e r  C = A o r  C -  B . We
may assum e t h a t  C = A, so  t h a t  y  = u .  Then i n  T^, we j o i n  ot t o  a
r a d i a l  e n d v e r t e x  o f  a  b r a n c h  o f  u  i s o m o r p h ic  t o  H ' -  ot.
We a r e  now l e f t  w i t h  th e  t a s k  o f  p r o v in g  r e c o n s t r u c t i o n  i n  t h e  n i n e
c a s e s  shown i n  F i g u r e  A .9 .  We f i r s t  r e c a l l  t h a t  we know t h e  num ber o f  
n . e .  c u t v e r t i c e s  o f  T , t h e  number o f  them  w hich  a r e  e n d - c u t v e r t i c e s , 
t h e  num ber o f  heavy  v e r t i c e s ,  and  f o r  e a c h  o f  t h e s e ,  we know i t s  v a l e n c y  
and t h e  v a l e n c i e s  o f  i t s  n e ig h b o u r s  i n  T. I t  i s  t h e r e f o r e  e a s y  t o  s e e  
t h a t  we c an  d e te r m in e  w h e th e r  o r  n o t  T i s  one o f  t h e  t y p e s  o f  t r e e  
shown i n  F i g u r e  A .9 ,  and i f  i t  i s  , t h e n  w h a t  ty p e  i t  a c t u a l l y  i s .  We
now b r i e f l y  d i s c u s s  f o r  e a ch  c a s e  how T i s  r e c o n s t r u c t e d .
We n o t e  f i r s t  t h a t  i f  T i s  one  o f  t y p e s  E ,  H, I ,  t h e n  i t  i s  e a s i l y
r e c o n s t r l i c t i b l e  from  e i t h e r  T -  r ^  o r  T -  r ^ .  We t h e n  c o n s i d e r  t h e
o t h e r  c a s e s .
Type A L e t  T -  x^ and T -  x^ b e  t h e  e s s e n t i a l  f o r e s t s  i n  CDT
w i t h  x ^ ,  x^  e n d - c u t v e r t i c e s .  We n o t e  t h a t  s i n c e  v ^ ,  v ^ ,  u ^ ,  u^  a r e  
t h e  o n l y  n . e .  c u t v e r t i c e s  o f  T, t h e n  d ( t ^ , x O ,  i , j  € { 1 ,2 } ,  i s  a t
l e a s t  3 i n  T . T h e r e f o r e  b o t h  T -  x^ and T -  x^ c o n t a i n  two
h e a v y  v e r t i c e s ,  so  t h a t  we c an  d e te r m in e  d ( t ^ , t ^ ) .
Now, g i v e n  T -  x . , i  = 1 , 2 ,  we c a l l  i t s  two h eav y  v e r t i c e s l . i '  = 2 . i '
and  we l e t  ^ be  t h e  maximum d i s t a n c e  ( a lo n g  a  c h a in  n o t  c o n t a i n i n g
z„ . )  b e tw e en  z .  . and t h e  n e a r e s t  e n d - c u t v e r t e x ;  s i m i l a r l y  we d e f i n e
z , 1 1)1
. .  L e t  £ = maximum{£. . :  i  = 1 , 2 ;  j  = 1 , 2 } .  Then we know t h a t  i n
^ ) 1  1 ) 1
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T one o f  t h e  h e a v y  v e r t i c e s  t ^ ,  t ^  i s  a t  a d i s t a n c e  £ from  an 
e s s e n t i a l  e n d - c u t v e r t e x ,  a lo n g  a  c h a in  n o t  c o n t a i n i n g  t h e  o t h e r  h e a v y  
v e r t e x .  B u t t h e n ,  s i n c e  dT i s  odd , knowing ^ ( t ^ , t 2 ) and  £ ,  i t  i s  
e a s i l y  s e e n  t h a t  we c a n  r e c o n s t r u c t  T from  e i t h e r  one  o f  T -  v^ o r  
T -  v ^ .
Type B A g a in  l e t  T -  x^ and T -  x^ be  as  f o r  t y p e  A a b o v e .  As 
above we h a v e  t h a t  d ( t ^ , x ^ )  > 3 ,  f o r  i  = 1 , 2 ,  so  t h a t  a t  l e a s t  one o f  
T -  x^ o r  T -  Xg h a s  two h e a v y  v e r t i c e s ,  and h e n c e  we c a n  d e te r m in e
b o th  T -  x^ and  T -  x^ have  two h e a v y  v e r t i c e s ,  we 
p ro c e e d  a s  we d i d  f o r  t y p e  A. I f  T -  x ^ ,  s a y ,  h a s  o n l y  one  h e a v y
v e r t e x ,  we t h e n  know t h a t  d C t^ jX ^)  = 2 ,  and s o ,  know ing  d ( t ^ , t 2 ) ,  we
can r e c o n s t r u c t  from  T -  v ^ .
Type C I f  we know we can  e a s i l y  r e c o n s t r u c t  f ro m  T -  v ^ .
Hence l e t  T b e  t h e  e s s e n t i a l  f o r e s t  i n  CDT w i t h  x  an  e n d -
X
c u t v e r t e x .  I f  i n  T^ we s e e  two h eav y  v e r t i c e s ,  we c a n  d e te r m i n e  
^ ^ ^ 1 * ^ 2 ^ ’ i f  n o t ,  we t h e n  know t h a t  d ( t ^ , x )  = 2 ,  and  know ing  dT we 
c a n  f i n d
Types D ,F ,G  a r e  d e a l t  w i t h  i n  e x a c t l y  t h e  same way a s  t y p e  C, e x c e p t  
t h a t  f o r  t y p e s  D and  G, we m ust  h a v e  t h a t  d ( t ^ , x )  > 3 ( s i n c e  x  
e s s e n t i a l ) ,  so  t h a t  T^ h a s  two h e a v y  v e r t i c e s ,  and we c a n  im m e d ia te ly  
d e te r m in e  d ( t ^ , t 2 ) .
SECTION A .4 -  CENTRAL TREES
T hroughou t  t h i s  s e c t i o n  we s h a l l  assum e t h a t  T i s  n o t  a  c a t e r p i l l a r
and t h a t  i t  i s  c e n t r a l .  We now c o n s i d e r  v a r i o u s  c a s e s ,  k e e p in g  i n  m ind
t h a t  t h e  c e n t r a l  v e r t e x  o f  T i s  e s s e n t i a l .
Case 4 .1  T h a s  o n l y  one  e s s e n t i a l  c u t v e r t e x
I n  t h i s  c a s e  we c a n  i d e n t i f y  T^, c t h e  c e n t r a l  v e r t e x  o f  T , a s  b e in g
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t h e  o n l y  e s s e n t i a l  f o r e s t  i n  CDT, M o re o v e r ,  T m ust h a v e  a t  l e a s t
t h r e e  r a d i a l  b r a n c h e s  a t  c .  From T we know t h e  v a le n c y  pc o f  c ,c
and t h e  number q o f  e n d v e r t i c e s  a d j a c e n t  t o  c .  T h e r e f o r e  T h a s  
pc  q n o n t r i v i a l  ( t h a t  i s  n o t  i s o m o r p h ic  t o  K^) b r a n c h e s .  L e t  B
b e  t h e  f a m i ly  o f  n o n t r i v i a l  b r a n c h e s  o f  T. We n e e d  to  d e te r m in e  B.
anjL
To t h i s  end we n o t e  t h a t  t h e r ^ e x a c t l y  pc -  q c u t v e r t i c e s
V , , v _ , . . . , v  su ch  t h a t  e a ch  T -  v .  i s  n o n - e s s e n t i a l  and su ch  t h a t1 2 ’ p c -q  1
t h e  v a l e n c y  o f  c i n  e a ch  T -  v^  i s  e q u a l  t o  pc  -  1 . L e t  be
t h e  f a m i ly  o f  n o n t r i v i a l  b r a n c h e s  o f  T -  v ^ .  Then ^ * * ’ *^pc-q^^  
i s  t h e  f a m i ly  o f  a l l  s u b f a m i l i e s  o f  B w h ic h  h a v e  pc -  q -  1 
e le m e n ts  ( t h a t  i s ,  n o n t r i v i a l  b r a n c h e s ) ,  and  from  t h i s  f a m i ly ,  B c an  
be  r e c o n s t r u c t e d .
Case  4 . 2  T h a s  more t h a n  one e s s e n t i a l  c u t v e r t e x
T h is  means t h a t  T h a s  o n l y  two r a d i a l  b r a n c h e s ,  b e c a u s e  o t h e r w i s e
t h e  c e n t r e  o f  T w ould b e  t h e  o n ly  e s s e n t i a l  c u t v e r t e x .  We n o t e  a l s o
t h a t  dT > 4 ,  s i n c e  T h a s  o n ly  two r a d i a l  b r a n c h e s  and i t  i s  n o t  a  
c a t e r p i l l a r .
4 . 2 . 1  T h a s  o n ly  one n i é ,  c u t v e r t i c e s
T h is  i s  e x a c t l y  t h e  same as  Case 3 . 1 .
4 . 2 . 2  T h a s  o n ly  two n . e .  c u t v e r t i c e s
A g a in  t h i s  c a s e  i s  a lm o s t  i d e n t i c a l  t o  Case 3 . 2 .  We s h a l l  go o v e r  t h e
d i f f e r e n t  s u b c a s e s  b r i e f l y .
Case 3 . 2 . 1 a  c a r r i e s  o v e r  t o  when T i s  c e n t r a l ,  e x c e p t  t h a t  now, d i f f i ­
c u l t y  i n  r e c o n s t r u c t i n g  from  T^ a r i s e s  when dT = 6 ( s e e  F i g u r e  A .11)
F ig u ré  A .11
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weHowever, s i n c e  we can  d i s t i n g u i s h  T^, T^, T -  v ^ ,  T -  v ^ ,  so  t h a t  
know t h e  v a l e n c i e s  o f  w, t ,  v ^ ,  v^ and t h e  v a l e n c i e s  o f  t h e  n e ig h b o u r s  
o f  t  and  w i n  T, we c o n c lu d e  t h a t  T i s  u n i q u e l y  d e t e r m i n e d .
The a rg u m e n ts  i n  Case  3 , 2 , 1 b  a l s o  a p p ly  when T i s  c e n t r a l ,  b u t  now,
i n s t e a d  o f  d e t e r m i n i n g  w h e th e r  o r  n o t  t ^  and t ^  a r e  i n  t h e  same h a l f  
o f  T, we d e t e r m i n e  w h e th e r  o r  n o t  t h e y  a r e  i n  t h e  same r a d i a l  b r a n c h .  
However i n  t h i s  c a s e  t ^  o r  t ^  can  b e  t h e  c e n t r a l  v e r t e x  o f  T . But
i f  on  t h e  one  h a n d  t ^  = t g  = c ,  t h e  c e n t r a l  v e r t e x  (we can  o b v i o u s l y  
d e te r m in e  when t h i s  i s  s o ) ,  t h e n  T i s  r e c o n s t r u c t i b l e  from  e i t h e r  
T -  v^ o r  T -  v ^ .  I f  on  t h e  o t h e r  han d  o n ly  t ^ ,  s a y ,  i s  t h e  c e n t r a l  
v e r t e x ,  t h e n  T i s  r e c o n s t r u c t i b l e  from  T -  Vg. We c a n  t h e r e f o r e  
assume t h a t  n e i t h e r  t ^  n o t  t ^  i s  t h e  c e n t r a l  v e r t e x  o f  T. I n  t h i s
c a s e ,  c o n t i n u i n g  a s  i n  Case 3 . 2 . l b ,  we s t i l l  o b t a i n  t h a t  dT -  x^ -  Xg
i s  n o t  e q u a l  t o  x^ -  Xg, b e c a u s e  o t h e r w i s e  dT = 2x ^ ,  so  t h a t  t ^
w ould be  t h e  c e n t r a l  v e r t e x .
Case 3 . 2 . 2  a p p l i e s  w i t h o u t  m o d i f i c a t i o n  t o  when T i s  b i c e n t r a l .
4 . 2 . 3  T h a s  a t  l e a s t  t h r e e  n . e .  c u t v e r t i c e s
L e t  T -  v _ ,  T -  v _ , . . . , T  -  v  be  t h e  n o n - e s s e n t i a l  f o r e s t s  i n  CDT,1 z p
so  t h a t  p > 3 .  We r e c a l l  t h a t  t h e  c e n t r a l  v e r t e x  c can  b e  i d e n t i f ­
i e d  i n  e a c h  o f  T -  v . .1
4 . 2 . 3 . 1  The v e r t e x  c h a s  v a le n c y  .k  i n . e a c h  one  o f .  T . -  v^
Then i n  T, t h e  v a l e n c y  o f  c i s  e i t h e r  k  o r  k+ 1 . B u t  p^ c  = k+1 
i f  and o n ly  i f  a l l  t h e  n . e .  c u t v e r t i c e s  o f  T a r e  a d j a c e n t  t o  c .
T h is  i s  t h e  c a s e  i f  and o n ly  i f  i n  T e a c h  n . e .  c u t v e r t e x  i s  an  e n d -  
c u t v e r t e x  a d j a c e n t  t o  c .  We can  d e te r m in e  t h a t  t h i s  i s  so  b e c a u s e  t h i s  
a r i s e s  i f  and o n l y  i f ,  i n  e a c h  T -  v ^ ,  c i s  t h e  o n l y  h e a v y  v e r t e x  
and c i s  a d j a c e n t  t o  p -  1 e n d - c u t v e r t i c e s  and ( k + 1 )  -  p -  2 
e n d v e r t i c e s  ( ( k  + 1) -  p -  2 c o u ld  be  e q u a l  t o  z e r o ) .  B u t i n  t h i s  c a s e
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T i s  e a s i l y  r e c o n s t r u c t i b l e  from  any T -  v ^ ,  i  = 1 , 2 , . . . , p .  Thus we 
may assum e t h a t  p^c = k .
T h e r e f o r e  no n . e .  c u t v e r t e x  i s  a d j a c e n t  t o  c ,  t h a t  i s ,  c i s  a d j a c e n t  
t o  k  -  2 e n d v e r t i c e s  ( k  -  2 c o u ld  b e  e q u a l  t o  z e r o ) , so  t h a t  c i s  
n o t  h e a v y  i n  T. T h e r e f o r e  we o n l y  h a v e  t o  d e te r m in e  th e  two r a d i a l  
b r a n c h e s  o f  T.
The p r o o f  o f  r e c o n s t r u c t i o n  now p r o c e e d s  i n  a  way s i m i l a r  t o  t h a t  o f
Case 3 .3  w here  T was b i c e n t r a l ,  e x c e p t  t h a t  now we h a v e  t o  d e te r m in e
t h e  two r a d i a l  b r a n c h e s  o f  T i n s t e a d  o f  t h e  two h a l v e s .  A ga in  we 
d e f i n e  t h e  n i n e  ty p e s  o f  t r e e  o f  F i g u r e  A .9 ,  and  a g a in  we s e e  t h a t  i n  
e a ch  c a s e  T i s  r e c o n s t r u c t i b l e  i n  e x a c t l y  t h e  same way as  i n  t h e  
b i c e n t r a l  c a s e ,  ( i n  Case 3 . 3 ,  t o  p ro v e  r e c o n s t r u c t i o n  f o r  t y p e  A o f  
F i g u r e  A .9 we u se d  t h e  f a c t  t h a t  s i n c e  T was b i c e n t r a l ,  t h e n  dT 
was odd . I n  t h e  c a s e  u n d e r  c o n s i d e r a t i o n ,  once  we h a v e  d e te r m in e d  
^^^1*^2^ and Z as i n  Case 3 . 3 ,  we c a n  s t i l l  s a y  t h a t  T i s  r e c o n s t r ­
u c t i b l e  from  e i t h e r  T -  v^ o r  T -  v ^ j  t h i s  t im e  b e c a u s e  n e i t h e r  t ^  
n o r  t ^  c an  be  t h e  c e n t r a l  v e r t e x .  S i m i l a r  c o n s i d e r a t i o n s  a p p ly  f o r  
ty p e  B . )  A ls o ,  Lemmas A .2 and  A .3 a p p l y ,  w here  now, i n s t e a d  o f  
" h a l f  o f  T" we h a v e  " r a d i a l  b r a n c h  o f  T " .
When n o t  a l l  t h e  n . e .  c u t v e r t i c e s  o f  T a r e  i n  one r a d i a l  b r a n c h ,
r e c o n s t r u c t i o n  p ro c e e d s  i n  e x a c t l y  t h e  same way as  f o r  t h e  c o r r e s p o n d i n g  
b i c e n t r a l  c a s e .  T h e r e f o r e  l e t  u s  assum e t h a t  a l l  t h e  n . e .  c u t v e r t i c e s  
o f  T a r e  i n  one r a d i a l  b r a n c h  o f  T. A g a in  we h av e  to  c o n s i d e r  
s e p a r a t e l y  t h e  two c a s e s  c o r r e s p o n d in g  t o  Case  3 .3 a  and  3 . 3 b .
4 . 2 . 3 . 1 a  Each T -  v ,  w i t h  v  a  n . e .  e n d - c u t v e r t e x ,  c o n t a i n s  
no n . e .  c u t v e r t e x
L e t  u s  c a l l  t h e  two r a d i a l  b r a n c h e s  o f  T, H and H ' ,  w h e re  H' i s  
t h e  one w hich  c o n ta i n s  t h e  n . e .  c u t v e r t i c e s  o f  T. We c o n s i d e r  any
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n . e .  T -  V ,  V an  e n d - c u t v e r t e x .  Then we a g a in  h a v e  ( a s  i n  Case 3 .3 a )
t h a t  V m u st  b e  a s  i n  F i g u r e  A . l O ( i v )  i n  H ' , t  b e i n g  t h e  o n ly
h e a v y  v e r t e x  o f  T, and  w* a 2 - v e r t e x  i n  T. Then dT (w h ich  i n  t h i s
c a s e  i s  n e c e s s a r l y  ev en )  i s  a t  l e a s t  8 ,  a s  o t h e r w i s e  t  w ould  b e  t h e
c e n t r e  o f  T, w h ich  i s  i m p o s s ib l e  s i n c e  we h a v e  t h a t  t h e  c e n t r e  c i s  
n o t  h e a v y .  I f  dT > 1 0 ,  we c o n t i n u e  a s  i n  Case 3 . 3 a  when t h e
d i a m e te r  o f  T was a t  l e a s t  9 ,  w h i l e  i f  dT = 8 ,  we c o n t i n u e  as  i n
Case 3 . 3 a  \d ien  t h e  d i a m e te r  o f  T was 7 .
4 . 2 . 3 . l b  T h e re  i s  a  T -  v ,  v  a n . e .  e n d - c u t v e r t e x ,  w h ic h  c o n t a i n s  
a t  l e a s t  one n . è .  c u t v e r t e x
I f  t h e r e  a l s o  e x i s t s  a  T -  v ,  v  a  n . e .  e n d - c u t v e r t e x ,  w h ic h  c o n t a i n s
no n . e .  c u t v e r t i c e s ,  t h e n  we can  r e c o n s t r u c t  i n  t h e  same way a s  was
shown i n  t h e  b e g in n i n g  o f  Case 3 .3 b .  We may t h e r e f o r e  assum e t h a t  e a c h
T -  V ,  w i t h  V a n . e ,  e n d - c u t v e r t e x ,  h a s  e x a c t l y  one  r a d i a l  b r a n c h
n o t  c o n t a i n i n g  a n . e .  c u t v e r t e x .  T h is  b r a n c h  H i s  one o f  t h e  two
r a d i a l  b r a n c h e s  o f  T. L e t  a  be  t h e  e n d - c u t v e r t e x  o f  T w h ich  i s  i n  
H, and l e t  a* b e  t h e  c u t v e r t e x  w hich  i s  a d j a c e n t  t o  a .  I f  c i s  t h e  
c e n t r a l  v e r t e x  o f  T, l e t  H* be  t h e  g ra p h  o b t a i n e d  from  H by a d d in g  
k  -  2 e n d v e r t i c e s  a d j a c e n t  t o  c ,  and  l e t  H" b e  t h e  g ra p h  o b t a i n e d  
from  H ' by a d d in g  a n o t h e r  e n d v e r t e x  a d j a c e n t  t o  c ,  and  t h i s  t im e  
h a v in g  H" r o o t e d  a t  one o f  t h e  e n d v e r t i c e s  a d j a c e n t  t o  c .
We c h o o se  a  n o n - e s s e n t i a l  f o r e s t  i n  CDT h a v in g  a  h e a v y  v e r t e x  a t  a  
minimum d i s t a n c e  from  i t s  c e n t r e ,  and we l e t  t h i s  minimum d i s t a n c e  
b e tw e e n  t h e  h e a v y  v e r t e x  and t h e  c e n t r e  b e  h ,  w h ere  we n o t e  t h a t  h  > 0, 
We now h a v e  two c a s e s  to  c o n s i d e r .
( i )  The v a le n c y  o f  a* i n  T i s  g r e a t e r  t h a n  2
(T h is  i s  e x a c t l y  t h e  same as ( i )  o f  Case 3 . 3 b ,  a p a r t  f rom  t h e  o b v io u s  
m o d i f i c a t i o n s . )  The d i a m e te r  o f  T^ i s  e q u a l  t o  dT -  1 ,  and  T^ i s
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t h e r e f o r e  b i c e n t r a l .  We c h o o se  a T , z e s s e n t i a l  e n d - c u t v e r t e x ,  such• z
t h a t  t h e  h e a v y  v e r t e x  n e a r e s t  t o  t h e  c e n t r e  i s  a t  a d i s t a n c e  h  -  1 
from  t h e  c e n t r e .  Then T^ i s  T ^ , and we can  r e c o n s t r u c t  by  j o i n i n g
0 t o  t h e  i s o l a t e d  v e r t i c e s  o f  T^ and t o  t h e  e n d - c u t v e r t e x  o f  t h a t  
h a l f  o f  T w h ich  i s  i s o m o r p h ic  t o  H* -  a .
( i i )  The v a le n c y  o f  g * i n  T i s  e q u a l  t o  2
I f  T h a s  two e s s e n t i a l  T w i t h  z an e n d - c u t v e r t e x ,  we c h o o s e  t h ez
one w h ic h  h a s  a  h e a v y  v e r t e x  n e a r e s t  t o  i t s  c e n t r e .  T ha t  one  i s  T ^ .
( I f  T h a s  o n l y  one  e s s e n t i a l  T ^ , z an  e n d - c u t v e r t e x ,  t h e n  i t  i s  
o f  c o u r s e  T ^ ) .  We h a v e  t h e r e f o r e - i d e n t i f i e d  T^. B u t we n o t e  t h a t  
h e r e ,  u n l i k e  ( i i )  o f  Case  3 . 3 b ,  T^ a lw ays  h a s  d i a m e te r  e q u a l  t o  
dT -  2 ,  s i n c e  h  > 0 .  T h e r e f o r e  T i s  c e n t r a l ,  so  t h a t  we c h o o s e  a
b r a n c h  o f  T^ i s o m o rp h ic  t o  H" -  g ,  j o i n i n g  g t o  t h e  i s o l a t e d
v e r t i c e s  o f  T^, and t o  a  r a d i a l  e n d v e r t e x  o f  t h i s  b r a n c h .
4 . 2 . 3 . 2  The v e r t e x  c h a s  v a l e n c y  k  i n  some o f  t h e  n . e .  T -  v ^ ,
and v a le n c y  k  -  1 i n  t h e  o t h e r s
We t h e r e f o r e  know t h a t  p^c  = k .  We p i c k  one o f  t h e  T -  v ^ ,
1 = 1 , 2 , . . . , p ,  i n  w h ich  c h a s  v a l e n c y  k  -  1 . Then , f rom  t h i s  we c an
d e te r m in e  t h e  two r a d i a l  b r a n c h e s  o f  T, t h e  number o f  e n d v e r t i c e s
a d j a c e n t  t o  c ( t h a t  i s ,  t h e  num ber o f  t r i v i a l  b r a n c h e s  o f  T ) , and  a l l  
t h e  o t h e r  n o n t r i v i a l ,  n o n r a d i a l  b r a n c h e s  o f  T, e x c e p t  o n e ,  w h ic h  we 
s h a l l  c a l l  B. I f  T h a s  o t h e r  n o n t r i v i a l ,  n o n r a d i a l  b r a n c h e s  a p a r t  
from  B, we can  t h e n  r e c o n s t r u c t  them  a l l  ( a s  i n  t h e  p r o o f  o f  C ase  4 . 1 )  
from  t h e  n . e .  T -  v^  h a v in g  t h e  v e r t e x  c w i th  v a le n c y  k  -  1 .  We
may t h e r e f o r e  assume t h a t  t h e  o n l y  n o n t r i v i a l ,  n o n r a d i a l  b r a n c h  o f  T 
i s  B (an d  we can  r e c o g n i z e  t h i s  f a c t  b e c a u s e  we f i n d  o n l y  one
n . e .  T -  V. w i th  c h a v in g  v a l e n c y  k  -  1 ) .1 . . .
Now, i f  one o f  th e  r a d i a l  b r a n c h e s  h a s  a  n . e .  c u t v e r t e x  z ,  we c a n  
d e te r m in e  B from  T ^. We do t h i s  by  s e a r c h i n g  among a l l  t h e  T -  v \
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f o r  one i n  vÆiich t h e  v a l e n c y  o f  c i s  k ,  and w h ich  does n o t  h a v e  th e
same two r a d i a l  b r a n c h e s  as  T; h a s . We t h e n  d i s c a r d  t h e  r a d i a l  b r a n c h e s
and t h e  t r i v i a l  b r a n c h e s  o f  t h i s  g r a p h ,  and we a r e  l e f t  w i t h  B.
We may t h e r e f o r e  assum e t h a t  b o t h  r a d i a l  b r a n c h e s  o f  T c o n t a i n  no
n . e .  c u t v e r t i c e s ,  and a r e  t h e r e f o r e  c a t e r p i l l a r s .  L e t  B^ and  B^ b e
t h e s e  two r a d i a l  b r a n c h e s .  Now, l e t  u s  assum e f i r s t  t h a t  one  o f  B^
o r  B^ h a s  an  e n d - c u t v e r t e x  ( a p a r t  from  t h e  one a d j a c e n t  t o  c )  w h ich
i s  a d j a c e n t  t o  a  v e r t e x  o f  v a l e n c y  g r e a t e r  t h a n  2 .  We t h e n  lo o k  f o r
some e s s e n t i a l  T , w a n  e n d - c u t v e r t e x ,  su ch  t h a t  dT = dT -  1 .w w
T h e r e f o r e  T i s  b i c e n t r a l .  L e t  a  and b be  t h e  two c e n t r a l  w
v e r t i c e s  o f  T^. T hen , s i n c e  b o t h  B^ and  B^ a r e  c a t e r p i l l a r s ,  o n ly  
one  o f  a  o r  b i s  h e a v y  i n  T^. We assum e t h a t  a  i s  h e a v y ,  so  t h a t
a  i s  c .  L e t  L b e  t h e  h a l f  o f  T^ n o t  c o n t a i n i n g  a ,  and L '  t h e
g rap h  o b t a i n e d  from  L by  a d d in g  t h e  edge ab and r o o t i n g  i t  a t  a .
Then L ' -  B^ o r  L '=  Bg (n o  a m b ig u i ty  a r i s e s  i n  t h e  f o l l o w i n g  i f  
B^ -  assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  L '  = B^. Then
among a l l  t h e  b r a n c h e s  o f  T^ a t  a ,  one o f  them i s  i s o m o r p h ic  t o  
B^ “ X w here  x  i s  t h e  e n d - c u t v e r t e x  o f  B^ n o t  a d j a c e n t  t o  c .  The 
o t h e r  b r a n c h e s  a t  a  a r e  t h e  t r i v i a l  b r a n c h e s  ( i f  a n y )  and  B.
We may t h e r e f o r e  assum e t h a t  b o t h  e n d - c u t v e r t i c e s  o f  B^ and  B^ n o t  
a d j a c e n t  t o  c a r e  a d j a c e n t  t o  2 - v e r t i c e s .
Now, l e t  us assum e t h a t ,  f o r  some e n d - c u t v e r t e x  u ,  T h a s  d i a m e t e r» u
dT -  1 ( t h i s  c a n  o n l y  a r i s e  i f  B h a s  a  v e r t e x  z su c h  t h a t  d ( z , c )  
i s  e q u a l  t o  %(dT) - 1 ) .  I n  t h i s  c a s e  we can  p r o c e e d  a s  a b o v e .
We can  t h e r e f o r e  assum e t h a t  f o r  any e s s e n t i a l  e n d - c u t v e r t e x  u ,
dT = dT -  2 .  We p i c k  su c h  a  T ' , w h ich  i s  t h e r e f o r e  c e n t r a l .  L e t  y u u
be  i t s  c e n t r a l  v e r t e x .  Then T^ h a s  o n ly  one h e a v y  v e r t e x ,  y* s a y ,  
w hich  i s  a d j a c e n t  t o  y . Hence y* i s  c ,  t h e  c e n t r a l  v e r t e x  o f  T.
L e t  W be  t h e  b r a n c h  a t  y* w h ich  c o n t a i n s  y .  Then W i s  i s o m o r p h ic
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t o  o r  B^. L e t  u s  assum e t h a t  i t  i s  i s o m o r p h ic  t o  B^. Then ,
among t h e  o t h e r  b r a n c h e s  o f  T^ a t  y ' ,  one  o f  them  i s  B^ ” x  (w here  
X i s  t h e  e n d - c u t v e r t e x  o f  B^ n o t  a d j a c e n t  t o  c ) , and t h e  o t h e r s  
c o n s i s t  o f  t h e  b r a n c h  B and  a l l  t h e  t r i v i a l  b r a n c h e s  w h ich  T m ig h t  
h a v e .  So a g a i n  we h a v e  t h a t  B c a n  b e  d e t e r m i n e d .
T h is  f i n a l  c a s e  c o n c lu d e s  t h e  p r o o f  o f  t h e  Main Theorem .
CONCLUDING REMARKS. When K e l l y  [K 2]  f i r s t  showed t h a t  t r e e s  a r e  v e r t e x -  
r e c o n s t r u c t i b l e , t h e  w hole  deck  o f  v e r t e x - d e l e t e d  s u b g ra p h s  was u s e d ,  
and  i t  was l a t e r  shown t h a t  a  t r e e  c a n  be  r e c o n s t r u c t e d  from  t h e  f a m i ly  
o f  i t s  e n d v e r t e x - d e l e t e d  s u b g ra p h s  o n ly  [ H P l ] .  I n  v ie w  o f  t h i s  i t  i s  
i n t e r e s t i n g  t o  o b s e r v e  t h a t ,~  i n  m ost o f  t h i s  A p p e n d ix ,  o n l y  t h o s e  T^,
V a n  e n d - c u t v e r t e x ,  w ere  u s e d  t o  r e c o n s t r u c t  T , o t h e r  s u b f o r e s t s  o f  
T b e i n g  u s e d  i n  a  few c a s e s  ( n o t a b l y  t o  s h o r t e n  t h e  p r o o f s  i n  
S e c t i o n  A .4 by  r e d u c i n g  them  t o  a rg u m e n ts  v e r y  s i m i l a r  t o  t h o s e  i n  
S e c t i o n  A .3 ) .  We c o n j e c t u r e  t h a t  i n  f a c t  T can  b e  r e c o n s t r u c t e d  from  
t h e  f a m i ly  o f  i t s  e n d - c u t v e r t e x - d e l e t e d  s u b g r a p h s ,  a l t h o u g h  t h i s  m ig h t  
make t h e  p r o o f s  i n  S e c t i o n  4 somewhat l o n g e r :
C o n j e c tu r e
A t r e e  T i s  r e c o n s t r u c t i b l e  from  t h e  f a m i ly
{{T : V  e n d - c u t v e r t e x  o f  T}}.
V
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